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and L(t) N(i) #0 at any- point. 


4. . Linear Difference and Differential Equations. 


By Tomuinson Fort. 


Let all the coefficients of a linear difference or differential equation have 
the same period w; then if y(x) is a solution of the equation y(z-+w) is also 
a solution. In Part I of this paper I set up equations where this fact is used 
as ‘a basis for generalization. I treat equations of the second order and 
develop only a few fundamental facts and these primarily with their appli- 
cation to Part III of the paper in view although I hope that Part I will not 


` -be without interest on its own account. 


Part II is minor in importance and is largely preparatory to Part III. 
In Part TI I take up the self-adjoint boundary-value problems in one dimen- 
sion. In the case of the differential equation in addition to generalization 
a number of new facts are brought out relative to the characteristic values for 
the problem. The method employed is applicable with little change to the 
difference equation. The results here are essentially the same as for the. 
differential equation and so far as I know wholly new. 

When a common notation does not seem practical the discussion for the 
difference equation is given in greater detail. 


PART I” 
§ 1. DEFINITION oF THE COEFFICIENTS. 
l (a) The Difference Equation. 
Consider the difference equation 


Lii)y(t+1) +M (i) y(t) +N (i) y (t—1) =0, (1) 


- where the independent variable 7 is restricted.to integral values, L(t), M (i) 


and N (i) defined when . y 
a+1Sisato l (2) 


Let a,,(4) and a(i) be functions defined when ETET and subject 
only to the restrictions that if aa (a) £0, an(a+1) and a,.(a+1) be not both 
zero and that if a,.(a)=0, dy (4) 0 and @,(@+1)#0. Let by(4) and byli) 

Pg 1 . . A - 
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` be functions defined when atas i<a+20-41 and subject only to the restric- - 
- tions that they do not both.vanish at the same point and that either by C) does. ~ 
- not vanish at all or vanishes identically. We lêt — = 5 
tig (i) = au (i) y, (i) + a(i) y (i—1), poo 0 
eo Vq(4) = bu (i) Ya (4 +1) + die (ê) yn (4). 
~ It is desired that L, M and N be so defined, not all identically zero, when 
i=a and when at+o+1 StSatp2o+] that if y, is any solution a (1), when 
< ; 
i u(i=vli+o), a a S 
where y; is a solution of (1) also. | 
Let y, and y, be two linearly independent solutions of (1) and adopt the 
notation (r, 8; p, 7)==r(p)s(q)—1(q)s(p). Regard ae. 
u(i) =v; (i+0), j=1, 2, l ~ (5) 
as difference equations i in y¥;(t+0) and ys (t+); , respectively. They are clearly 
- solvable. We desire, moreover, that y;(i+@) and yi(tt+o) be linearly inde- - 
‘pendent. To this end define first L(a), M (a) and N (a) so that u(i) and u(i) 
` are linearly independent. This will be the case if | : 
(t, a; @+1,a)- _ <. (6) 
be different from zero. ; 
If “a (G) Æ0, let Gq, and as ba two, numbers such that 


halat ea oua kija AO, 


M(a) _a(4)—a L(a) an | 
| N(a) > ala) ? Na) iela). 
Then using the difference equation, (6) reduces to 
, A(y,(a+1) y2(a) —92(4+1)y,(4)), 

which is different from zero. If  aul@) = 0, no definition of ia), M (a) and 
` N (a) proves necessary. : 
When by FO y1(a+o) and y:(@+) are R Let ba and ba be two g 
; numbers such that bula+o) baba bu (a+o) =B+0, and let . 

yato) = by (4-+o) uy, (4+1) — bis (4), Ete 

. nato) E 

- whereupon by the use of equations (5). — l 

M(atott) _* (ys) m; atot? ato) | by(atotl)—bdy 


and let 








` D(@tot+l) ~~ (ys, yn; @fo+l, ato). ~—  by(ato+1) ’: 
N(at+tot+l1) _ (y, ¥s3 @+042, a+o041) _ - ba. 





s L(ato+l) ` (n, y; @+04+1, a0) ` by (a+o+) | 


. Fort: Linear Difference and Differential Equations. ea 


Now from the difference equation B - (Yi; Yz; a+o+1, ato) equals 
(vr, Vz; é+o+1, a+a). (7) 


But from (5), (7) equals (6) which is different from zero. Hence (y;, Y3; 
a+o+1, ato) #0, that is, y(i+o) and y:(i+a@) are not linearly dependent 
over a<tSa+w+2.: If by(4)=0 the result that (yi, Y1; a+o+1, a+o) 
equals a constant different from zero times (6) and hence that y;(i+) and 
ys(i+o) are not linearly dependent over a<i<a+to+1 is immediate. More- 
over, no definition of L(a+2a+1), Haree ti) and N(a+2o+1) proves 
necessary. 
l When i>a+o, the required equation is 


(Yt, Ys; b i— L)y 641) — (yrs 983 i+, i—1)y (i) net 
+ (yr, Yz; t4+4, Hy (t—1) =), (1) 


E we adjoin to (1)-as given. The coefficients ` are defined as desired so that 
“if y, is any solution there exists a solution y; which satisfies (4). There isa 
possibility of L(i) vanishing wheni>a+o+1. If this should be the case we 
` ‘shall consider as solutions of (1) only linear combinations of yy and y; with 
constant coefficients. 


(b) The Differential Equation. 
Consider 
L(x)y"+M (“)y' +N (x)y=0, (1’) 
‘where L(x), M(x) and N(a) are defined and continuous when a<s<a+o and 


accents denote differentiation, where, moreover, 7 n and a 





are absolutely 


integrable over the interval a <asb. 

Let g<a but a—g arbitrarily small. Let an(s) and a(x) be absolutely 
integrable over a<a<a+a, a (a) and a,.(a) not both zero and aj, (a) and al (a) 
existent. Let by (2)/by,(x) be absolutely integrable when a+o<Xx<Sa-+2o and 
b,, and b both differentiable. Let, moreover, ` 


tin (8) = dy (2) 9, (2) case) 

Va (2) =bu (©) Yn (@) +b (©) y (2). 
We desire that L, M and N be defined when g<a<a and G+aS%<a+2o 
that b,, and by be defined as differentiable functions when a+-o—g<a< Saka 


and au and dy when g<s<a so that if- y, is any solution of (1’) there exists 
a solution y; such that when g <æ<a+o 


u, (T) =v; (2+0). i (4’) 
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Let y, and y, be linearly independent solutions of (1’) and adopt the 
notation [r(z),s(a); k, l]=r (£) g.a- r® (x) s (x) where the superscripts 
denote differentiation. Regard ` 

i u (s) = aia j=l, 2, 5) 
as differential equations in y;(z-+@) and y;(t+o@) when a<s<b. They are 
clearly solvable. Then regard (5’) as linear algebraic equations in an and dy 
when g<«v<a for any definition of 5, and b and of the coefficients. Since 
Y and y: are linearly independent, an and ad. are determined g<a<a when 
a—g is small enough. We desire, moreover, that y;(%+) and ys(a-+) be 
linearly independent. This will be the case if [y,(a+), ys(a+e@); 1, 0] 0° 
in the neighborhood of =a. To this end we define the coefficients over 
g<“<a so that when 7>a—0, wn 

[uw (s), Us(%); 1,0] sd Gale), ye(a@); 1,0], . (8) 
where 40. First supposing that au(a) #0 this is done by choosing two 
~ numbers @ and dy such that a,,(@)@.—G,.(a)a,=A, and then letting L, M . 
and N be defined in such a way that as s>a—0, 
M(x) a (a) +y (a) — N(2) — aig(4)—ayy 
AO Mea Rate Oak Ol 
Substitution shows that this definition is sufficient for (8). If a,(a)=0, no’ 
~ definition of the coefficients in (1’) when x<a will prove necessary. We let g=a. 

We next desire that as v>a+o+0, 

[v (+o), v(s+0); 1,0] >: Bly (a+o), y.(at+o), 1,0], (9) 
where BÆ0. Here if b,,5£0 due to the arbitrariness of yr(a+o) and ¥s3(a+o) 
we can proceed in’a manner exactly analogous to that employed in the 
case of the difference equation choosing two numbers ba and bg, such that 
by (a+) byg—bip(@+ea) b= 8B. One can then immediately assure himself, 
and details are omitted, that it is possible to define by, (s) and b, (x) as 
differentiable functions over a-+o—g <2<a-+to, so that if y, is any solution 








- of (1°), in, (æ) is continuous at a+-o, and hence so that the limit expressed by 


(9) is the same if the approach is from above.or below. Let b, and bag be so 
defined, the desired conclusions are then drawn as under (a). If bu==0:; X9) is 
immediate and obvious without special definition of y;(a+o) and y,(a+ o) 
which are no longer arbitrary. 

~ The required equation when g<x<a+2o is 


[yz(@), yala); 1,0] y” —Iyr(a), yale); 2,0] y+ [yr(@), ya(@) 5 2,1]y=0. (1) 
If [yr(@), y2(@) ; 1,0] should vanish we proceed as under (a) considering as 
solutions only linear combinations of yr and ys with constant coefficients. 
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i shall now make the.substitution of the letter “a” for i of (a) of section 1 
and æ of (b). The reasoning applies to either the difference or the differential 
- equation and the following notation with use of x is to include both. Other 

notation will be explained. 

We propose the question: Does a solution of (1) [(V’ ] exist such mhor 


pu, (x) =v, (%#+o) 
where p is a constant ? 
Let y, and y,, as previously, be two iieii independent solutions. As 
Yı and y, are linear combinations of y; and yg we write 


V1 (@+@) = "ay th (T) + ay Us (Z), 
: Vg(@+O) = dn ty (8) + ass My (T). 
Since from the definition of the coefficients the Wronskian determinant of v, (a) 
and v,(x) is different from zero at a+, 043 O2— är GF 0. 
l Assume. now the existence of a solution y,(”) = 8, yi(@) + Baya (x) #0, 
gnon that ` i 
Bers = pus (x). 
Then ef 
va (2+0) = bv (s +0) + 8v (2+0) = Byf dnt (2) + ar t(x) t 
+ Bx} an a (2) + an u (0)] = pua (o) = p Baan (2) tpbemte) 
Transposing, 


[Ëi (anp) + s an lin (2) + [Bs an- Ban) (x) = 0. 


Since y, (x) and y(x) are linearly independent, u(x) and talz) are linearly 
independent and hence necessarily 


‘Bi (au—p) =p Bs 1 = 0; 
Bı 12+ Bo (a —p) =0. 
But 8, and 8, are not both zero as y,(x)Æ0, and consequently, 
l D, = (au—p) (a2—p) — an y =l. ; (10) 

This has been derived as a necessary condition. However, if pis so chosen 
that D,=0 we can retrace the steps and see that a solution ‘Satisfying the 
relation v,(%)=pu,(%) does exist. . 

Regard (10) as an equation in p- We shall call it the characteristic. 
equation of (1) [(1’)]. It is of the second degree and neither root is zero. 
AS du Og-—Cye Gi 0. There will always, then, exist at least one solution of 
(1) [(1’)], not identically zero, satisfying the relation v,(%+-o) = pu,(2). 
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If equation (10) has two distinct roots, pı and po, there exist at least two 
solutions, y, and ys, not identically zero, satisfying respectively the relations 


v (2+0) = pu (z) and v(s+0) = prus (a). 


Moreover, y, and y, are linearly independent for, assuming the contrary, there 
exist two constants u, and l not both zero such that uY, + usys =Q; hence, 
such that 
muls) tuus) =0 and mo (2+0) Hav (2+0) =0. (11) 
From the last 
mpm) + anayen: ; (12) 


For definiteness assume y,>£0 and eliminate u(x) from (11) and (12). We get 
(ppe) (4%) =0, 


but u, (x)Æ0; for it is surely possible to choose a solution ys linearly inde- 
pendent of y,, and hence, according to section 1, such that u(x) is linearly 
independent of u(x). But this is impossible if u,(z)=0. It results that 
fi=p2, a contradiction. $ 


$ 3. [INDEPENDENCE OF THE CHARACTERISTIC EQUATION OF THE PARTICULAR 
FUNDAMENTAL System OF SOLUTIONS CHOSEN. 


Consider a second fundamental system of solutions y; and ys. Then 
v (+a) = Bytu (x) + By tg(@), 
v (tto) = Ba u(x) + Ba tg(). 
The characteristic equation is 
. D, = (Bu—p) (B—p) —By Ba = 0. 
But : 
y(x) = Lu yy (2) + La ya(s), 
Ya(@) = Lay (2) + Lay: (s), 
where Lu Ley—Ly La F0. Hence, 
v (@+o) = By [Ly u (x) + Lu uy (2) ] t+ By[ Le un (x) + La Us (2) J: 
On the other hand, one can write 
v (s +o) =P v(s +a) + Dy (+a) 
= Lulan ta (@) + aite (%) ] + Lye [gy u (@) + Oop U(E) ]. 
Equate and collect: 
[ (Bu Lut Bis La) — (Lu aut Lr te) Jin (2) + [ (Bun p E 
— (La & t Lre dee) ] Ue (2) = 
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One can now eondlude i in various ways” that when 2> 0.is puificiently large 


_:a@ solution satisfying Gy () + Cy (2) = 0 has no node on a+1<a%<a+o+1 


Ay(ate) ; 
and that —-——-—— 
‘¥(@+oa) . l 
moreover, when-à<0 is numerically sufficiently large not only are there the 
maximum number of nodes on a+1<seSa+o+1 but that the läst is as close 
“Ay(ato) . 
that is, —~-—_—— 
‘y(ate) 


is positive and as large as we wish to make it, and that, 


to a+o as werdesire, is negative and numerically as large 


as we wish to have it. 

Moreover, the requirement that Hee) =0 is equivalent to a requirement 
of the form ¢, K (a+o) Ay(a+o)+@y(at+to)=0. We , consequently, conclude: 

Let y be a solution satisfying cy’ (Z) + cyy(&) =0. ie exist values of 
Ay Ay >A >.... >A, such that. when A=A,, 7=0, . k, y(@+o)=0 also; 
where, moreover, y has exactly j nodes on the interval atl <@Sa+o. If 
y(a+1)0, k= o—l, if. y(a+1)=0, k=o—2.: 
§ 7. EXTENSION oF Fowpamenrat, Boren vain THEOREM TO - Equations 

or tHe Type SeT Ur in Szorron 1. 
(a) The Difference Eequahanes 
Write equation (14) in the form . ; 
L(i, 2) y(6+1) +M (4, a) y(t) +N (4,4) y(i—-1) =0. (17) 


_ Here L(i,2), M (i, à) are defined for all values of A when a+1<iga+wo. We 


let i(i) =y,(i—1), v,(i +0) = dy(i) K(a-+0) Ayi +o) +4s(i) nlo), 
where dj, (i) and d (i) are real functions defined when a<i<a+o+1, 
du (i) #0 or dy=0. We then define L, M and N acéording to the method 
of section 1 so that if y, is any solution there exists a solution-y,; such that 
Un (1). = V (ito). U, and vz are to be considered functions of the continuous 
variable z, namely, those functions defined by the broken line graphs of u,(î) 


and v,(%), respectively. We write moreover in place of the any (A+ 1) + 


On Y, (a) of section 1 K(a)Ay,(a)+by,(a)=%,(@+1) andin place of the 
bay, (ato +1) + dey,(a+a) gf section 1 o a Ryo 8) + den (ato) 


_ ==0,(a+o) where dy dy,— seg e 


Let a+1<@<a+o+1 and let y, denote a particular asian, not identi-. 
cally zero, such that w,(Z)=0. Denote by c that integer auch that c<@S é+1. 
Form the equation >` 


La) y +4) + HG, 2) 9) RG 2-1) =O, (8) 


* A satisfactory method of proving this theorem is by comparison with ¢Aty(i)— P (i) y (i+-1)=20 
where. P is a constant chosen large numerically and positive or negative as We desire, and { is a constant 
such that 0<f<K (i). ' 7 > ; 


2 
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` ‘where L(i,a), M(i,2) and N(i,2) are equal respectively to L(i, à), M (1,4) 
and N(i,a) when c+1<i<a+o and to L(ti—o—l, 2), M(i—o—l, 2) and 
. N(i—o—1, A) respectively when a+o0+1<i<c+o+1. 

Now denote by y, that solution of (14) such that v,(i+o)=u)(4). Then 
there exists a solution of (18) which we denote by y, such that y,(%)= 
Yo (i—a—1) over d+oSige+o42. Therefore, Uy (@+o0+2)=v,(a+o-+1) © 
and uy(a+o+1)=v,(a+o). Due to the definition given L(a, à), M (a, >), 
N(a,4), L(a+o+1, 2), M(a+o+1, 2) and N(a+o-+1, A), these equations 
reduce to 

Uy (@+a+2)=2v,(@+o), } : (20) 
Uy (A+a+2)=9, „(a +o). 
Hence since y, E a relation like (16) at a+, Yu satisfies the same 
relation at a+o+1. 

Solving (20) ya (a+o+2) ree Ay, (@+o) + A T We shall 
say that we have case a if DÆ0 and case 8 if D=0. Apply the theorem of 
oscillation for y, and we have that as à increases from — to © yy(a+o+2) - 
vanishes exactly m times where 

Casza: (a) y,(c+1) #0, m=ata—c, 
(b) y,(c+1)=0, m=a+o—c—1; 

Case 8: (a) y,(e+1) #0, m=a+o—c—l, 
(b) y,(e+1)=0, m=a+a—e—2. 

I shall next show that: If A is positive and sufficiently large yy has no’ 
node on a+o0+2<2<%+0 and if ù is negative and numerically sufficiently 
large, the maximum number namely; c—a—2. . 

Ayn (a+o+1) 
Yu(a+o+2) 
_and one can immediately prove the theorem, as for example, as indicated in 

the third footnote under section 6. : 

Case 8. First, when 2 is positive and suffcientiy large a solution of (18) 
exists having no node* on a+o+1<2<c¢c+o+1: Hence as the nodes of two 
solutions either separate each other or coincide, no solution can have more than 
one node on this interval. But under these circumstances, as y;,(@+0+2) is 
proportional to y,(a+), ¥n(@+@+1) which is also a linear combination of 
K(a+o)Ay,(a+a) and y,(a+a) can not be proportional to y,(@+o) also. 
consistent with the equation d,,(a)dy,—dydy(a)=1; and hence y,(a+o+1) 
vanishes one more time than y,,(a+o0+2) as A increases from —œ to œ, and 


Case a. Here approaches a limit as à becomes infinite 








* This will be the true of any solution having the same sign at @-+-w-+1 and a+w+2, 





1 
fed 
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as when s> a+o+1 its hodei move to the left as à decreases and 3 the right l 
as A increases when A= there must remain one node of yn on the interval 
a atot+l<2<a+o+2, and hence when à is sufficiently ee Yn can have no 
node on a+0+2<g<c+o+l1. . 

. Next, when 2 is negative and enenatis sufficiently large a solution exists 
having the maximum number of nodes * on a+o+1<s<c+o+1 conceivably 
possible, and’ hence’ y,, surely has on this interval at least as many nodes ás ` 
one less than this maximum number. But as à decreases from œ to —o 
yn (a-+o+1) vanishes one more time than Yyu(a+o+2), and hence when A is 
negative and numerically sufficiently large y,, has no ‘node on the interval 
@+o+l<e<a+o+2 and hence. the 1 maximum number of nodes on a+a+2 > 
<“2<Se+o+l. i 

Now bearing in mind that as a decreases nodes of Yn on the interval 
a+o+1l<ses c+o+1 move continuously to the left, that 
l K(a+9)Ayu(a+o) 
‘Yu(4+o) 
as A>—oo and that yn (Z+o) = w(%+o4+1) = my (B) = = v,(%+o) a mere 
count gives the following theorem: - -> one 
There exist values of a, p> Iq > . >A, such that eee j=9, 
, k, each solution of (14) satisfying the relation y,(Z—1) =0 satisfies 
ald ‘the relation v,(Z+oa) =0. f 


Cass a: (a) kaai 


eo 


(b) k=a—2;. 
Cass 8: (a) k=a—2, 
ar _ (b) k=a—3. 
The notation “a” for any par icut one of the values Ay, ...., Ay will 


be generally used. 
(b) The Diferential me: 
- We consider the ~ wt 


A (K (2, a)y (2))—G (a, à) y(z) =0, 


where the prime denotes differentiation and where K and G are defined and 
continuous for all values of A when a<@<a+q and where moreover G (x, 4) 
is continuous in A and continually increases going from — to œ as à increases 
from —o to © and where K >0 never decreases. 








` * This will be the true of any solution having opposite signs at o+-w+1 and g++2. - 
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We eats this equation in the form 

L(a,A)y" +M (a, A)y’ +N (a, a) y==0 
.and define L, M and "N over the interval a+o<x<a+2o, according to the 
method of section 1, so that if y, is any solution there exists a solution Ya such 
that u,(x)=v; (£to) where 

(8) =Y (s) and v;(%+a) = dy (2)K (a+0)y, (+0) + dyg(2 )ya(@+o) 

where dy and dia are given functions as in section 1(b). The analogue of (a) 
-of this section is then immediate. Form the equation i 


Lla, a)y" +t (e, a)y +Ñ (a, a)y=0, 0o o a8) 
where L=L, M=M and N=N when Z< <a-+o and to L(£—ò, a) etc, when 
a-+oS2<Z+o and reason as under (a). 

` There exist an infinite number of real values of >; LASS , such 
that when a= a,,7=0,1,2,...., all solutions satisfying u,(%) =0 sans also 
v,(@+o)=0; @ any particular point a<“%@<at+o. a 


$ 8. CONTINUITY Pik 
(a) The Difference Equation. 

It is apparent that the 2ps of section 7 will, in general, be functions of the 
point % We write 4,(Z) and shall prove that these functions, with the excep- 
tion of the last A,, are continuous a+1 <@<a+o+1 and that A,-is continuous 
over every interval, i<E<i+1, where i ts an Gad Decay negatively 
infinite as T approaches i or i+1. . 

Let & be any particular fixed value of z and let y; be a particular solution, 
not identically zero, such that u,(&)=y,(€—1)=0. Let .é>0 and let 

0<f—#<6; and then let y; be a solution satisfying the conditions y;(z—1) =0 
and Ys (Z—1) =y,(&—1) where as previously the accent denotes the forward 
derivative. Let c be that integer such that c<é—1<ce+1 and let e>0 be 
arbitrarily small. Then, if è is small enough | y;(c) —y,(c)|<e and 
lyz(c+1)—y,{e+1)|<e. But y(a+u) and y,(a+@+1) are polynomials in 
y,(c) and y,(c+1); and moreover, y;(a+o) and y;(a+o+1) are the same 
polynomials in y;(c) and y;(c+1). As polynomials are continuous, if e be 
sufficiently small y;(@+o) and y;(a+o-+1) can be made to differ in absolute 
value as little as we please from y,(a+@) and y,(a+o+1), respectively. 

Now consider equation (18) formed for c and the solutions of it Yẹ and yz, 
bearing the relations to y; and yz, respectively, expressed by (20) and hence 
where 7 >0 is arbitrary, if e is small. enough |¥,(ato+1)—y;(at+a+1) | <n 
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and lye ( ato+2)—9; (ato+2) | ny aenn, for larger values of 4 Ye 
and y, are polynomials in these values. 

Let a=4,(&), j<k if §£=c-+1, otherwise j<k; then a node which we call 
the (j+1)-st node of y; lies at E+o. Let 6>0, then if n be small enough, 
the (j+1)- -st node of y, lies.a distance from Z+o less than 0. Now hold z 
fast and vary à. As nodes of-y; move continuously to the right as 4 increases, 
and to the left as à decreases; by a variation in à as small_as we please, 
0 sufficiently small, the’ (j+1)- st node of y; can be made to move to Z+o. 

When it will have moved to this point,- 2 will ‘have the value A, (2). That — 
` is given a €>0 we can choose a 0, then. an my then an e, then a 6 so that 
|, (E) —A,(E) |< when | 0<-#<6. =“ ; 

Now let 0 <7 <8. and let c-be that-integer such that e<t— 1<e+1. 
We form equation (18) for this. point c.: - The corresponding theory developed 
with the relations between the y’s and y’s now holds without the slightest 
change. In fact, it was “quite immaterial whether we chose c that integer 
<a 1<e+I, as we did or c<Z—1<c+1. ‘The repetition of the reasoning 
. just gone through now shows that given a g>0 it is possible to choose a o>0 

80 that when B—E<8, |2,(z) —a,(E) | <2. = 

Let <8, 8 then given a {>0 :it is possible to choose a $>0 such that 

when |%—£|< %. Er z)—A,(E)|<f. This establishes continuity. - l 

~ - The exceptional situation in the case of A, arises from the fact that if z—1 
is integral, there exists no value A,. We have case a (b) or case 8 (b). Let 
a—l1 approach an integer c+1 from below. Consider (18) formed for c. 
The value of a which . makes y(a+o+2) vanish the (a+a@—c)-th or the 
(a+a—c—1)- -st ‘time,.as we have case a (b) or case 8 (b), becomes negatively 
infinite; but at all times a-is less than or equal to this value and hence itself 
becomes negatively infinite. Similarly, if 7—1 approaches an integer c from 
above we think of (18) where c is that integer ¢<Z—1<c+1 with exactly the 
same results as when 7—1 approaches c+1 from below. l 


(b) The Diferential Equation. 

All the values of à; (©) are continuous a<Z<a+o in the. case of the 
diferential equation. A i ; 

Here we make use of a jew fundamental and well-known theorems for the . 
differential equation and follow the general method employed in (a). There is 
less need for detail; and naturally no supplementary discussion for a partic- 
ular A, is necessary as for the At under: (a). I shall again for the sake of 
brevity omit details of the proof. 
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PART MI. 
$ 9. STATEMENT or PROBLEM. 


. (a) The Diference Equation. 
Consider again 


where K (i, 2) >0 and G (i, 4) are defined when’ ` 
aSigato ` (22) 
. and - : 
asi<at+oa—1 (23) 


respectively, where moreover K and G are continuous in the real parameter A, 
when —% <<% and such that as % increases G always actually increases 
going from —o to œ and K does not decrease approaching a limit as A> a, 
We shall consider: (21) subject to the conditions 
an E (a) Ay (a) + apy (a) = Bn K(a+a) Ay(at+o)+Byy(ato), 
. an K (a) Ay (a) + ay (a) = By K (a+) Ay(a+o) + Ba y(ata), 
Where an Og— ts 1 = Br Be— Ber Bi- 
It proves advisable to throw conditions (24) into the form 
K (a) Ay(a) +by(a) =dy K (ato) Ay(a+o) ea ee 
y (a) = dy K(a+o)Ay(a+a) +dey(a+e), 
where dy, £0, dy de— datg = I. 
It will prove advantageous also to consider'side by side with (25) 
K (a) Ay (a) + by (a) =—dy K (a-+0) Ay(a+0)— day (ato), } (6) 
/ y (a) = —dy K (a+o) Ay(a+o)—dey(ate).J ` 
Let u,(é)=y,(i—1) and v,(i-+-0) =dyK (a+e) Ay, (i +0) + dey (i+o). 
We then- define the coefficients as in section 1 so that if y, is any solution of 
(21) there exists a solution y; such that u, (1) = 0; (i+) and also u,(@) = 
K (a) Ay,(a) + by, (a) =%,(a+1) and v,(a--o+1) = dy K (a+o) Ay, (3+0) 
+da ¥n(a+@) =9,(a+o). It is only necessary to replace the as, as, bo, and 
by of section 1 by K(a), —K(a)+b, dyK(a+o) and —d,K(a+o) +da, 
respectively, and proceed as there. 


} es) 


(25) 


The existence of a solution of (21) not identically gero satisfying (25) 
now becomes necessary and sufficient for the existence of a solution not identi- 
cally zero satisfying identically the relation , 

U, (4) =, (+0), 
and the existence of a solution not identically zero satisfying (26) becomes 
necessary and sufficient for the existence of a solution not identically zero 
satisfying identically the relation 
Un (t) = —V, (i+). 
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The sufficiency of these conditions is immediate. The necessity is. proven 
thus. Suppose that there exists a solution satisfying (25). Denote this by y,. 
Then 

K (a) Ay, (a) +6 x(a) =dyK (ato) Ay,(a-+0) + dy ys (ato) 
91 (@) = dy K (a+) Ay (a +0) + day (ate). 
We know that there exists a solution yı such that u (i) =v;(t+o). Then 
K (a) Ay (a) +b y (4) =dy K (a+o) Ay; (ato) +dpyi(a+o) 
y(a)=da K (a +0) Ay (a+o) + dys yr(a+o), 
and consequently, yr is identical with y, at a+o and a+u+1 and hence at all 
points. 

We now define u,(i) and v,(i) as functions of the continuous variable v, 
as has previously been done; namely, as those functions defined by the broken 
line graphs of w(i) and v,(t); respectively. It results that the satisfaction of 
"Uy (&) ==, (+o) by a solution of (21), not identically zero, is necessary and 
sufficient for the satisfaction of (25) by such a solution, and the satisfaction 
of u, (x)= —v,(%+) is necessary and sufficient for the satisfaction of (26). 

Tf values of à exist such that (21) and (25) are simultaneously satisfied 
by a function of i, not identically zero, we shall speak of them as values l; 
and if values exist so that (21) and (26) are simultaneously satisfied by a 
function of .i, not identically zero as values of V. The solutions of (21) not 
identically zero satisfying (25) or (26) as the case may be will be called 
corresponding solutions. 


(b) The Differential Equation. 


We consider here again 
4 
Fr z E (9, 2) y (2) | —G (x, à) y (s) =0, 


where K (7,2) >0 an G(a#,Aa) for all values of the real parameter A are defined 
and continuous when : 
E T Sat (22°) 
and where K and G are continuous in 2, and such that as a increases G increases, 

constantly going from —o to œ and K does not ever decrease. 

We consider (21’) subject to 

K (a) y‘(@) =dy K (ato) y' (ato) +dyy(a+o) } (25°) 

y (a) =dy K(a+o)y'(a+o) + ds y(a+o),: 

where du dy.—d1, 4,1 and also side by side with these subject to 

Eig (is eee) av) (28) 

y (4) = —dy K (a+e) y'(a+o) —dey(a+e). 


ae T ERA 
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` Süppose dy 0." Let u,(%)= Ya(2), Va (oto) = = da K (ato) AJ GKO 
Fda y(i+o). 

We proceed i in a manner similar to that employed under (a) of this section: 
defining the coefficients of the differential equation over g<a<a and at+u<@ ~ 
“<a+2a, etc, according to section 1 so that the identical satisfaction of . 
the relation u,(v%)=v,(@+w) by a solution of (21’) not identically zero is 
necessary and sufficient for. the satisfaction of (25’) by the same solution. 
The identical satisfaction of u,(7)=—v,(z+o) is then also necessary and 
sufficient for the satisfaction of (26’) by*the same solution. We let , 


(a) =u, (a) and B (ato) = pzy du K (a-+0) y (ato) +day(0+9)]. 


$10, “To Prove | THAT THE Maxrmat AND MINIMA oF THB thin ay i 


wey 


ss ARB VALUES l op V. 
~ Under the term maximum (minimum) we include the case that the function 
-is a constant or has å constant. value over a neighborhood. a 

` The constant term of the characteristic equation is unity since 4 and B` > 
` of section 1 are equal. ` 
Suppose 2 (G) a masimum. To prove that when A=A,(4@) p= al 
Assume that this were not the case then pı Æp, a8 p pe= 1- 
Denote by yı and Ya two solutions, neither identically zero, such that 
pity (x) =v (8+0) and pau (1) =v: (+w). Then : l i 
u (2) ve (26-0) — ug (a0) v (8-0) = (ppa) 1 (2) w (2). 
Let y,() be a solution such that u,(@) =v, (3+0) =0, EO; in the case-of 
the difference equation a+1<a and in the case of the differential equation 
a<a Suppose y,=¢y,+¢ Ye. then. 
-O0= 0% (a) + uwla),  - 
. ; O = 61 py (a) + Capo ug (@). 
re cı and c, are not both zero (pi—pe) 4 (T) + u (8) = 0. - But py p: and. hence ` 
"u (Āā) + u,(@)=0. They are not both-zero and excluding @ itself in some neigh- 
_ borhood of @ neither is zero.t- ` Suppose for definiteness u (@) =0; then yı is 





` *Tn case dyn =0 we simply let ae u) = Dalo) y's (o+ 0) + Dos (@) Yn (@ + w), where Dula +u) =0, . 7 
Dal) =p, D'u (a+) +Dula to) = pa and D'a(o-+u)= ye. Then let yy and vs be so chosen, 7 


` first and second derivatives existent, that, if Da (0) y5 (0-+w)+Dn (0) Piy; Da (0) yy (O—w) +Da(0) Yy =yn 
- Dn and Dy together with their derivatives at a+ take on values as stated and are existent at other 
points. This can be done as is seen by solving these equations for D,, and Da. Having made one deter- 





.. mination of Dn and De regard them as fixed. The problem now is essentially the same as if da a. 


+ The existence of extremes will be discussed in section 14. 
t In the case of the ‘difference equation ,(@)==y,(@—1) and in the case of the differentia] PER 
Un (@) = Yn (9). . - . 


a 
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essentially real, for write een a 1, where y; and y, are real. ` Then 
u,(@) =u,(@) =0 and hence Y; and y, are proportional. Consequently, p=. 

«Let y=y;, It results that pı is real, whence p; is also. Hence Y is essentially 
real and will be considered real.. u(x) changes sign at T, and hence the deter- 
minant (27) changes sign at G also. _ 

Let Ys and y, be any two real linearly depdi solntions, 


Ys=ku yit Yz, 
Y= hen p-a Ye. | a 
A(x) = us (2) *%(@+o) — u (2) * U3(&+) l } (29) 
= (kn kor— kn ka) (ty (©) Vg (8+0) —u (2) 0, (@-+-0)). 


It results that A(x) changes sign at @ and that if 0 <% <e, sufficiently small, 
A(G@+8’) - A(G—28’) <0. 
Under the assumption that „0 is a maximum, I shall derive a contra- 
` ‘diction to this statement. {3 
Denote by ys and Ys, respectively,-solutions such that us(a—8’) =0 ind 
*ug(@+0’) =0 and such that at a—8’ and @+9’, respectively, the forward slopes 
of us and us are the same as that of u at a. 
In the case of the differential saison let c=@ and‘in the'case of the 
difference equation let c be that integer, c<@—1<ce+1. Form equation (18) 
[(18’)] of section 7 for this point c. There exist solutions 7,, Js and Je 


eee ` ny (@+0) =9,(3+0), 
e B(G+o—8') =J (G +0—?'), 
tye o v(a +048) =F, (a +048). l 
~- A root of J lies atū-+o. If 8’ is taken sufficiently small roots of Ys and Je 
can be made as close to @+@ as we please... Due to the maximum, however, 
the situation will be somewhat as here illustrated: 





Fie. 1. 
We conclude inmedintely ; 
| (TE?) (Tot?) un 8) v(E+0=8)20. > 480) 


7. 18. ForT : Linear Difference and Differential Equations. 


One can readily assure himself that another arrangement of the figure will not 
alter this conclusion. Refer now to (29) and we have that A(a@+9’)- A(a—2) 2 z0, 
the desired contradiction. 


§ 11. SUPPosE THAT WHEN a=, Pi=P, AND THAT Yy; IS a Sonution or (21), 
- [(21’)] Satisryine (25) [(25’)] on (26) [(26’)] Suca tear wu, Has 
a Roor at @;* To. Prove raat A 1s NEORSSARILY an Exrrems | 
or a Àj, THE Term Exrreme Berne USED as PREVIOUSLY. 

Under the assumption that p; =p; there exists one solution of (21), y; such 
that pu (x)= v, (s+0) and a second Hnos. independent solution ys such that 
us (£ +0) = Can ur (2) + pus (2). 

 D(æ)=uù ty (0) 04 (2+0) —u (2) 04 (8+0) = Cg Lay) 1 
which obviously. never: changes sign and ‘does not vanish unless u,(z)=0. We 
know u (æ) ‘actually changes sign at @ and hence when >: is small enough 
D(G+8’) - D(a—*’) > 0. 

Assume that A ‘is not an extreme of a à. “ates to the determinant (30) 
discussed in previous section. The corresponding figure now is 





Fie, 2. 


from which one concludes that D which is a constant times 
(us (@) 0, (@-+@) — u(x) ¥3(@-+a) ) 


does not satisfy the relation D(@+38’) - D(ia—®’) >0. This is a epremietien 
and proves the theorem. 


§12. A, a Constant. 


Suppose A, a constant over some interval #’<a<a". Then by the proof 
of the previous section A, is a value I or a value I’; and, where @ is any point 





` *In the case of the difference equation G>a-+v and in the case of the differential i 
tion @ 
where 3 is as in section 9 (b). hee eae ey 
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_of the interval æ'’Ss<g", a solution satisfying u,(@)=0 is a solution of the 
system consisting of (21) [(21’)] and (25) [(25’)] or of (21) [(21’)] and 
` (26) [(26’)]. But for definite points @ sufficiently close together corresponding 
l solutions satisfying u,(@)=0 are linearly independent. Hence, when A==K, 
_ all solutions of (21) [(21’)] satisfy one of these systems. 4, is then a constant 


over the whole interval of its definition. 
Conversely, if all solutions of (21) [(21’)] satisfy (25) [ (25" )] or (26) 


— [(26’)], the corresponding value of à is necessarily a value 4;. For, if @ is 
‘any point on the interval a<z<a+ta, those solutions satisfying u,(a@) =0 
satisfy v, (@+o)=0 also. 


§13. Wun a, 1s Nor a Constant To Prove Aru tHe Maxima or à; Equat 
AMONG THEMSELVES AND ALL THE MINIMA EQUAL amone THEMSELVES. 


Let à,(c) not be an extreme. Suppose that à, (æ) has two minima less 


` than 4,(c). Denote these by J, and la, ba<}. Let z decrease from ¢, 


2; can never get less than l, for as soon as it equals ba suppose at ¢ then 
there exists a solution not identically zero of (21), [(21’)] satisfying (25) 
[(25’)] or (26) [(26’)] which we denote by y, where u;(c) =0 

Let y, be a solution, not identically zero, satisfying u,(c)=0. Consider 
Vv (G+) Uy (£)—v (+o) u(x). This is a constant times D (s) of section 11. 


_ Consequently, it vanishes only when wu,(#) vanishes. But it vanishes at ¢ 
‘a root of w(x). Then by section 11 ¢ being a root of u,(%) is. an extreme 


of 2;. From the nature of the case it is a minimum; that is, A, begins to 


` increase again and the existence of ee is impossible. 


§ 14, Tua Existence or EXTREMES OF THE A/S. 
. (a) The Difference Equation. 
Suppose a,(z) j21 not a constant. Let A=A,(a+1) and let y; be a par- 
ticular solution, not identically zero, satisfying the relation y,(a@)=0. y, has 
has at least one node on the interval a<avga+o. Let a, be the first such root 


` to the right of a. 


TaEoREM: (a +1) =A,(a+1) and a, respectively increases or decr eases. 
froma, as: A;.increases or decreases from a. 

Proor: Let A= a,(a+1). It can be immediately shown as was done in 
section 10 that pu (£) =v; (x+), p¥0 a constant. Consequently, a,(a,-+1) = 


—A(a+1). Next let 0<a—a<8, where 6 is small, and let y; be a solution 
_ such that y;(@)=0 and y;(z)=y;(a), where the accent denotes the forward. 
' derivative. Suppose à; increases from a and let A=A,;(@+1). As the nodes 
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of y; ed's y; Separate each other the first node of y; to the right of z is to the , 
right of a. Let A increase to 4;(Z+1) and this node moves still farther to’ 
* the right. Suppose that when 4=A,(Z+1) it lies at & and that @,—a,=”. 
n is arbitrarily small, ò being at our disposal. Now, as in.the case of a+1 
and a +1, a,(@+1) = (a,(@+1). But a,(@+1) >a,(4+1). Hence, 4 (@ +1) > 

A,(4,+1) which is what we desired to prove. -The following theorem results : l 


Ay(@), j21 has always at least one minimum and, at least one maximum. 


As has been remarked these extremes are the roots of the solutions, Ys, 
not identically zero, satisfying u .(%)=+,(e%+o). The exact number of these 
roots on atl<a<sato will be discussed in the Theoren of oscillation, 
section 17. 


(b) The Diferential Equation. l 


Only obvious ‘formal changes of the treatment given under. (a) ‘are 
necessary. . 


a,(@), 721 has always at least one minimum and at least one maximum. 


$15. To DISTINGUISH THE Two Casas, 
(a). The Difference guon: 


Assume à;=3;(@). There exists a solution, not identically zero, which we 
shall call y, satisfying the relations y,(a—1) =0, v, (a+) =0. Let c be that: 
integer such that c<@—1<c-+1 and consider (18) formed for this point. 

. When à has any value whatever let y, denote a solution of (21) satisfying 
- the conditions y,(¢) =y,(¢), y.(¢ +1) =y,(c+1). - Then according to section 7 
(a) when å+o<s<c+ao, t,(2+0)=Yyn(e+o). Let 7>0 be very small. 

When 4>0 is sufficiently large y,(c+1+y7) and y,(a+o-+1) are of the 
same sign. Moreover, as shown under section 7, yn(a+o+2) and Yu (0-+a) 
are of the same sign; that is, v ,(4+o0+2) and v,(c+o) are of the same sign. 

_ To determine, if y,(at+o+1), that is, u,(a+o+2) is of the same or opposite 
sign to v,(@+0+2). | ; E 

v,(4+0+2)=419(4+1) [section 7] and as v,(a+o)=K (a) Ayu (a) +b y (a) 
and 0, (+0) =4y»(a), K(a)v,(a+0+2)=DK (a+a) Ay, (a+o) +Dy,(a+a). 

Case a: D=dn+dn(K(a)—b) 0. Since lim a aan - 
if à is sufficiently large v,(a+o +2) will have the ee of Pikes Oy Aare); 
that is, of Dylet 1+). 
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Case. B: D=0. v,(a+@+2) has the sign of - 
Dy,(a+o) = [di+den(K (a) >b) ] Ya (a+o); = 
that is of Dy,(c+1+%), for large. values of à. 

Now let à decrease. Thé number j is the number of ae that v,(@+a) 
has already changed sign. It results that. ujy(¢+2+n) = = yo +1 Tae 
+ 9,(¢+a+2+4n),. and hence, p= +1 &s follows: 

Case a: - jeva D>0 o=—l, D<0 p= seal 
j odd D>0 p= 1, D<0 p=— 
„Case 8: jeven D>0 p=—1, D<0 a 
i jodd D>0p=1,; D<0p=— 
(b) The Differential Equation. 


Proceed just as under (a). Suppose A=A,(@) an extreme of A,. Then 
there exists a solution y,, not identically zero, satisfying the relations u,(@) = 
l y;(@)=0 and v,(@+o)=0. Let y, be a solution when à has any value satis- 
fying the relations y,(@) =y,(@) and y,(@)=y{(@).. Then by section 7 when 
G+aStS4+o, v,(@+0) = Yu(@+e). Moreover, when 4>0 is sufficiently 
large and §>0 small, y,(G+8) and y,(@+@) have the same sign, and Yu(G+a) 
and Y¥n(ata-+s) i are of the same sign; that is, v,(a@+) and v,(@+o) are of 
the same sign. To determine then if u,(@+8) and v,(@+a+6) are of the 
same sign, is equivalent to determining if y,(a+@) and v,(a+0) are of the 
same sign. This can be immediately done as v,(¢-+-a) = dy K (ato) y, (a+0) 
tday (ato) and “tollia. 
Case (a) dn F 0: -v,(@+@) has the same or opposite alent as y, la+o) 
as dazo. : 
Case (8) da=0: v (ata) has the same or opposite sign as y,(a+o) 
as dyz0. ; 
Completing the reasoning as under tay: we nee 
CasE a: j even da >0 p=—1, dy <0 p=1; 
j odd dy>Op=1, dy<0 p=— 
Case B: j even dy >0 p=—1, dy<0.p=1; 
. J odd dy>Op=1, da<0 p=— 


> 0 as 3s A> 0, E 


§ 16. Souvrons Wirzovr Roors. 
(a) The Diference Equation. 


We desire now to study the existence of values / and I’, where the corre- 
sponding solutions of. ee) have no node on a+1<a%<a=o. 


ue pe a yi 
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Let a>0 be very large and let y, and yy be two saion determined by 
the conditions , - 

$ 
yı (a) =0, E E K(a)’ 





To a , 
yla) = Ka Y(a+1) =0. 
Then (see section 2), o 


v (a+0) = tuth (a) + Aye Ug (4) = = an (041) +004 (a41) = (@—4y2) (1 -z 


v (a +o+1) a a =u (a41) + Sata (a +1) = Kay" 


‘Hence, 
t=, (ato) + (E (a) —b) (0-40). 


$3 Similarly . 
: Gy =K(a)0,(a+o). 


The characteristic equation is z 
#— (tut Gn)pt+1=0. , 
- Gy + Ogg = DK (a+0) Ays(a+0) +Dyi (ato) +K(a)duk (a+) Alato) 
+da K (a)y (a+o). 
, Case (a): D+#0. ' : l 
If a>0 is sufficiently large, ‘the sign Of Gy + dy is that of D. For, write 
the difference equation in the form 


K(i+1)Ay(i+1) =K (i) Ay (i) + GGH, 


: and the facts, that ys(a+1)=0 and y,(a-+-1) = and that G becomes . 


K(a 
inie with A shows that by taking 2 large enough Ka À make 
K(a+1) Ay,(a+1) 

, , [K (a+1) Ay,(a+1) | 

as large we please. An easy induction process shows that the same thing is true 
of K(a+o)Ay,(a+o) and |K(a+o) Ay,(a+o) |. Moreover, if y, is any par- 
ticular solution whatever, not identically zero, with fixed values at a and a+1, 
K (a+o) Ay,(a@+o)/y,(@+o) becomes positively infinite with à. Hence, 
DK (a+) Ay,(a+o) will determine the sign of a,+a,. In addition when a 
is large enough-and i2a, K(i) Ay, (2) increases with i, and, consequently, is 
- greater than“zero at a+o. We conclude as desired that the sign of Gut Og 
is that of du -+da E (a) when 4 is sufficiently large. 

Case (8). D=0. 
As K (a+o) Ay: (a+0)/y:(a+0) becomes infinite with à and as Ay,(a+w) <0 

for sufficiently large values of à and as from the fact that du dy Zhu u=], 
G the sign of au + dg is the sign oF D. 
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Suppose now that for large values of A-an+a»>0; that is, D>0 or D>0 
-as we have cases (a) or (8). -Denote.the roots of the characteristic equation 
by p, and pa. If à is sufficiently large, Gu +4» is as large as we please, and 
hence, p,>0, say, is large and p,>0 small. Let à decrease’ (an+ 4x) is con- 
tinuous in 4, and hence, p, and pe are continuous in A. Consequently, p,=p,=1 
before p,==p,;==—1; that is, there exists a value } larger than the largest value 7’, 
But by section 15 the maximum value of 4(%), if such exists, is a value V. 
Hence, tf ày has extremes the solutions corresponding to. this S value l 
can have no node when a<x Sato. 

There can not also be a- value /’ such that a corresponding solution has 
- no node when aXa< ate for by the methods of section 15 solutions without 
roots always correspond definitely either to a value } or to a value I’. 

If for large values of A a,+4.<0 the above situation is exactly reversed 
and if A,(%) has extremes there exists a value 7’ and no value } such that a 
corresponding solution has: no node, a Ls La+o. 

Consider now the case that an+ a»>0_ for large. positive values of A. 
We wish to prove that there can not be iwo distinct values l such that corre- 
sponding solutions have no.node on a+1<a<a-+o. I find it here necessary 
to assume K independent of à an assumption not made in the preceding. 
Suppose there were two such values J and I’, “Denote corresponding solutions 
by y and 7 and assume that y and 7 are of the same sign when a+1<a<a-+o. 
We have from (15) 


K(a+o) (y7; a+o, r E (Y: Y; a, atl) 


| = (GO-GO. (81) 
But as y and J both satiety re : 
K (a+) (y, 7; a+o, a+0+1)=K (a) (y, 7, a, a+1). (32) 


(81) and (32) are inconsistent under the hypothesis that y(a) and F(x) pre- 
serve the same sign when a+1<s<a+o. l 
If an+ ay<0 for large values of à; we show in exactly the same way that 
_ there can not bp two values V such that corresponding solutions have no node. 
(by The Differential Equation. 
' Let y, and y, be two solutions determined by the conditions 
í Ya(a)=0, i -K (a)y:(a)=1, 


n(a)= ma’ K(a)y;(a)=0. 


~ 24 ; Fort: Linear Difference and Differential Equations. 


Then i so ay - 








vi (a+) = aj (a) ++ ayjt(a) = = oh 
Tala +0) = On T (0) + 97h (a) = EG . 


Hence, 
autan = [v(a +0) +7(a4+0) 1K = = [dak (a-+a)at (ate) 
tday (ato) +dnK (a-+0) 94 (ato) + diy: (a+) |K (a). 
Nor let A=A be so  jarge that y, and Ys increase throughout the interval 
 a<asato, 





d Ys ue Ya Yoh _ 1l 
n A KOKE 
Yaha) 


as aSaro 


(a) =z@S rau 


‘ 1. l 
Now let a increase, when a<“2sato— 5 nppreashes Zero as A ncouires infinite 


i - 
` and 1/K (2) pas not increase. . Let K (2) A aszsato, when 223. 


i dx 
"Then But <1, and when a<aSato. 
5 AOLE sh ale (ula) = 
it approaches zero. It results = i 


. Yla) da 
cna a on im rey I ae) CON 


This approach is uniform in a since s” K( ai 


A a 
CONA f K (a) (vi(2))? 





when a+o<a. 
Now, moreover, from the differential equation ` 


K(a-+o)y(a-+o) _ Sale) yle) da-+1 
K(ato)yi(ato)  Je*G(a)y,(a) do 








$ plato) — ò+ (2) a ae FE o 
Hence, ` yato) S <f h(E) dx + eG (aw) (a) da when Aza. Conse- 
quently, lim nato e =0. Hence, since lim K (ato) w (ato) _ 


=o Yı (a +0) Aww Y, (a + @) 
k=1, 2, the sign of antan. is that of d,, if dy $9. If dy=0 de dy =I and ` 
the sign of, Aha + sg is that of da. - 
The reasoning is now continued exactly as T (a) with iksa same result. 
In order to give the uniqueness proof, using the analogous formula to (31) 
however, it is necessary to assume K independent of à. There has been no 
call for this assumption earlier in the paper. 
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Some Singularities ‘of a: Contact Transformation. 


l s a lad com 
4 ul ‘Introductio l 


A number of papers have appeared i in: tecent years on the singularities of 
point transformations, This paper ‘diseupses some of the singularities of a 
contact transformation.. ge TA cul oe 

The method of treatment initia, ‘paper will follow that of Urner in the 
Transactions of the American Mathematical’ Society, Vol. XII, No. 2, pp. 
232-264, April, 1912, on Certain, Singularities of Point Transformations in 
Space of Three Dimensions. ae 

In § 2 are given the preliminary: ‘hypotheses and ncn: an § 3 some 
preliminary formulae are established. : The discussion of the singularities 
divides itself into three cases, viz. when the- metrit of.the Jaċobian of the 
transformation is of rank two, one} or Zoro. . ` These three cases are treated in 
§§ 4, 5, and 6, respectively. . The irregularities which appear are in the order 
of contact of the transformed curves. ; ‘In: thie Jatter part of § 5 is given an 
interesting geometric interpretation’ ‘of the: ‘situation when the matrix of the 


J acobian i is of rank 1: a 


§ 2. Preliminary a anil N otation.. 


Let there be given a real contact transformation 


m=X (a, y, p), =X (a, ù, pY, pi=P (a, y, p). (1) 
We assume that X, Y, and P are single-valued ‘and; continuous when (2, y, p) 
= (£o, Yo, Po) and. that they possess ‘with respect to these three variables 
partial derivatives of the first order, ‘also’ ‘continuous ‘there. The explicit use 
_ of any derivative of X, Y, or P shall, ‘imply. its existence and continuity at the 
point under consideration, as. well as the ] possession of these properties by all 
the other derivatives of X, Y, and P. of the same an lower orders. 
For a proper contact transformation, that is SF which is not a mere 
point transformation, not- both X, and Y, “can ‘be zero. When we speak of 
a contact transformation we shall be: understood to ‘mean a proper contact 


transformation. H H, ot 
l a 


oe 
ae 


| 
t 





+i 
Si 
41 
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From the equations (1) we obtain 


dy,—pida=p(a, y, p) (dy—pdz). 
We shall assume that 
i p(%, Yo» Po) =0, 


p(z, y, p) £0. | 
A lineal-element (£o, Yo, Po) for which p=0 is called a singular or critical - 
lineal-element. It will presently appear that the vanishing of p is equivalent 
to the vanishing of the Jacobian J of the transformation. 
We shall study the effect of the above transformation upon the curve, or ` 
more precisely the union of lineal-elements, given by 
e=f(t), y=g(t), y=9'(t)/f (t)=sh(t),- (2) 
where f and g are continuous, single-valued functions of the real variable t 
which we assume have continuous derivatives of orders 1, 2, ...., k+1 at the 
point for which t=t,. . With these assumptions h is a single-valued function 
of the real variable t, continuous together with ‘its derivatives of order 
1,2, ....,% at the point for which t=t,, except for the zeros of f(t). We 
exclude from consideration. those values of the parameter ¢ for which f(t) =0. 
Then we have certainly one of the quantities f (to), Gh), k (ta) different from 
zero. The curve into which (2) is carried by the transformation is 
m=X{f(t), a(t), ks A(t), 
w=Tif(t), g(t), h(t) ]=a.(t), (3) 
Pı=P[f (t), g(t), h(t) ] sah, (t). i 
Here fı, gı, and h, are single-valued and continuous and have continuous 
derivatives of orders 1, 2, ....,% for t=t) whenever f, g, and h are so endowed, 
provided X, Y, and P have continuous partial derivatives of orders 1,2,....,% 
at the point (2, Yo, Po). : 


but that 


i §3. Preliminary. Formulae. 

- We shall need in the course of this paper to make use of some known 
relations between X, Y, and P when equations (1) represent a contact trans- 
formation. -From Lie? we take the formulae 





nink, . Pee eh Faar, 
[XY]=]Y,, FY, =, [PX]= PaPa Py =p, [PY] =|P,, P,, P, =pP. 
—P, 1, 0 P, =, 0 P, --l, 0 i 
 Y,=PX,—pp Y,=PX,+p, Y,=PX,. 4) 


*“ Berithrungstransformationen,” pp. 08 and 73. 
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ip 

From these oaie it follows iat once’ ‘that "and p vanish’ atau eouay: 
Indeed . i i 
Mag x, x, 
Y, Ey F; 
P,, Èy, Be 
Let 41, A, As; By, By, Bs; Ci; Gi; C, denote, irespectively, the cofactors of 

the elements of the first, second; ‘and third a ye in the Jacobian d Then J 


may be written i in any one of the three following. forms: 


, XA, 4X A+ X, Ast} ` 
YB, £Y,B, + YBa; 1t o : (5) 
PC, +P, Cs ae P Ws. 4 


J= =p Px =. 








while 
[XY]=0, exe, LP ]=pP - (6) 
may be written in the respective forms bot 
pC,—C,=0, © pBy Bp, -på — AE, l (7) 


From (5) ane (7) we obtain when } J=" i 


(X, aay ae X,4,=p i 
(X,+pX, Ato d= PK, 
(¥,+pY,) Bit Y,Bs=—Y,, 
(Y,+pY, B; + PY Ba=pY 


(P: +PP, JÓH P, p03 =0, 
Te +PP) GPP, 050. f. 
From equations (4), (6), and (7) and the definitio s of A,, Bi, Ci we find: 
T BDP Apap AEE 
i EA —X,P „=p + ppi =p HPB; 
B;=X,P, -xX P,=—p,— Peyr ue 
Cy=X,Y,—X,¥,=—pX,}3" - magne ds 
C,==X,Y,—X,Y, =p Psy: 
Cea X,Y, ee 4 o=p(X, HPX, dy: f 
Aray, B= „=PP; —Pp= PP, —PB,, 
A,=ppP, BAA >PB,y 







As=P (p+ pp) —p (P: moe F P,) —PB, 
When p= 0 we obtain 
CeO Cm E 
B=; l B:=ppp;.; i By=— ( +PP) 


A,=—PB,; aa WEP. 8e 
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Whence — 
B,=pB,; Ay=—pPB,; (8) 


X,By=—B,(X,+pX,); X,4s=PB,(X,+pX,). 


$4. Matrix of Rank 2. 

We shall first discuss the singularities of the transformation (1) when the 
rank of the matrix of the determinant J is 2. aioe the équations of trans- 
formation we compute * l 

ite [PX] U(a,y, y's y’) 
(X,4+X,y'+ Xyy")* (X,+X,y' + Xyy")*? 
where the fraction whose numerator is U (x, y, y', y”) stands for all of those 
terms which do not contain y’”. But 
[PX]=p=0, 
Then, in general, all curves through the point (a, yo) and with a common 
value of y’ and y” will be transformed into curves having at the transformed 


tit 


point (2%, y?) a common value of yi, y1, y1”. From the above formula we find. 
y= [PX] 

(X,+X,y' + Xypy 

where U, stands for all of those terms which do not contain y®. From this 

formula we see that, in general, all curves through the point (a, Yo) and with 

a common value for y’, y”, ...., y7 will be transformed into curves having 

at the transformed point (2?, yf) a common value for y’, y”, ...., y®. This 
gives us the . ` 





y” + 





nys yP +0, (2, Y, Y’, aat ye), 


Turorem: If a contact transformation 


. %=X(r,y,P), v= (x, y, p), m=P(a,y, p) 

` satisfies the conditions 

a) X, Y, P are of class C® at the point P, for which (a, y, p)= = (Zos Yos Po); 
b) The functional determinant J vanishes for 


=o; YS Yo, ESZ, 


J (s, y, p) #0 ; 

c) The matrix of the determinant J is of rank 2, then curves with contact 
of order k—1 at the point P, are transformed into curves with contact of order 
k at the transformed point Pj(a}, y{), 1. e the order of contact is increased 
by one. 


but 





* Lie, “ Berlihrungstransformationen,” p. 86. 


The š GS oi 
y a ea ` “a 3 
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It may happen, however, that. the expressi n for yj, 
w= iP, +P A +P k 
1 ayy +X,y" 

is indeterminate, whence of course ye becoines indeterminate. for k>2. In 
this case, in order to determine the curvature of the transformed curve, we 
proceed as follows. Let us state; here that the i ope of the transformed curves 
is always determined by the equations. (ly of transformation. We have 


. da: dy: dy’: nE PEA © ae Wi (te) 
and for the transformed curve -i a 
` da: dy: dyii R; aa) hy (to) 
where pee i| 
rae +X 9 XW, 
K= FHE SAA (9) 
m= Pit + Pg +P. 


From these fortiniae we can deterinine. the ‘slope nd radius of curvature of 
the transformed curve unless 


fi (to) =g (u) = iKi = 
.- Since the matrix of the determinanti of Ji is of a 2, there exists one direction 
and radius of curvature for the original, curve and only one Tor which the’ - 
determination (9) fails. This is defined by! the rate 
fig hee =h: SA 
where Z stands for that one of the letters: ‘A; -B, C for which Li: l: 1,40: 0:0. 
We shall call this the critical curvature for ‘the lineal-element (2o, Yor Po). 
Let us now assume that the curve’ (2) has ‘the critical curvature. Suppose, 
however, that not all of the quantities: ft (te) 59 gi (to); hi’ (to) are zero. Then 
fit) =f; [to +6: ( tt.) Mit), (0<0 <1) 
with similar formulae for gi, h. ‘Hence allowing: t-to approach to , we see that 
: da: dy: dp =fr (ty) go: (to) AOR 
. Placing f'=kl,, g'=kl,, h’=kI, we have ee 
f = Xf" +X," J b" £80*(X, I), . 
g =Y,f" +¥,0"+¥, k” +10" (Y, i), (10) 
hy =P." +P yg" +P he: +HU(P, I), 
where l ‘| 
UFI) =F ot E ny tF, ALEF AA, LP pa t 2LF ,, - 
If we make a change of paramerai, t= sht, ane functions f, 9, h go over into 


ai i 

vt 

ye 

Se Hs 
te ; 
ip ree 
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such functions F, g, h of t that when t’/=kt,, f=I,, G=1,, h=1,. Then, let. 
us drop dash and prime, merely supposing the necessary changes already made 
in the functions f, g, h as they stand. This done we have a right to set k in ` 
equations (10) equal to unity and U*(X, I), -U3(¥, I), U? (P, I) become con- 
stants which we shall designate, respectively, by p,,.0,, Tae. The curvature of. 
the transformed curve is now determined by fy’: hy unless 
hi =0:0. | 

In this case the equations 

Xf" +X,9" +X,h" +p,=0, 

Pf" +P," +P +=, | 
are independent as equations for the determination of f", g"5 sh". At the point 
under consideration 


(11) 


L=f, L=, 1,=h= Bit ae call =a . (12) 


We may now choose (1,, I, 1s=B,, Ba, Bs). By hypothesis ##0. Then 
B,0 and, hence, it follows from equations (8) that B,=0. We are thus 
furnished with a third equation in f”, g”, h”: . 

Baf"—B,g"=—B,BY. | (13) 
The tives equations (11) and (13) are independent and from them can be 
found the values of f”, g”, h” for which the determination of the curvature of 
the transformed curve from equations (10) fails. 

| From the last of equations (12) by successive differentiations we Aner 


$ 


D gf” i : 
| pon PEIE sm, ty 
where H, depends upon the derivatives of. /,g, of orders 1, 2, hc AE A 
When- f' =B, and g'= B, the equation (14) may be written in the form 
Bf? —B,g® =B} (H;—hi—). (15) 


The General Case. Let us now suppose that there exists a curve with the 
Hinan: element (a, Yo, Po) for which f”, h? have such values that- 
fP (to) =h? (to) = 
for j=1, 2, ,k—1, but [/]?+ ee en ‘let us join the point 
t=tyon the TEEN curve with the point (z1, y1) for which t=t+e, by 
means of a secant. Then 


mata fi(te+e)—filh) PI Gel,  (0<6<1), 


with similar formulae for y;—y! and p,—pi. Now, if we allow e to approach 
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. zero, we obtain for the determination of the curvature of the transformed 
curve ‘4 E aa 
da: dy, da, :dp,=fO (to) : M? (to). | 

If there exists a curve satisfying these requirements, then we shall say that 
(X0, Yor Po) is a singular lineal-element of order k—1 at least. The order will 
be exactly k—1 if there is no curve for which 


fP=hO= 0 for j= 1, 2, , k. 
That is, the order of the singularity is ee one sinit less than tie order 
of the highest derivatives which must be used to find the curvature of the 
transform of every curve with the lineal-element (2), Yo, Po). Assuming for 
the moment that we have to do with a singular lineal-element of order k—1, 
let us designate as critical curves that family of curves which yield the values 
of f”, g”, h? necessary to make 
fP=hAYP=0 for j=1, 2,...., k—1. 

By differentiating equations (9) j—1 times we get 

fP (t) = Xf (t) +X, (+X h? (t) +p, : 

in (16) 


g? (t) = 

hO(t) = T fe 3 e 
The functions p;, 6j, t; depend on the derivatives of X, Y, P of orders 
2,....,j and-on the derivatives of f,.g, h of orders 1,2,....,j—1. Then 


the critical curves have the curvature of their corresponding transformed 
curves determined by f{*(t,): hP (t). In computing these we must evaluate 
- Pr, Ta and these depend upon the derivatives of f, g, h of orders 1,2,....,4—1, 
taken at t=%. The values of these derivatives are determined uniquely by 
the equations 


fP= hP=0, i +e Sa 

B f”—B g? =B (Hh),  (j=1, 2 +... 21). } (t5) 
; It is clear that all of the critical curves have with each other contact of 
order k at least. It is also clear from equations (16), if we put j= k, that the 
critical curves which have contact of order s+1 are transformed into curves 
with second order contact. Let us now assign arbitrary values to f{, gP, h®, 
then the first and last of equations (16) and equations (15), all written for 
j=k, are three independent equations for the determination of f®, gP ae 

We may now summarize our results as follows: En l 
Tuxorem: All of those curves for which fP; g”, h? vanish, but for which 
[f9tP P+ [g9] + [ht] £0 are transformed into . curves with a common 

5 . 
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direction önd Suronture. The Cbatiees of the transformed curves s for differen 
values of j are 4 in general different. 
$5. Matric ‘of Rank 1. 
‘We will now consider the case in which the-matrix of the Jacobian: 
Bay Ayr Xe 
Jen! Y,, ¥,, Y, 
Pas Pys Po 
of the transformation (1) is of rank 1. Let X, Y. is P, be a column of elements, 
` not all of which vanish at (%', Yo, Po), while i., 1,,1, is a row possessing this 
property. The union of lineal-elements (2) is transformed by means of equa- 
tions (1) into the union (3) and tangent curves go into tangent curves. If we 
desire to find the curvature of the transformed curve we find that it becomes 
indeterminate in form if, and only if, both fi and h, vanish simultaneously. 
Our problem is to evaluate this indeterminate form under the different circum- 
stances which may arise, 
In general, the direction and onfyature of the emanformed curve can be 


found from 
aaa dy: dyi=fi(to): ZO hi (ty) 


f= XF +X + X,h, i B 
g= HY g HIN, (9) 
hi=P f +P g HPR. a) l _ 
The determination of these ratios will fail if, and only if, such a curve be 
taken that - X.f'+X,9'+X,h’=0. | : an. 
All other curves then will be transformed into. curves for which . 
2 da: dy: dyi =X;: Yi: Pa, 
and we may choose X,, Y,, P;=X,, ¥,,P,. For X,0, otherwise enn the 
equation Y,—PX,=0 we would have Y,=0 and the transformation would 
reduce to a mere point transformation which has been excluded. The equation — 
(17 ) may be written in the form 
X,y" +X, y' +X, a : (18) 
`- Since X „#0, this equation determines y” and thus a definite radius of curva- 
ture is determined for certain plane curves with the common lineal-element 
(£o, Yos Po). If we avoid curves with the radius of curvature thus determined, 
and having the common lineal-element (2, Yo,- Po), then equations (9) deter- 
mine for us the direction and curvature of the transformed curves. 


herë 
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We are considering only those values of p for which J=0 and the matrix 
of J is of rank 1. Under these conditions we find p,+pp,=0. This yields a 
second Hopes neous relation between f’,.9’, h’: 


Hpe+9'py=0. = (19) 
From equations (17) and (19) we find 
l f'=—AX,p,=A2, 
ge AX p,=AB, l 
k= à (Xpy Xyp) =y, 
where a, 8, y are defined by these equations and à is a factor of proportionality. 
The curvature of the transformed curve is then determined unless 


fig’ :h=a:Bry. 
cs curve for which f’:g':h’=a:@8:y will be spoken of as a curve with the 
critical curvature. If a curve has this critical curvature, then, in general, the 


direction and curvature of the transformed curve can be found from fi’, gy, hy’, 
Placing f’=Aa, g'=28, h’=Ay, we have 


Y =X" +X" +X,h" 40 (X, a, B, y), 
9 ESERLERE W FAT a, By), (20) 
. hi = P.f" +P,g" + Ph" +20 (Y, a, BY), 
where - 
0 (F, a, B, y) =F tb E pty ppt 2ByYF pt 2y ak pat 2208F ay. 


If we make a change of parameter t’=At, the functions f, g, h go over into 
such functions f, 9, h of t that when t’/=At,, =a, 9’=8,-h’=y. Then let us 
drop dash and prime merely supposing the necessary changes already made in 
the functions f,g,h as they stand. This done we havea right to set à in 
equations (20) equal to unity. Let us now put 


po==U*(X, a, 8, y); 
o,=0*(Y, a, b, y) 
=U (P, a, B, y). 


We now consider pz, C2, Tg a8 completely determined. The variable por- 
tions of the right members of (20) as f”, g”, h” take on all ee values, 
preserve throughout, the ratios X,:Y,:P; so that l 


1 SAX, + Ps» k 
Gane a, ’ 
hy =AaP;+%. 
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Elimination of à will give the following three equations: 

Yi (FE — pa) —Xi (g1 —o2) =0 

Pi (gy —0:) —¥,(hy' — T) =0, 

Xi (hy —Te)— P: (f —p2)=0, 
oil two of which are independent. Between these two, the terms independent 
of fi, 91, hi may be eliminated to yield a homogeneous linear relation. In 
particular, if ¥;>-0, this equation will be 


(Por Yera) (Efi —Xig1') — (Fipe Xioe) (Peg —Y hy ) = 0. (21) 
It will be noticed that (21) is satisfied by putting ; i 
rigi: hy =X: Y,: P;, (22) - 


watever be the values of Pos Sey To. 
The curvature of the transformed curve is now determined unless 
=g; =hħ'=0. We state this result as follows: l 


_ Turzorem: All curves for which F, g', k, f", 9", h" have values which 
render fiœgi=h=0, but for which not all fy’, gy’, hy are zero are transformed 
into tangent curves at the transformed point (2%, y?) and all the transformed | 
curves have the same radius of curvature at the transformed point. 

The vanishing of the three quantities 
Yipo—-X62, Por Ys, X2—Pip. 
is the condition that the three equations 
Xf" + XG" +X, h” + pe=0 , 
Yj” +Y g" +¥,h" +0,=0, (23) 
. P.f" + Pg" + Ph" +=, 
be consistent. If, then, we have 
Yip.—Xo,=Po.—Y m=X,—P p,=0, f 
there exist curves having the critical curvature, such that fy = sgi Shi 0; and, 
therefore, our determination of curvature for the transformed curve is no 
longer valid. l l 
Let us suppose that f”, g”, h” have such values that equations (23) are 
satisfied. No two of these equations are independent as the matrix. of J is 
now one. The curvature of the transformed curve will be given by fi": gi”: hy” 


where 
=X F" +X," +X, h” + ps, 


n= art +Y Oo +Y, k” +o, ; (24) 
hs Pe + Pig" +P, hi +5, = 
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where , . l P 
pf” [BX H3X a +E] 
+9" Ef HEI HEW Xp + 2X ph! +2] 
+h" [Paf +P pg HP p HX +-2X 99’ H2], 
. where 9, is a function of f’, g’, W, and third derivatives of X, Y, P, with similar 
expressions for Og, Tg, Viz., expressions which are linear in f”, g”, h".. 
- Equations (24) as f”, g’, h’”, take on all possible values may be written — 
in the form _ l : 
o AR, : 
gi =hF, +03, 
A AsP; +T, Ag being vanae, 


- Elimination of A, will give the following three equations: 
Yili —p) ~X; (g1 —o2) =0, 
P, (93 3) —Y: (h —Tts) =0, 
X, (h —45) =P — ps) =0, 


only two of which are independent. Between these two, the terms independent 


of fi”, gi’, hy’, may be eliminated, to yield a homogeneous linear relation. In 
particular, if Y #0, this equation will be . 


(Po Fa) (Vif — Kg") —(Y, ps— X03) (Pigi —¥ hy") =0. 
It will be noticed that this equation is satisfied by putting 


— 0 fltgh SXF Py © (25) 
whatever be the values of ps, Os, Ta. If i . 
i Yps— Xo =Po — Ym = Xm Pp, (26) 
there exist curves having the given critical curvature such that f =g =h = 


and, therefore, our determination of curvature of the transformed curve from 
(24) is no longer valid. Equations (26) are linear ‘equations in f”, g”, hR", 
and one of them is a pea of the other two. There are two additional 
relations between f”, g”, h": ' 
Xf" +X,9" +X, T 0 
and 
B,f" —B,g" = —B;Bi. 

We have, thus, four independent equations for the determination of f”, 9", h”. 
In general, they cannot be satisfied. In case that these equations are satisfied 
f", g", h" are uniquely determined and pa ; O3, T become certain fixed constants. 
The curvature of the transformed curve is now determined from fE, g8, h. 
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. General Case. We now proceed tothe discussion of the general case. 
Let us suppose that there exists a curve with the lineal-element (£o, Yo, Po) for 
which f”, g”, h® have such values that _ 

P(t) =9P (th) =hP (to) =0, ~ (G=1, <... k—1), 

but , . . 
| PIH PIHI EO. 
Then the direction of the transformed curve will be given by 

JP =XS® (t) +X” (t) AXA? (t) + pr. 

JP=Y fE (t) +E g” (t) HEIR” (t) +0, : (27) 

h® = Pf” (t) + Pg” (t) + Pyh® (t) HT. 
The functions pr, Or, Ta, depend upon the derivatives of X, Y, P, of orders 
2, , k, and on the derivatives of f, g, h, of orders 1, 2, . k—}, and 
are slienr i ps) ge, . 

In computing f(t), gf (to), R® (to), we must evaluate p, Os, Th, and 
these depend upon the derivatives of f, g, h, of orders 1, 2, ...., k—1 taken 
at t=t. Fhe values of these derivatives are uniquely determined by the 
- equations 

Yeyp—Xj= Pay Ya; =Xa Pg=, . 
` fP=gP=hP=0,  (j=1, 2, .- , k—1). 


Equations (27), as f®, g®, A® take on all sais values, may be written ` 
in the form a i ot oe Li 
Sig f{P=A,Xi4+ pr, Mai 
GP =Y +0, ' 
hE =P: tT,, A, being variable. 


Elimination. of 2, will give the following three equations: | 
YFP —p,) — —X,(gf—o,) =0, 
P(g —o,) —Y¥, (hf —*%,) =0, 
X, (hf —%,) —P,(f? — pz) =0, 
only two of which aré independent. ` Between these two, the terms independent 
of fP, g®, h®, may be eliminated, to yield a homogeneous linear relation. In 
particular, if Y,70, this equation will be 
(Pior Yar) (YPX) — (Yiu Xo) (PGP —Y AP) = 
It will be Bnet that this equation is satisfied by putting | 
| PPPMXP (88) 
whatever be the values of Per Oey Tre 


+ 
' 
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An inspection of equations (22), (25) and (28) shows:that the following 
theorem is true: ; 

TrrorEM: Let there be given a lineal-element (a, Yo; Pa) for which the 
Jacobian of the transformation is of rank 1. ` Then, all curves, possessing the 
common lineal-element (2%, Yo, Po) will be transformed by means of equations 
(1) into curves, which at the transformed. point (ai, y?) have a common 
tangent, and in addition a common radius of curvature given by 

i - dæ: dy: dy =X;: Y;:P;. 

In case the matrix of the Jacobian J, of. the transformation is of rank 1, 

we find from the preliminary formulae l 
p(T, Y, p) =0,. Pp=0, pz ppy=0. l (29) 
Now, p(x, y, p) =0 is a differential equation. 

Equations (29) ‘assure us that the critical lineal-element is one whose 
direction and point coincide with that of the tangent and point of tangency to 
the curve of the singular solution of the differential equation p=0. 

_ Let us now examine more closely the equation i 
Xy” ty +X,=0. (18) 
We are talking about a particular lineal-element and hence y’ is fixed. This 
equation determines y”, since X,0. But if y’ and y” are fixed, then the 
` radius of curvature is fixed. We have then associated with each lineal-element 
of the singular solution curve a definite radius of curvature. Denote by (a, 8) 
the coordinates of the center of curvature and by (2, y) a point on the singular 
solution curve. The locus of the centers of critical curvature will be given by 
eliminating v, y, y’, y” from the following equations: 
p(a, Y, p) =9, Pp (7, Y, p) =0, 
Xy” + X,y'+X,=0, 


, 1 12 5 
LEO, Giyd 





er a 
Y 
Illustration. A=, a i 
Y=} (y—ps)’—p'(y—ps), 
P=—2p(y—pau) —a(y—pr—p*). ; 


l 0- 0 l Gi 
J= . —p(y—ps—p’), y—ps—p, —x(y—px-—p’) —2p (y—pz) - 


2p*+pz—(y—pz—p"), —2p—a, = + Bpa—2y . 

l 7 = (y—pa—p’)*=p* 
whence T g 
p=y—pr— p. . 
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The singular solution of this equation is 


v+4y=0. 
The matrix of the Jacobian J is of rank 1 at-any lineal-element given by 
(a, —}a’, —42), (30) l 


or, in particular, at (2, —1, —1). For any lineal-element given by (30) we. 
have l ; 
P=Pp=Ps + Ppy=0. 
The.determination of the radius of curvature of the transformed curves 
from equations (9) fails if, and only if, . 
X,y" + Xy'+X,=0. (18) 
In the present instance this equation reduces to 
y” =0. "EN 
This makes the radius of curvature of the original curves infinite. Then, the 
critical curves (C) which pass through any point P of the envelope curve (E) 
are those curves which have the tangent to (E) at P for.an inflectional tangent. 


$6. Matrix of Rank Zero. 


This case is impossible for a proper contact transformation. For; if 
X,=0, it follows from the preliminary formulae that Y ,=0 also, and the trans- 
formation reduces to a mere point transformation. 





Oscillations near an Isoscéles-Triangl. e Solution of the 
. Problem of Three. Bodies as ithe Finite 
` Masses Become Uneq al. 


By Danni Bucrtaxan. “i: 





§1. Inty roduction. l | 


In an article entitled “ Oscillations near one ‘of the Isosceles- Triangle 
Solutions of the Three-Body Problem,” Which appeared i in the July (1915) num- 
_ ber of the Proceedings of the London Mathematica Koceli the author of the 
` present paper discussed the periodic osĉillations of ah infinitesimal body about 

_4 straight line drawn through the centre of gravity te finite bodies of equal’.;. 
mass and perpendicular to the plane of fi ‘their motion, hich was assumed to be 
circular. In the problem now under consideration thelfinite bodies are assumed 
to be of unequal mass and the third body. i is assumed ie be infinitesimal. The 
finite bodies are started so that they mei in ‘circles, and the infinitesimal body 
- oscillates about the straight line through, the centre ofimass of the finite bodies 
‘and perpendicular to the plane of their motion, as in the former article. Initial 
_conditions are determined so that the oscillations shall be periodic. The solu- 
tions for the motion of the infinitesimal tbody. are. expansible as power series in 
a certain parameter e which represents ‘half. the difference in mass between 
the finite bodies. When e=0 the solutions reduce to ' the simplest case of the 
isosceles- triangle solutions, viz., that in, which the finite bodies are of equal 
jnass and move in circles and the third body i is: a, 
As we shall have frequent occasion. ito refer to thejformer paper we shall 
refer, to it as Proc., followed. by the number of: thie: equétions or the section. 


§2. The Differ ential Equations] 


Let m, and m denote the two finite bodies of mass m—e and m-e, respect- 
ively, and let u “denote the infinitesimal body... Let the uit of mass be so chosen 
that m=1/2, the linear unit so that the distance from M to m, shall be unity, 
and the unit of ‘time so that.the Gaussian‘constant shall also be unity. Let the 

6 ns fag, See 7 
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origin of coordinates be taken at the centre of mass, the plane of motion of 
m and m, as the &y-plane, and let the coordinates of mi, Me and u be denoted 
by £1, ms S13 És m2, Ga and E, n, ¢, respectively. If the masses m, and m, are 
started from the points 1/2+6, 0,0, and —1/2-+., 0, 0, respectively, so that 
they will move in circles, then 


E= (+e) cos (tt), ț=— (4—e) cos (t—t), ) 5 n 
n= (3 +e) sin (tt), N = — (4—e) sin (t—ty), 


- and the differential equations of motion for the infinitesimal body are 
arataki -a-ha 

"=— +5] +5 5+3] +e 

i pi p pi p pi pa pip 

=—4[}+ al+ [+3] +6 JF -3]-e [3- 2], 
Pe Pi pe 
4} 

tanna + eč |3- zh, 

Š AF pi pÈ 


= [({—4,) + (1—m) +84, 
= [ (EBs)? (n=) +014, 


If we refer the motion of the system to 8 ‘set of rectangular coordinates 
rotating about the ¢-axis with the uniform velocity unity, that is, if we trans- 
form the coordinates of u by the substitutions 


(2) 


&=a cos (t—t,)—y sin (t—1)), 
n= sin (t—t,) +y cos (t{—t), a (3) 
=z, 


then, after (1) and (3) are substituted in (2), the differential equations become 


C Hla eee] 
eo ee ft z] [a >], hi 
"fit Du | 
relat a ela al 
m=[b+e—2) +7 +2], n= eeta) ty te )) 

These equations admit the J acobian integral 


(a)? -+ (yF (2')P= typt we LHA const. (5) 


2 
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When e=0 and the infinitesimal i is projected along the z-axis, then cya 
and the differential equations (4) reduce to 


8g 
(14e) 


The poe gelation of this equayond is, Proc. (4), 


. =e 


ee ee ee —%) + 7g Š a"[sin 3(7—#,) ia (r—t) ] +. 


_(t—to) | on 
SVa R 


The constant a is a variable parameter and a/\/{4(1+6)}{ denotes the initial 
- projection of u from, the origin when s=0. The numerical values of tọ and T 
` can both be taken to be zero without loss of generality. As series similar in 
form to ẹ occur frequently in the sequel, we shall call them triply odd series 
inasmuch as they contain only odd powers of a and odd functions of odd mul- - 
tiples of z. 


ltl y 35 a6 s. +. 
spe tye 


$3. The Equations of Variation. 


„We wish to show the existence of periodic solutions of (4) which are ex- 
pansible as power series in e and which for e=0 reduce to v= y= 0, e= 4. 
Let us substitute in (4) 


| (tt) = (1—0) Vi (1+8), e=4+ w, l - (6) 
where w vanishes with e. If we denote derivatives with respect tor by dots, 
and expand the right members as power series in e, z, y and w, then the 
differential equations (4) become 

ž— 2V4 (1+8)y— -4(148)2= 28 XP+ Š XPa, 


im0 jal 


P sabia Mbrd Bh — qN 
w+Wow = 3 SWPP + $ È WP a. 


4=0 qa 

Before characterizing the undefined terms in (7), we shall define a triply 
even series, as such series occur frequently in the sequel. A’ triply even series 
is a power series in a? with sums of cosines of even multiples of r in the 
coefficients. The highest multiple of v in the coefficient of a** is 2k. Such 
a series is called triply even since it is even in a and only even functions of 
. even multiples of r enter the coefficients. 


` 
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The XP, Y and WP are homogeneous polynomials of. degree i in 2, y 
and w, but only even powers of x, and y enter while w may enter to any power. 
The coefficients in Xf and Y are triply even.or triply odd series, according 
as i is even or odd, respectively. The coefficients in W® are triply odd or 
triply even series, according as ¿ is even or odd, respectively. - As far as the 
computations have been carried out we have, Proc. (5), 


W,=1—a? (5-9 oe) ae COs 2e 117 eos 4) TA — 


32 
-XO = 2—3 & (1—4 cos 27) +.. 
YO= —1 —$ at (1+2 cos 2a) Erans 


XO = —48 (1+8) dw, YO =12(1+8) du, l 

XP = [16—24 a (7—10 cos 27) +... .]—y [24—36 a? (2—5 cos 27) +....] 
—w*[24—108 a (4—5 cos 2t) +....] l 

Y = —r [24—36 a (2—5 cos 27) +... .] +y [6—3 a (1—10 cos 27) +....]. 
+w [6—9 (7—10 cos 27)+....], : l 

WP = —a# [24a sine+....]+y [6a sin tt... 1] +w [18a sint+....]. 


The XV, YP and WY for j>0 are likewise polynomials of degree i in - 
æ, y and w, but y enters only to even degrees. If j is odd, the XP are even 
in z, and YP and WY are odd in æ. If j is even, the X are odd in s, and 
Y and WY are even in æ. The coefficients in X and YP are triply even or 
triply odd series, according as w enters to even or odd degrees, respectively, 
but in WY the coefficients are triply odd or triply even series, according as w 
enters to even or odd degrees, respectively. It is observed that XP=0 if j 
is even, and YP =WẸ =0 if j is odd. 

The expansions in the right members in (7 T are valid only in a certain 
region of convergence. It is seen from the values of r, and r, in equations (4) 
that x, y and g must satisfy the inequalities 


ae pepee ente ty He <ł, 
—4 < etH teete Heh. 


The region of convergence is obtained by replacing the inequality signs with 
signs of equality. When referred to the fixed Ẹn-axes the region is found to 
be the spindle formed by rotating the common portion of two intersecting circles 
about their common chord. These circles have their centres at 1/2+e, 0,0. 
and —1/2-+-e, 0, 0 and have radii 1/ V2. 
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The equations of variation are obtained by putting e=0 in (7) and taking 

only the linear terms in a, y and w in the right members. They are 
ž—2V {4 (1+8) | I-A (1+8) + XP ]o=0, ] 
y+2Vi (1+8) | o—[4(1+8) + FP ]y=0, (8) 
wtW w=0. 

These equations are the same as Proc. (6) if we put m=} in the latter. 
The solutions of the first two equations are obtained from Proc, (8) by 
putting m=4. They are 

g = Ay eVi AT uy + Ay e-VART ug- Ag eF27 gt Ape hT Uy, 
EN ee ee Sec 8) 
y = V—1[A, eY br v,— A, eY A Ty] + Ag ef: vg— A, e-PaT Y, 
where A; (t==1,2,3,4) are the constants of integration, tu and v; (i=1, 2,3,4) 
are periodic functions of r having the period 27; and 


B= = BPP a** (j=1, 2) 


are power series in @ with real constant coefficients which are determined by 
the conditions that u; and v; shall be periodic. The values of — (BO)? and 
(B®) are the roots of the quadratic 

64 7?—48 y—119=0, 
and, therefore, - 
BP =[V2—4], BP =[V2+}. 
The u, and v, are power series in a* with sums of sines and cosines of even 
multiples of x in the coefficients, the highest multiple of r in the coefficient of 
aè? being 2k. In u, and v; (i=1,2) the coefficients of the sines are purely 
imaginary and the coefficients of the cosines are real. In wu; and v; (t=3, 4) 
all the coefficients are real. Further, $ 


 w(V—>I) = %(—V—1), u(r) =u(—T), 
v(V—1) = %(—V—1), vlt) = %(—*), 
- (0) =1 (i=1, 2,8, 4).. 
The determinant of the solutions (9) and their first derivatives is a con- 
stant,* and at 7=0 its value is 
A= 10 V—119 + terms in a’. (10) 
This determinant is different from zero for a=0 and will remain different 


from zero for a° sufficiently small. Hence, the solutions (9) constitute a funda- 
mental set, 


* Moulton’s “Periodic Orbits,” § 18. 
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The general solution of the last equation of (9) is the same as Proc. (7), 
viz., 
w= dọ + dsly t+ Arq], 


p= cos r + Fat [oos 87 — cose] +...., 


11 
x= sinr +20 [sin3 r +5 sint] +...., up) 
S as a 
prema a see) 


where A, and A, are the constants of integration. 


§ 4. Ewistence of Symmetrical Periodic Orbits. 
Let us choose as initial conditions of (7) l 

a(0)=a,, #(0)=0, y(0)=0, y(0)=a, w(0)=0, w(0)=as. (12) 
With these initial conditions it can be shown from the differential equations (7) 
that v is even in v and y and w are odd int. Hence, sufficient conditions that, 
the solutions shall be periodie with the period 27% are , 

l =y =w=0 at tr=m (13) 

When the conditions (12) are imposed on the solutions (9) and (11), we find 
that 4;=A,, 4;,=A,, 4;=0, and that A,, A, and A, are linear functions of 
a{it=1,2,3), vanishing with a. Now let us integrate equations (7) as power 
series in e and a,, or, which is more convenient, in €, 4,, 4 and 4,. In so far 
as the terms which are linear in A,, 4, and A, are concerned, we obtain 


Dy = Aile Yi PT uy -HeY Ait uy] + Ag[ehe? ugt e-Pe7 u], | 
Yr = V—1 A, [eVi r v,—e-V=Firy, | +A [eb Tv —e-b:T0,], (P) 
Wy = Alyt AT]. l 
When the periodicity conditions (13) are imposed on these solutions, we obtain 
0 = 4, [V—I 8+ ù (0)] [eVi fre- Vif] +ads[Be+%s(0)] [eP:=—e-Bs™] 
+ terms in e and higher degree terms in A,, Áz, A, and e, 
Ò = V—10,(0) A, [eV fr —e-Y= f7] +v (0) A [e%:*"—e-F:7] (15) 
+ higher degree terms in A,, Az, A, and e, 
0 = dAn -+ higher degree terms in 4,, As, Ag and e. 
The determinant of the linear terms in A,, A; and A, is 
D = [eVi hir —e-V hr] [efst —e-b:"] 


{os (0) [V=1 Bi +i (0)] —V—=1 », (0) [Ba+i(0)1} (16) 
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The last factor has the form ` 
5 V—119 
1V2 


and is different from zero for a* sufficiently small. ‘The second factor can not 
vanish as 8, is real. Then the determinant D can vanish only when #, is an 
integer. When £, is not an integer, D is not-zero; and hence equations (15) 
can be solved uniquely for A,, 4s and A, as power series ine which vanish 
with « and converge for |e| sufficiently small. ` Therefore symmetrical periodic 
solutions of (7) exist when f, is not an integer, and they have the form 


a= n, y= Ž yo, w= Š w, i (17) 


bs lass 
+ terms in a’, 


Fher each a, y; and w, is separately periodic with the period 23 n in T. 

From the following considerations of the differential equations (7) we 
show that # and y are odd ing, and w is even in e.. The right member of the 
first equation in (7) is odd in œ and e, considered together; and even in y. The 
right member of the second equation is even in x and e, considered together, 
and also even in y. Let the solutions (17) be denoted by 


a=a(e), y=y(e), w=w(e). 
If the signs of v, y and e be changed, the ere equations remain un- 
changed, and therefore, 
a=—a(—e), y=—y(—e); w=w(—e) 
- are also solutions. Since the solutions as power series in e are unique, then | 
a(e)=—a(—e), y(e)=—y(—e), we) =w(—e), 

or, æ and y are odd in € and w is even ine. Hence, the periodic solutions of 
(7) have the form . 


t= 3 Mai eri, y= 2 A est 1 am , w = 3 Way Æl, (18) 


The same rabul od be obtained in the- construction of the solutions if the 
forms (17) were used instead of (18). f 


§ 5. Existence of Symmetrical Periodic Orbits when B, is an Integer. 


When 8, is an integer, the determinant (16) vanishes and the terms in 
(15) of higher degree in ¢, A,, Ay and A, must be considered in order to 
establish the existence of symmetrical periodic orbits. We take the same 
initial conditions (12), and as in the previous section we integrate (7) as power 
series in A,, 4s, As and e.> In addition to the linear terms already obtained 
in (14), we need the quadratic terms-in A, A; and Ay, and the term in A? 
in so far as it enters x. If these terms are denoted by 1, Yn, Wy and Ty 
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respectively, then all these terms except wn can be obtained from Proc. §6 by 
putting m=1/2, A=0 in the solutions there denoted by the same notation. 
Thus, : 








tig = 5 Ay Ao Qa T [eV hr m —0-V BLT u] 
+ TT As de Qe [ehr Ug—e-Pa? w], . 
ae m z 
yu =H A, Ag Q, 7 [eV-1&it v 4e- =a (19) 
+ —_— A p Asda Qetebr nter], 


Day = h Qar tev= ihat yey ABT u], 


where Q., Q, and Q; are power series in a? with real constant coefficients. 
The term w is the solution of the differential equation 
Wt Woty=Wu, oe F (20) 
hare the right member is a linear function of vy, yin, wi, multiplied by a 
triply odd series. The complementary function of (20) is the same as the 
solution of the last equation of (8), and on using the method of the variation 
of parameters we obtain - 
wa=T[4Ai p, + Ai p] +43 [non-periodic terms] + periodic terms, 
where ¢, and $, are power series similar to ọ in (11). - 
When the poroa conditions (13) are imposed on the solutions 
C= Ly +My + tat.. 
Y=Yotyut -- 
i Wabi eae a j 


V-ix 


we obtain the equations 
l i= a 





Ag soe orl} 


= AVI 1 B+ %,(0) ] [4eQs+A?Qs] + terms in e 
and an and higher degree terms 4,, A; and As, 


0 = Vin (0) A, [efer—e-Bory F Z As Qa [eb + eten] } 


4 YDER dif e2 0,(0) 4, 0,4 4(0) As Qaletertermry 
+ terms in e and cubic and higher degree terms in 44, 
A, and Ag, 

0 = 2[ A de +A p (2) +4ip (n) ] + terms in e and higher degree 
terms in A,, A, and 4e. 


(21) 
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Where the double sign occurs the + is to be taken if 8, is an even integer, 
and the — if it is an odd integer. 

The last equation of (21) can be solved for A, as a power series in A}, 
Aj and e which vanishes with A, and A, but not with e. We shall refer to this 
solution as (21c). When it is substituted in the second equation of. (21) we 
obtain an equation in 4,, Æ; and e which vanishes with 4, and A, but not with 
g, the terms of lowest degree being A? and d. As the coefficient of A, in this 
equation-is a power series in a’ with additional terms in 1/a’, it will be different 
from zero, in general, and the equation can be solved for A; as a power series 
in A? and e which vanishes with A, but not with e. Denote this series for A, 
by (21b). After substituting (21c) and (21b) in the first equation of (21), 
we obtain an equation (21a) in 4, and e which vanishes with these terms and 
in which the lowest power of A, alone is Af. The coefficient of A} in this 
equation is a power series in a’ with additional terms in 1/a* and will, in 
general, be different from zero. Hence, (21a) can be solved for 4, as a power 
series in et which vanishes with e and converges for |e| sufficiently small. 
There are three solutions for A,, but only one is real; the other two being 
complex. When this power series for A,.is substituted in (21b) and (21c), 
A, and A, are likewise power series in et. Therefore, when #, is an integer, 
periodic solutions exist having the form 

a= Sa? eF, y= 5 y? E, w= Sw? E (22) 

j=l j=l j=l - 

where each g”, y? and w? is separately periodic with the period 2x in 7. 

These solutions converge for e sufficiently small numerically. There is only 
one set of real solutions, the other two sets being complex. 

In the practical construction of the solutions it can be shown that æ and y 
are odd in et, and that w is even in e}. This property of the solutions can be 
deduced directly from the differential equations (7) by an argument similar 
to that used at the end of § 4 if we replace e in that section by et. Then we 
may consider the solutions to have the form 


és 2j+1 a , 2į+1 L a 2j 
g= THU y= S yt eg 3, w= > we, (23) 
© jad 30 j=l 


§6. Proof that all the Periodic Orbits are Symmetrical. 


We shall now consider the existence of periodic orbits in which the infini- 
tesimal body is projected from the xy-plane in a direction which may not be 
perpendicular to the z-axis, and from a point which may not lie on the z-axis. 
These orbits, if they exist, are called the general orbits. They have the initial 
values 

e(0)=a,, c(O)=a, y(0) =a, y(0)=a,, w(0)=0, w(0)=a;,. (24) 
7 i 


50 BucHanan: Oscillations near an Isosceles-Triangle Solution of the 


The. ‘initial value of w can be taken to be zero without loss of geometric 
generality since the infinitesimal body must cross the vy-plane if the motion 
is to be periodic, and hence the initial time can be chosen as the time when the 
infinitesimal body crosses the zy-plane. Sufficient conditions that solutions 
having the initial values (24) shall be periodic are 

a(2%)—ax(0)=0, y(2)—y(0)=0, w (22) —w (0) =0, } 

2(22)—2(0)=0, y(22)—y(0) =0, w (2%) —w(0)=0. 
We shall now show that one of these ooms viz., w (27) —w(0) =0, can be 
suppressed. 

So far no use has been made of the integral (5). It is by means of this 
integral that we show that one of the conditions in (25) is redundant. When 
(5) is transformed by the substitutions (6), it takes the form —_ 

: PHY + (hw) +F (a, y, w; e) =0, (26) 
where F is a power series in v, °, w and e having Pee coeficients, Let 
us make in (26) the usnal substitutions 

z= a(0): +8, y=y(0) +7, w=0+7, : } . 

=a (0) +z, y=9(0)+Y, tw=w(0) +5, 
where F, Z, ¥,¥, Wand W vanish at r=0. We shall denote the equation . 
resulting from substituting (27) in’ (26)- by (26a). By putting r=0 we 
obtain from (26a) an equation (26b) connecting the terms of -(26a): which 
are independent of z, .. a w. On substituting (26b) in (26a) we obtain 
an m equation 


(25) 


20 


G(T, x T, J, J, w, w) = = Tao = (28) 
in which at r=0 or 2x there are no terms Be ares of the arguments 
indicated. The coefficient of W(27) in this equation is 2[a+1v(0)], and it 
vanishes only when w(0)=—a. If W(0)=—a then 2(0)=0, since e=y+w 
and (0) =a, and as 2(0)= 0 it follows that z==0. As we desire solutions 
which é are not identically zero we must take w (0) =—a. Therefore the coefficient 
of (27) in (28) is not zero at rt=2 7%, and by the theory of implicit functions 
this equation can be solved uniquely for w(27) as a power series” 

(2m) =H\z(2m), B27), y(27), y (22), D27), (29) 
which vanishes with the arguments indicated and converges for sufficiently 
small values of the moduli of these arguments. When the first five conditions 
of (25) are satisfied it follows from (29) that the arguments of H are all zero, 
and therefore #(22)=0. Then, since © (27) =w (27) —w(0), it follows that 
the condition w(27)—w(0)=0 is a coneednence of the other conditions: in 
(25) and may be suppressed. 
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We shall now integrate equations (7) as power series in a, “=i, saan D) 
and e. The differential equations from which the linear terms are obtained 
are the same as the equations of variation, and consequently the solutions are 
the same as (9) and (11). When the initial conditions (24) are imposed on 

‘these solutions, we find that 4,=0 and that the remaining A, are linear func- 

tions of a; which vanish with a;. Then, as in § 4, it is more convenient to 
integrate (7) as power series in 4; and e. On imposing the necessary condi- 
tions of (25) upon (9) and (11) we obtain l 

0 = A [eVi hr] + Agle-#VAAr—1] Aale] 

: +A,[e-f7—1]4+... +) 
0 = [V=] pitin (0) HA [eva —1] —4,[e-*V x —1) | 
T [Bs vs (0) +%3(0)] {Asler#7—1] —A,[e-*#:7—1] b+ re 

0 = V=i n (0){ 4, [eV5 ArI] — Ale- 1] } (30) 

+05(0){Asler*—1]—A,[e2e=—1] b+... | 

0 = [~b (0) + VI i (0) 1 { 4, [eyi s1] + A,[e2V #1] } 


+ [6:0a (0) +05(0) 1{4slet*—1] +A [eA]. 
0 = mA As (0)... 


The determinant of the coefficients of A; is 
22 AA O(0) [ey hr] ] [e-2V=1 4x1] [e2s*—1] [e-r], (81) 

and it vanishes only when @, is an integer since ĝ, is real and A, A and }(0) are 
different from zero for a not zero but sufficiently small numerically. If 8, is. 
not an integer the determinant (31) is different from zero and equations (30) 
` can be solved uniquely for A; as power series in e which vanish with e and 
converge for |e| sufficiently small. Hence, when 6, is not an integer, the 
general orbits exist uniquely and have the same form as the symmetrical orbits. 
Since the general orbits include the symmetrical and both classes of orbits are 
unique, then all the periodic orbits are symmetrical when 6; is not an integer. 

When @, is an integer the coefficients of 4, and A, in the first four 
equations of (30) vanish and in order to discuss the existence of general 
orbits, it is necessary to consider the terms of higher degree in (30). In 
addition to the linear terms (9) we require, as in §5, the quadratic terms in 
A,(i=1, 2,3, 4,6) which contain v as a factor, and the terms of w containing t 
as a factor and of the third degree in 4, and A,. These terms are found in 
the same way as the corresponding terms were determined in §5. They have 
the form 
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ty = i Ae Qır [d eV Bru — Ay e-V bT ug] 


H < A, Qat [Ag €Ps7 ts A, Par u], 





= 4s Qır [A eV Bry, p Are-VE hro] ai l 
. . (32) 


Yu = —— 
+ < Ag QaT [Ag e827 v+ A, e-f v], 


Wy = T[4 Ay pı +AA i B [aon periodie terms] 
wale periodic terms, 





oo ee QT [4 ev-1 BiT u — A; eVi BiT u]. or 


Xo = A 
When the necessary periodicity conditions of (25) are imposed on equations 


(32), (9) and (11), we obtain 
f 2 
0 = Asler —1] +A, [ehr] HET Ay QA] 


+ a Qs [Ag eB: — A, eaten + 3 A, Ay Qs [4—4] 





-4 terms in e and higher degree terms in Ass 
0= aed ) {Asler "—1]—A, [e281 —1] } 
Ti Ve 1 itia (0)] [4 Q +4 As Qa] [4+4] 


2 = i a EER T [Agere + A, e-2Ps] 


+ ee in e and higher degree terms in--4,, 

0= (0) Auferan] Alei 
ee 1 S 33 

T 0, (0) AQ, [d4] aea 








+ va 1 (0) Q: [Aser 4 A, 6- 2B2™ | 
“+ terms in e and higher degree terms in A,, 


0 = [Bz vs (0) +0 ( (0)1}{ Aaler®—1] + 4, [e-*6r—1] } 
aie Tit A, QalV— 18,v,(0) +%,(0)] [4—4] 








+ dia Q: lav (0) +ò, (0)] [As e?bar— A, enaPer > 


+ terms in e and higher degree terms in 4, | 
0 = 2x A ded (0) +27 [A As (0) +4: 4p (0)] 
+ terms in e and higher degree terms in A,, 
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The last equation of (33) can be solved for A, as a power series in 4, 4z, Ag, 
A, and e, and the terms of lowest degree in 4; are 4, A, and A, A,. The deter- 
minant of the coefficients of A, and A, in the third and fourth equations is 
2 vs (0) [Bv (0) +-%5(0) ] Le2*—1] [e-2@*—1], 
and it is different from zero for a? sufficiently small since 8, is real. Hence 
these two equations, when A, has been eliminated by the last equation, can be 
solved for 4, and A, as power series in 4,, A, and e in which the terms of lowest 
degree in A, and A, are Aj A, and A,A}. When these solutions for £s, 4, 
and A, are substituted in the second equation, the terms independent of e con- 
tain AjA, or A, Aj as a factor. Hence this equation can be solved for A, as 
a power series in 4, and e, and the term of lowest degree in A, is linear in A,. 
Finally, when the solutions for A,, As, A, Ag are substituted in the first equa- 
tion, we obtain an equation in A, and e in which the terms of lowest degree in 
A,is A}. As in (25a) the coefficient of A? in this equation is a power series 
in a? with additional terms in 1/4? and will, in general, be different from zero; 
therefore this equation can be solved for A? as a power series in sł which 
vanishes with e and converges for |e| sufficiently small. There are three 
solutions as in the symmetrical orbits, but only one solution is real, the other 
two being complex. Since-the real solutions for the general orbits and the 
symmetrical orbits are both unique and since the general include the sym- 
metrical orbits, all the periodic orbits are symmetrical when 8, is an integer. 
Consequently all the periodic orbits are symmetrical whether 8, is an integer 
or not. 


§ 7. Constructions of the Solutions when B, is not an Integer. 

Let us substitute (18) in (7) and equate the coefficients of the various 
powers of s: We obtain a series of differential equations which can be inte- 
grated step by step and the constants of integration arising at each step can 
be determined, as we shall show, so that the solutions shall be periodic and 
shall satisfy the symmetrical initial conditions 

F=y=w=0 at 7=0. 
When these initial conditions are imposed on the solutions (18) we obtain 
Daja (0) =Yy (0) =0, (7=0, Ha .0), 
wy(0)=0, (j=l, ....00), 
The differential equations for the terms in e are 
m—2V4 (1+8) [4 (148) HXP], } 
Ww+2V$(1+8)e%,—[4(1+9) HP], 


(34) 
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where X{ is the same even power series as that represented in (7) by the 
same notation. The complementary functions of (35) are the same as (9), and 
the particular integrals ean be obtained by the method of the variation of 
parameters, The complete solutions are thus found to be 


== A Peier HAP e Ver, + A Pebr u+ A Pehr u, +0 (T), (35) 
h= VTT [AP eV hr — APV] HAPen A Penn f° 


where A® (i=1, 2, 3, 4) are the constants of integration, and C, (r) and S(T). 
are triply even and triply odd series, respectively. As such series occur 
frequently in the construction, we shall denote them by C;(v) and S;(*), 
respectively.. Since 8, is not an integer in this case and @, is real, the terms _ 
of the complementary function must be suppressed in (35) by choosing ae 
uan 2, 83, a) ane Therelore the desired solutions become Doa 


t= =C; (x), y= (T). . (36) 
The differential equation for the terms in-¢’ is. . 
E i, + Wiw =W;, 
where W, is'a triply odd series. The complete solution of this equation is 
obtained by employing the method of the variation of parameters, and it is 
found to be 
w =BPo+BP [z+ Atp] — apns: (e), : 87) l 


where Be and B® are constants of integration, ‘and P: is a power series in a? 
with real constant coefficients. In order to satisfy the periodicity and the . 
-initial conditions. (34), the constants of integration must have the values l l 


B®=0, BE= m, l (38) 
. in which o case the solution (37) becomes . | 


w= = Bi (2); E (39) 


where D, (r) is a triply odd power series. nar 
The remaining steps of the integration can be carried on in the same way. 
The solutions for a, , and y,,, are obtained from the particular integrals 
alone since 8, is real and ĝ, is assumed to be-a number which is not an integer. 
‘These particular integrals are triply even and triply odd series, respectively, 
except for a factor a®?-” which is introduced through the factor a~* in (39). 
The general solution for the w,, is similar to (37) and it can be made periodic 
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by a proper. choice of the constants of integration as. in Oe At the steps 
_ 2j—1 and 2j the solutions are f 


ty a= a oa (T), 
ive Soja (z) ’ 4S l (40 ) i 
Wy = 5 Syl). | 


§ 8. Gonswiclion ‘of the Solutions when By is an dnicoer: 

Let us substitute equations (23) in.(7) and-equate the coefficients of the 
various powers of è. As in the previous section we obtain a series of differ- 
ential equations which can be integrated step by step, and the constants of 
integration can be determined, as we shall show, so that the solutions shall be 
Renee a and shall satisfy the symmetrical initial conditions ` l 


(0j =y (0) =w (0) = 
When these conditions are imposed upon (23) we ee 


ba? (0) =y (0)=0,  (F=0,....00), 
w?(0)=0, (j=1, eee 
The differential equations for the terms in st are the same as the first 
two equations of (8) if we use the superscript 1 on s and y: Since 8, is 
‘assumed to be an integer, the solutions of these equations which are enews 
and which satisfy (41) are 


v= AP [eVFiru, -e7 Vo Brus), 
aie pany ae LAM [eVo = eVa], 


where A® is a constant which is undetermined at this step. The solutions 
(42) are real if Af is real. 
The differential equation for the terms in et is 


i wO+W, w? = We. (A®)*S® (v). f (43) 

` As functions similar to S® (r) occur frequently in the construction of the 

remaining solutions, we shall define the function S*(7) to be a homogeneous l 
polynomial of degree 2i in the exponentials eY™%": and e7V™A" of which the 
coefficients are power series in odd powers of a with sums of sines and V—1 
times cosines of odd multiples of v in the coefficients: The highest multiple of 
¢ in the coefficient of a+ is 2k+1. The coefficients of [eVe] [e-V—Ar]* and 


(41) 


(42) 
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[evar ten Vary, j+k=2i, differ only in the sign of V—1: The part of 
SP (v) which is independent of the exponentials is a triply odd power series. 
If the exponentials are expressed in trigonometric form, then 

ies Coal 5 E SR, pin abe AEL) lT, 
E ` j=0 Imd heed 

where S? , are real constants: that is, 6°? (T) is the same as a triply odd 
power series except that the highest DIG of y in the coefficient of -a/+) is | 
not 2j-+1 but 2(j-+48,) +1. 

The general solution of (43) is found in mene the same > way as (37) 
was obtained. It has the form 


w® =BPO+BP (x +Arp]—a( AP)" pe + (AP)'SP(z), ` (44) 
where p® isa power series in a° with real constant coefficients and S® (r) is 
similar to S” (v). On imposing the periodicity and the initial conditions (41), 
we have 

BO=0, BE=— = (AP). = (45) 


Then the desired solution of (43) takes the form 
| (AP) 8 (e), 


where S® (7) is similar to S® (r). Thus AP remains undetermined at this - 
step also, and the terms in ¢ must be considered. 

The left members of the differential equations for the terms in e are the 
same as the first two equations in (8) if we use the superscript 3 on æ and y. 
Let us denote the right members by X® and Y®, respectively. Then 

ete (AP) % 4 XO, Y= V—](AM)8o®, i (46) 

The function X§ is the same triply even power series as that “denoted in 
(7) by the same notation. The functions p% and o't” are homogeneous 
polynomials of degree 2i+1 in the exponentials eiA" and e-Y%", and the 
coefficients are power series similar in form to u, and u, in (9). In p**? the 
. coefficients of [eV gy [e-VIAr]E and feVary tt eVi], j+k=2i+1, differ 
only in the sign of V—1; while in o®*” the coefficients of [eY47]i[ —e-VA7]* 
and [evar] *[ —e-V-147)/ differ only in the sign of V—1. l 

The complementary functions of the differential equations in #® and y® 
are the same as (9). Since X® and F® contain terms which have exactly the 
same period as the periodic parts of the complementary functions, the par- 
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ticular integrals will contain non-periodic terms. By the method of the varia- 
tion of parameters we find that the general solutions for z® and y® are 


o® = A@MeVAAry 4 APVT + A® ey, + A Pe hu, 
+4[ (Af?)SPY EREI [er —e- V0] +6, 
y® = VI [ALe Ay, — 4Me-Vry,] + AM ¢ehry,— APe-Ary, 

+ V—Ir[ (APP + PL] Lev 70, + eVa] + V—1o®, 
where A® (i=1, 2,3, 4) are the constants of integration, P® (1=1, 2) are 
power series in a° with constant coefficients, and p® and o®-are similar to p® 
and o®, respectively. In order that the solutions shall be periodic, then 


AP=AP=0, PP(AP)+PP=0. 


The solutions for 4‘ are 
AP=PP, oP? or PP, 


(47) 


where P® is a power series in a’? with real constant coefficients, and o, of are 
the imaginary cube roots of unity. As the imaginary solutions for A® lead 
to imaginary orbits, we retain only the real solution. Then, on imposing the 
initial conditions (41) on (47) we find that AP =A®, and the desired solutions 
for z® and y® become 


gE = AP [eV 4 eV Ty, +p, 
y® —\ /—{A® [eVit — eYit, | A \ /_{g®, 


The constant A® remains arbitrary at this step and the terms up to ct must 
be considered before it can be determined. The solutions for x and y® are 
real provided Af is real, which is found to be the case. 

The general solutions of the differentia] equation in ef is obtained in the 
same way as (44) was found, and it can be made to satisfy the periodicity and 
initial conditions by a choice of the constants of integration asin (45). When 
these conditions have been imposed, the solution for w® takes the form 


w? = L [AESP +8) : 
a 


The differential equations in ef are the same as (8) -in the left members 
if we use the superscripts 5. If we denote the right members by X® and Y®, 
respectively, then 


xo z [APPP + pf], yor ‘> [AP +6], 


where pf, pf? and of,.of are similar to p®*” and o®**”, respectively. The 
8 
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complete solutions of the equations in #® and y® are readily found in the 
game way as (47) were obtained. They are: 


oe APE a+ APE + Ae u, HAPen 
koi = [PPAPHPP] [every —e- Y5 iar] +5 a =p, 
y® = Yat Sa Ty, —A@e-VAAty, } +A® eu, —A Peary, l 


+ V = [PPAS PE] [eVmBTy 4 e- VAT, ] + V -1 o®, 


(48) 





where P® (i=1, 2) are power series in a? with real constant coefficients. The 
solutions for « and y® can be made periodic by putting cali tad 0, and 
then choosing AP so that POAMLPO=0, - ‘si 


from which it follows that A® is real. From the initial conditions (41) we 
have AP =A P. : i i 

The remaining steps of the integration can be carried on in the same way. 
The solution at the step 2j can be made to satisfy the periodicity and the 
initial conditions by a proper choice of the constants of integration arising at 
that step. The solution for w, contains the constant 4?” which is not deter- ` 
mined until the step 2;+1. The non-periodic parts of the complete solutions 
at the step 2j+-1 are similar to those in (48), and 4% enters these solutions 
with the same coefficient as A® enters (48) except for the factor 1/a** The’ 
solutions can be made to satisfy the initial and periodicity conditions by 


putting . - AGHD— APH, AP — = Ag” =0, 


and then determine the A{‘-” so that the coefficient of ¢ shall be zero. The.. 
desired solutions at the steps 27 and 2j+1 are i 


we? 5 5 S” (x), 


att) — AFD | eV Ty, eVa] a GD f 





yt? = VZ ag? [ev iry eTa] V den View, 


Thus the integration can be carried on to any deari A of accuracy. - 
The solutions of (7), whether as power series in ¢ or et, must satisfy the 
integral (5) identically in e or &. .Thus this integ gral, besides being of use in 
proving that all the periodic orbits are symmetrical, serves as a oheak on the 
computations. i : 


QUEEN’S UNIVERSITY, KINGSTON, ONTARIO, November 15, 1915. 


The Finite Groups of Birational Franslorniations 
of a Net of Cubics. 


By Lewis C. Cox. 


Introduction. 


1. The classification of non-linear periodic birational transformations in 
the plane into finite groups is due to S. Kantor* and A. Wiman.t The former 
showed that all periodic birational transformations in a plane can be trans- 
formed by- combinations of quadratic transformations into a finite number of 
types having at most eight fundamental points. In the case of seven funda- 
mental points, he determined the different transformations, but in their groups 
he made errors which A. Wiman subsequently corrected. 

The method of Wiman was dependent upon the fact that these groups are 
isomorphic with the groups of transformations of the AR of a plane 
quartic C, which were known.t 

The object of this paper is to establish a method which enables one to 
determine the Cremona transformations with seven fundamental points which 


- correspond to a given linear transformation of the quartic curve. 


The method used is to first find the twenty-eight bitangents of the quartie. 
Hence a cubic surface is determined, having the quartic as a plane section of a 
particular cone which is tangent to the surface and has its vertex on the 
surface. This cubic surface is then depicted upon the plane of the seven fun- 
damental points. The space transformations leaving the surface invariant 
and corresponding to a collineation of the quartic are next found. The corre- 








*S. Kantor, “Premiers Fondaments Pour Une Theorie Des Transformations Periodiques Uni- 
voquer,” Atti della Reale Accademia delle scienze fisiche e matematiche di Napoli, Series 2, Vol. III, No. 7 
and Vol. IV, No. 2 (1891), pp. 1-335. 

+A. Wiman, “Ueber die Endlichen Gruppen von eindeutigen Transformationen in der Ebene,” 
Mathenatische Annalen, Vol. XLVIIT (18968); pp. 194-240. 

tR. de Paolis, “Le trasformazioni piane doppie,” Atti delle Rcale Accademia di Lincei, Series 38, 
Vol. I (1877), pp. 511-544. “Le trasformazioni piane doppia di secondo ordine, e la sua applicazione alla 
geometria non euclidea,” Atti d. R. Accad. di Lincei, Series 3, Vol. II (1878), pp. 31-50. “La trasfor- 
mazione piana doppia di terzo ordine, primo genere, e la sua applicazione alle curve del quarto ordine,” 
Atti d. R. Acoad. di Linoci, Series 3%, Vol. II (1878), pp. 851-878, 
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sponding transformation on the plane of the seven fundamental points can 
then be determined. The method of determination is first developéd for any 
collineation and is given in full for the cases in which the quartic is invariant 
under the groups of collineations Gau, Gos, Giss- 


General Case. 
2. Consider the cubic surface | 
- Fs=fi(2, y, 2) W+ 2fa (x, y, z)u+fs(2, y, 2)=0, o (1) 
-in which f,(2, y, z) is a ternary form of order i. Equation (1) can be arranged 
in the form | l 
ifi(2, y, zju+ fala, y, 2) =f la, y, 2) — fı (2, Y, 2) fs (2, Y, 2); (2) 
which represents a composite surface made up of F; and the plane f(x,y,z) =0, 


. the latter being tangent to F; at the point 0= (0,0,0,1). Solving for u we get. 


=fhlt, Y, 2) + VÉG, Y, 2) —f (z, Y, 2) fs( D, Y» 2) (3.) 
fi(#, Y, 2) . 








u= 


Hence, any Te 


through the point 0= (0,0,0,1) on the surface meets F in two other points. 
These two residual points will coincide if - ` l 


i fa (à, u, v) —fi (à; u, v) fa (à, u, v) =0, ; 
that is, the line is tangent to the surface and passes:simply through 0. 

Therefore, 
K,=f3 (2, Y, 2)—fı (2, Y, 2) fs (a, Y, z)=0, © (4) 
is the tangent cone with its. vertex at 0. The plane u=0 upon which we pro- 
ject F;=0 is.a double plane because the residual intersections of the lines 
through 0 with the surface F,=0 project into single points. The cone K,=0 
intersects the plane u=0 in the quartic curve l 


c(h) 4 mo 


From the form of C, it is seen that f (2, 4 2) =i is a bitangent to C,. 


The Lines on F,. 


8. Let (x, y, 2)=0 be the equation of the plane through 0 and one of 
the other twenty-seven bitangents to C,. If one of the variables is eliminated 
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between ear and (5) the remaining binary form must be a perfect square, 
u = , 


whose roots determine the coordinates of the points of contact. Hence,’ 
eliminating 2 between 
$:(%,y,2)=0 and (fiutfa) =f — ffs 
we obtain an expression that is rationally factorable: 
[Fiu +F +p] [Fute], | l (6) 
in which F,, F, and $, are binary forms in # and y. Since equation (2) repre- 
sents a composite surface whose components are F, and f ,=0, the equations 


AE [Fyu-+F.—, | a, (7) 
$i (2, Y, 2) =0 , 
= =0 ia 
represent the curves er oye) = J and ie Y, 2) } the latter definin 
R i F, =0 (z, y, 2) =0 i 


an extraneous line not lying on F3. Eliminating the factor f, from the factor- 
able equation in (7) we find a remaining linear factor. This taken simul- 
taneously with ¢,(2, y, z)=0 fixes a line of F,. The residual section of’ 
pa Y2) =o] is a proper conic section. 
F, =0 

Therefore, we conclude that the planes through 0 and the twenty-seven 
bitangents to C, meet F; in the twenty-seven lines on F; and in twenty-seven 
residual conic sections. Hence each part of the composite curve, consisting of 
a line and its residual conic which lie not only on F, but also in the plane 
through 0 and one of the twenty-seven bitangents, corresponds to one of the 
twenty-seven bitangents to C,. 

The plane f (z, y, 2) =O is tangent to F, at 0. - It intersects F, in the 
cubic curve 


fila, Y: z2)=0, l 
2f(2, y, 2)u+To(2, 9, e) =o (8) 


It also intersects the plane u=0 in 


ea) 


which is the twenty-eighth bitangent to C,. Therefore, the point 0 and the 
cubic curve (8) correspond to the twenty-eighth bitangent to C;. 
The question arises, which sign in the second member of the equation 
Fwut+Fh,=+¢, f (9) 
corresponds to the cubic curve. Consider the equation 


ufi+fa= + VË— fif: (10) 
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which is found from (2). Substitute the coordinates of a point P= (z; y, z, u) 

which lies on the cubic (8). The equation (10) is satisfied. Hence, the plus 

sign in the second member of (9) corresponds to the cubie (8). The point 

(0,0,0,1) is the only point satisfying © i 
ufı+f:=— Vf — =A 


Hence, ie minus sign corresponds | to the point 0.- 


E T E of Transformations. a f 
4. When C, is of genus 3, the only transformations which idee it in- 


variant are collineations. The quartic curves admitting groups of such trans- 
formations are enumerated by S. Kantor.* l 


Let T represent any linear transformation which leaves C, invariant: It. 


will- permute the bitangents among themselves. From equation (2) we find 


fi, Y, z)ju+ f(s, ye) =£ lhl y, gyw +f, y', 2)}. -(11) 
` The relations (11) and T define two space transformations Q’,Q”. Any plane . 
through 0 and a bitangent to C, is changed by Q’ or Q”. into a plane through 0 
and some bitangent. Hence, the lines i in which these planes meet F, are either 
interchanged, in which case the space: transformation on F, is linear, or. else 
. each line is changed into the residual, conic in the plane of the second line and 
‘the transformation is quadratic. a 

-If we now use the Grassman depiction of the cubic surface F, upon a 
second plane w=0, the plane sections through 0 are transformed into the oo? ` 


` cubics through the image of 0 and having for additional basis points the images 


of the six special lines on F, which are depicted- as the fundamental: points. 
The point.0, the cubic eurve (8) and the composite curves lying on F, in the 
- twenty-seven planes through 0 and the lines of the surface-are depicted in the 
“plane. w=0 as the eomplete fundamental system of the required Cremona 
_ transformation: - . ; 2 Ea 
E . Since Q, Q” interchange the twenty-eight spen sections of F,, one 
changing a line into a line, the other changing a line into a. conic, ‘the corre- 
" sponding transformations T’, T” interchange the parts of the fundamental. 
system. ‘Hence, from T we cah derive two birational Cremona transformations. 


The Geiser Transformation, 


5. a considering [xx C seyi the plane u=0 we are led to two 
me oe 3 








* S. Kantor, “ Theorie der Endlichen Gruppen von eindeutigen Trénsformationen in der Ebene,” l 
Berlin (1995); 120 pages, Bee p. 88. : 
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space transformations defined by the equations of T and (11). They are: 


p= “ Y, 2, n 
ia oa yt aat]? 
TY, Z U 


and 
g =g 
r= y =y 
z =g 


w=— {w f(a’, y’, e) H alL, y’, 2) {—fe(z’, y’, 2"). 


The former is the identical transformation. 

The latter is a non-linear transformation possessing the following proper- 
ties. It leaves all the planes and lines through 0 invariant, but interchanges 
the points P” and P” which lie on F; and are collinear with 0. Therefore, it 
changes any line on F, into the residual conic lying on F, and coplanar with 0 
and the line. Hence, the transformation is quadratic. The transformation F 
leaves invariant the locus of points R on F, which are fixed by the condition 


, iA, fly v)—f, (A, to v) f(A, t, v) =0. 


The cone K,==0 and the surface F =0 have contact along a sextic space curve 
Ce which is invariant point for point under the transformations 7 and T. 

Hence, the transformation 6, in the plane w=0 corresponding toT has the 
following properties: It interchanges the images of P’ and P”. Therefore 6, 
is Involutorial. It leaves invariant as a whole every cubic curve through the 
seven fundamental points. It leaves invariant point for point the image of Ca, 
which is a plane sextic curve I, having a double point at each of the seven 
fundamental points. It is of genus 3, and is non-hyperelliptic.* The trans- 
formation 0, interchanges the parts of every composite cubic passing through 
the seven fundamental points. A line through two such points and the conic 
through the remaining five interchange. Each fundamental point goes into a ' 
rational cubic having its double point whose image is the point. This cubic 
passes singly through the remaining six fundamental points. Each such funda- 
mental cubic and its associated point are interchanged by 6@,. Hence, the 
transformation is the Geiser involutorial transformation.t 


* V. Snyder, “On a Special Algebraic Curve Having a Net of Minimum Adjoint Curves,” Bulletin of 
the Amerioan Mathematical Sooiety, Vol. XIV (1907), pp. 70-74. i 

{+ R. Sturm, “Die Lehre von den Geometrischen Verwandtschaften,” Vol. IV, Leipzig (1908), pp. 
95-98. The equations of the Geiser transformation are given by V. Snyder. “An Application of the (1, 2) ` 
Quaternary Correspondence to the Weddle and Kummer Surfaces,” Transactions of the American Mathe- 
matical Society, Vol. IT (1911), pp. 854-386. 
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f Groups of Transformations. - 
6. Let Ti, Ta, Tg, ...., 7, be a set of operations generating the group i 


G of the quartic C,. Let nA Qasos Qh be their corresponding space trans- 
formations. Let Tj, T}, Ti, ...., Th be their corresponding Cremona trans- 


formations in the plane w=0. Let the symbol A, B represent’ a group 
generated by 4 and B. Let the symbol (r, s) be read rT posaeades an r to s 
isomorphism with.” 
Subgroups of G may be found 
[Ti 6] (1, 1) (91, T] (2, 1) [71], 
[Ti Tj, %1 (1,1) 101, Qj, TI (2, 1) (Tr, Zl, 
[Tis T, t 6, | (1, 1) [Q2; Q;; Qr, T] (2; 1) [T;, T;, T]. 
Similarly other subgroups may be found. i 


, Determination of Ge. 
7. The plane quartic curve 
Ge pe eee =o) a3) 
- u ‘ =0 
is invariant under a group Gy, of linear transformations of order 24.* It is 
` generated by the permutation Gs on the three letters x, y, e and the harmonic 
homology defined by changing the sign of any one of the variables. 


at 


Bitangents to C,. 
8. Certain lines in the plane u=0 are bitangent to C,. In order to find 


_ them it is necessary to identify four special types. - The others are found from + 


the collineations of Gs. We wish to determine, if possible, a relation between 
k and u, such that y= shall be a bitangent; similarly, a relation between k 
and A such that z= +A(ax+y) shall be a bitangent. 


Eliminate y from H aa 3 and the equation of C, and we obtain 


EO En -i 
uo =0, 

The line isa bitangent when the first member of (14) is a square. The con- 
dition for this is K (1+) —4ku— Ak (1+) =0. (15) 

- Solve-for k and select that value for which the first member of (13) is not a | 

` perfect square. We get du? 7 
pe So: > (16) 

(1 TE ) 


* E. Ciani, “ Contributo alle teoria del gruppo di 168 collineationi piane,” Annali di H athematioa, 
Series 3, Vol. V (1901), pp. 35-55. See p. t: 
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Hence y= +us must be a bitangent of the C,, (13) having the value of k 
defined by (16), where u may have any finite value. 

Similarly, if we eliminate z between (13) and z=+A(x%+y), place the 
discriminant of the resulting equation equal to zero, and factor out (k—2) we 
obtain 


(k-+1) at—ka®—1=0. (17) 
Solving for 4? we find #2=4+1 or V=— ae By substituting the second 
value of k in (16) we get 
2 
a ans (18) 


Hence, the line [= ENEN i must be bitangent to C, for the special values 


of A. E 
By operating on the bitangents with @, we obtain the following bitangents: 


(1) y=—uez, (14) y=ug, 
(2) z=—urz, (15) 2=ue, 
(3) =—py, (16) v=uy, 
(4) a=A(ze—y), (17) w=A(y—e), 
(5) y=Aa(a—z), (18) y=Aa(z—z), 
(6) 2=A(y—2), (19) 2=Aa(z—y), 
(7) z+y+2=0, 
(8) #=—A(y+2), (20) c=A(y+2), 
(9) y=—A(e+2), (21) y=A(a+e), 
(10) z=—A(z+y), (22) z2=A(a+y), 
(11) s=—unz, (23) 2=pz, 
(12) y=—x2, (24) y=ux, 
(13) e=—uy, ` (25) z=uy, 


(26) —s+y+z=0, 
(27) #—y+z2=0, © 
(28) #+y—z2=0, 


The Cubic Surface. 
9. The next step is to construct the cubic surface having the properties 
explained in the general case. Select the four bitangents 
a aes eared ; Ere Ta 
u = =0)’ u  =0)’ u =0)’ u =0) 
9 
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The planes passing through 0= (0, 0,0, 1) and these special lines are evidently 
gt+y+2e=—0, .x—y+2=0, 

—a2+y+2=—0,, e+y—2=0. l , 
Take 2+y+z2=0 to be the plane tangent to Fat 0. The cubice surface has an - 
equation of the form 
P= (+y Fe)u +2p( year etuina etya= 0. (19) ` 
The tangent cone at (0, 0, 0, 1) has the equation 

(+1) x42 (p —1) Ery 0. ` . (20) 
Comparing the latter with the first one of the two equations in (13) we notice 
that 





sor aa =k= G at (21) 
Hence, 


Mithes sign may be used for p. The cubic surface 





Qu (at yte)u 
Fy (epy ejet $Y 4 (at yte\ae—y+e)(a+y—2)=0 (22 
is selected for our discussion. Korne (19) we find ; 
2 u(y +e) l Jp —I a 
(ety tent See = (PHI zat TI A (23) 
which by means of (21) can be reduced to the form 
{(mt+yt+e)o+u(ar+yte) = (1+y") [Sakse], (24) 


4u 2 
@ a n 
Equation (24) defines the composite surface Be and ores = 


where v=uVi+ tel +u* and k = 73 —n—2. 


The Lines on the Cubic Duviate 
10.’ Hach plane determined by 0 and some one of the twenty-seven bitan- 
gents to the quartic C, is a bitangent plane to F. The plane v+y+z=0, con- 
taining a bitangent to C,, is tangent to F; atO. It meets F, in a non-composite 
cubic curve. : 
We find each of the 27 lines upon F,, together with Peis residual conics 
in the plane through 0 by solving their equations simultaneously with the 
equation of the composite surface (24). : 
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The latter equation is reduced to the form 
(wty+e)vtu(aty +e) = + He) $» © (25) 


where ®, corresponds to @, in equation (6). One sign in the right member 
corresponds to a line on F; when one of the twenty-seven special planes is taken 
simultaneously with it. The opposite sign corresponds to a conic section lying 
in the bitangent plane used. f 
, Equation (7) needs the same ‘consideration as was given to the plane 
f(x, y, 2) =0 in Section 3. We may show by the same reasoning as was em- 
ployed there that the positive sign in a Ene ae member of (25) corresponds 
to the cubic curve 


Qu(ar-tyttet)u+ (—a-+y-+2) (o—y-be) Grz = a 
, “e+ yte ==), 

The following list-of equations represents ths lines and the residual conic 
sections unless otherwise stated. The equations are numbered to correspond 
‘with the bitangents given previously. The first two equations in each trio 
fix a line, the first and third fix the residual conic sections in the plane con- 
necting the line with 0. The third equation is added for a purpose which will 
be explained later. 


(1) yrue=0 > 
v+ (1+ut+e) (©@—1—p-2) =0 
(a+yte)vtul +y +2") 
H+ i OHP) (Lael) et} 

(4) w= A(2—y) 
otil (1—2)z+ (1+2)y} = 
Beret ian) : 


2 


(7) ee eovresponds to 0=(0, 0, 0,1) 
(w+y+z2)u+p(2?+y>+2*) 
=+2u(a? +e +22) corresponds to the cubic curve. 
in the tangent plane. 


(26) 


~ (8) - z=—A(y +z) 
(1—2 )v +u (E+3p") (y+2) = 
A. 





r 2 
atau it ger EE ge) 
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(26) —aty+2=0 
i : v=0 | 
(ot yte)otelatey te) 
a =—2 u {y + +yz] 


a0) > ` g=—a(s+y) 
(1—A)v+u(1+3 w) (+y) =0 
Gros ead fia ona TE) ad 
=+2u-a?- {orev ay) = eng 
a1). - g=—pe i 
v+ (1+e+u*) (y—1—pz) =0 
(wt+yte)u+e(e+y +2) 
St] te) (lt e' et = 
-(12) © ben Le 
v+ (ltet+p’) (e—1—ux) =0 
(atyte)o+u(z-+y? +2’) 
=+4(1+u*)2— (LH) Z 
Apply (797) to (1), (2), (4), (5), (8), (9) to get (2), (8), (5), (6), (9), (10). 
~ Write —ġ for u, —v for v in (1), (2), (3) to get (14), (15), (16) and —A for à 
in (4), (5),.(6), (8), (9), (10) to get (17), (18), (19), (20), (21), (22).- * Inter- 
‘change x and y in (3), (16), (26) to get (12), (24), (27); y and z in (1), (14), ` 
(27) to get (13), (25), (28); z and xv in (2), (15) to get (11), (23). 





Arrangement of the 27 Lines on Fy. 
11. A well-known property of a non-singular cubic surface F; is that 


each line on F, is contained in a set of five planes each of which contains two- > ~ 


` other lines on F;. By testing the equations in Section 10, we find that the 
line (26) forms a triangle with each pair of lines [(14), (25)], [(20), (8)], 
(17), (4)], [(1), (18) ], [(28), (27)] and, similarly, (28) with [ (16), (24)],. 


[ (22), (10) 1, [(19), (6) 1, [(3), (12) 1, [ (26), (27)], and (STIENS), A)1, i 


| £(21), (9)], (18), (5)1, [(2), (21) ], [(28), (26)]. 
i If we call (26)=Cu* and (16) =C,,.,, then (27) is a c line which we shall 


_ designate by ca; (24) by ca and (28) by Cz. 


* Schlafli’s notation has been adopted. F. Schläfli, “An Attempt to Determine the Twenty-seven 
Lines upon a Surface of the Third Order and to Divide Such Surfaces into Species in Reference to the 


Reality of the Lines upon the Surface,” Quarterly Journal, Vol. II (1858), pp. 66-65 and 110-120; see s 


p. 115. K. Doehlemann, “Geometrische Transformationen,” Teil II (1907), pp- 303-306. 
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The only four lines skew to (26) and (24) but intersecting (16) and (27) 
are (21), (23), (2) and (18), which must consist of two c lines, one a and one 
b line. Call them’ Cs, Cis, G2, ba, respectively. The only four lines skew to 
(16). and (27), but intersecting (26) and (24) are (14), (20), (4) and (18). 
Of these (14) is skew (28) and, therefore, must be cs. Similarly, (20), (4) 
and (13) must be Cz, a,, ba, respectively. We see now that (25) == css, (8) = Cs, 
(17) ==b,, (1) =a, (15) =e, (9) = cy, (5) ==a5, (11) ==bs, leaving unlettered 
the lines [(22), (10), [(19), (6)], [(8), G91 

Consider the double six 

Cuy Cas, Cs4s Cory Ge, Do, 
Cios Coas Cso, Coe, Qu, Dis 
(25) meets (10), (6) and (12) which must be ¢,,; as, bẹ in the same order, 
but (20) is skew to (10), (6) to (4), (12) to (13); hence, the order is correct. 
This completely determines the lettering of the lines which is as follows: 
(1)ssa, | (8) == 055 - (15) = eye (22) = C5 
(2)= a, (9)= cs  (16)= cp  (23)= eg 
(3)= a (10) = Ce, (17) =), (24) = Cy 
(‘4)=a, (11)=36b; (18)=0), (25) = Css 
(5)=a, (12)=b, (19) =b; (26) = Cu 
(6)=a,  (13)=b, (20)= ca- (27) = Cs 
(14) = ca - - (21) = Cy (28) = Css 
- Instead of choosing (26) as a c line we might have taken it for an a, or 
b, line in which cases (16) would be b, or a,, respectively. Hence, we may 
. name the lines on F; in a variety of ways. 


Identification of the Generators of Gs. 


12. Select a transformation T, = G A J which leaves C, invariant. 
? ’ 


(The subscript in T, denotes-the period.) Choose the transformation Q; which 
is defined by the equations `- 


a= y' 
y=e 
e=o' 
eee “la by Ee) + (aby be v PEHEA 


ary te 


which in our case reduces to the linear space transformation 


eC Y, i) 
to rj? 
Z, D,Y 


79 OE Cox: The Finite Groups of Birational | 

It is one of the two space transformations which correspond to Ty. The 
transformation Q; permutes the twenty-eight planes through 0 among them- 
‘selves. It leaves invariant the left member of each second degree equation 
listed in Section 10. It may or may not change the right member. The same 
is true of those second degree equations from which those planes are found, 
` which with the bitangent planes fix the lines on F}. The transformation Q; 
is operated as follows: Take for example the line œ. . The transformation 


T, = pA Y? a transforms the bitangent (v= Be, into the bitangent {= ats 
»& — 


hence, Q; c unean ths plane y=—uz into the plane z=—ya. The left member 
of the third equation under (1) remains invariant under Q;. The right changes 

t—=y ; 
` but it is changed only by the ves y =e'+ which define T}. Therefore, 


z= 


+ 


-change the sign of the right member of the quadratic equation given; as, ` 
=i (LA) — (1H). E 
This corresponds to the line a, itself. Operate on this expression, by 7; and 


nue pH (Lat) aty 5 
: ie latter corresponds to the line a,. Hence, we conclude that a, goes into a. 
In applying this process we find that Q; transforms i; Ge, as, Gi, 45, Qe 
`- and the point 0 into as, a3, ai, ds, 4, @, and the point 0, respectively. 

_ The images of a,, Gs, Qs, Q4, Gs, Ge and the point O in the plane w=0 
are the fundamental points 1, 2, 3, 4, 5, 6,7.*. The images of the b; lines are- 
the conics [+7]. The image of the residual of b; is the line (i,7). The image . 
of the line c, is the line (t, k). The image of its residual is the conic [ik]. 
The image of the residuals of 0, a, are the cubics [7] [i]. 

Hence, the corresponding Cremona transformation is 

Ti we Ge 2, 3, 4, 5, 6, 7 
2, 3, 1, 5, 6, 4, 7 

This notation means that the image-of 1 is 2, and so on for the other funda- 
. mental points. Since a transformation is fixed: when the images of its funda- 
mental points are s knon, we have our required transformation which i is linear 
and of period 3. i , 

If we had taken the transformation Q? which also corresponds to T, , we 
would have been led to a new transformation T;. This can also be found by . 





* The symbol (ij) denotes the line ij, [if] the conic through the remaining five fundamental points, 
and [+] the cubic with g double point at ¢ which passes through the other six fundamental points. 
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operating on T; by 6,, the Geiser transformation. It transforms the point 1 
into the residual of its image in the transformation 7. .Similarly for the 
other fundamental points. Therefore, ' i l 
E Bee eae | 
7 * U2, [8], [1], [5], (61, [4], [7] 
which is of order 8. . ; . 
The transformation nef ” Y, $ 
7, y’, 2 i 
T= =f} 2 3, 4 5 6, a 
1, [13], [12], [17], [16], [15], [14] 
The transformation T; = T3- 0, is > `> . l i -~ 
T= 1, 2, 3, 4, 5, - 6, 7 } 
: [1], (13), (12), (17), (16), (15), (14) 


which is a Jonquières transformation* of order 4. 


| leads to the transformation 


Use the same fundamental process on fye (” 9 We are led to 


: ay 
T= ={ 1, 2, 3, 4, 5, 6, | 
[57], [47], [67], [27], [17], [37], [7] 
which is of order 5 and 
T= =| 1, 2, 3, 4, 5, 6, Al 
(57), (47), (67), (27), (17), (87), [7] 
which is a Jonquières transformation of order 4. ~ 


Ge with Some of its Subgroups. 
13. Using the notation of Section 6 we can arrive at different: groups: 

G, =[T2, 6] (1,1) [@:,T] (2,1) [T.]=G, on C,, 

G, =[T;, 4} (1,1) (Qs, T] (2,1) [T,= on C,, 

G, =[T;, 6,] (1,1) [Q:, Tj (2,1) [T;]==@, on C,, 

Ga=[T;, T3, O61 (1,1) Q:, Qi, P] (2,1) [Ts, T= on C,, 

Go=(Th, Ta, %] (1,1) (O Qa; T] (2,1) (73, T,)=G ons C,, 

Ga=[T;, T3, 92] (1,1) 103, Q, T] (2, 1)[T;, T SETEM on C,, 
. Ge=(To, Tis Tzs 6] 1, 1) (Qs, Qs, Q., T] (2, 1)[T;, Te; TG. 

On account of the isomorphism existing between the groups G,, and the 
groups G, many aei groups may be found such that groups G,, are simply 
isomorphic to G,. 


* K. Doehlemann, “Geometrische Transformationen,” Teil TI (1907), p. 150. 
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_ 14. Since the value of u in our previous discussion may have any finite 
value, we may expect to find groups of higher order than 48 by nestrioliig the 
value of u. 
Determination of Ges: ` 


15.. Let k=0, hence from the equation wits a —2 20, we deduce 
l l w+1=0. ; ' (27) 
Therefore, the quartic curve (13) has an equation of the form Ea 
aty += of? a . 
z at TN . (28) we 


which has been studied by Dyck.* This curve is invariant under the group Gs 
‘of order 96. The.octahedral group G,, and the transformation T=( ” ; ; A 
; y’, z’). 

generate it. Hence, in order to determine the corresponding group Gi» all 
that remains is to determine a transformation in the prane w=0 corresponding 
to T,. 

Repeat the argument precisely as given in the. previous case understanding 
that u is subject to the condition - 

u t4+-1=0 

in all of the previous equations. 

We are led to the transformations T; of order 6, 

n 2 3, 4-5 6, gn 
[1], [46], [67], [36], (15), [5], [26] 
L 2 3 4 5 ċ 6 7 } 

(1), (46), (67), (36), [15], (5), (26) 


is a Jonquiére transformation of order 3. 


and T= e= 


T; and T/ correspond to T,= ie f nN 


Hence, the group Gia=[Gu;, T;, 02] (2,1) the group Cu (Gu, Tal. 


Determination of Gs 
- 16. Consider the case where u satisfies the equation 
w#—u+2=0. (29) 
The value of k subject to this restriction is —3 u. Hénce, the quartic Cs re- 
duces to the form 


i j +y+e SONE lal tye) = oh: > (80) 





* W. Dyck, “Notiz über eine reguläre Riemanniache Fläche vom Geschlechte drei und die zugehörige 
Normaleurve vierter Ordnung,” Mathematische Annalen, Vol. XVIII (1881), pp. 510-516; see p. 512. 
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Ciani? states that this düarti, subject to the condition (29) , can be meduced by 
a suitable linear transformation to the form ` l 
os iP (31) 
u =0 
Kleint+ has shown that the latter admits a group of collineations Gas P is 
generated by an octahedral group G,, and a certain cyclic group G. 
Hence, the quartic in the form- given by Ciani is invariant under a group 
Gie which is generated by our octahedral group Ga and some 7,. Such a 
transformation 
E =8 ] 
Dyes) y=2e'+uly’—2’) 
z=p (y +2’) 
is given by Sharpe. ł 
Hence, we repeat the argument which is given for Ges with the restriction i 
that u satisfies the equation i 
i Pagas 0 


in order to determine a. ERI T R Ty: aiui to T}. Since some 
care is necessary in determining the images of ai, Gz, Qs, G4, Gs, a and the 
point 0, the details in finding the image of Ge are given. 

First operate on the quartic 
aty +e — Su(atyate ty) = = ae 
l u a =0 

with the transformation T,. Select the special term containing 2‘ which we 
find-to be ; l 

: 16(2+k) a+. 

4? 

(1+4*)? 
i 16) (4) 4 

therefore 16(2 b): at = He at 
Hence, in extracting the root we find ‘the pete 


Vi6 (OTK) = 





a 


* E. Ciani, “I Varii Tipi Possibili di Quartiche Piane più Volte Omologico Armoniche,” Rendiconti 
del circolo Matematico di Palermo, Vol. XIII (1899), pp. 347-373; see p. 365. . 

tł F. Klein, “Ueber die Transformation siebenter Ordnung der Elliptischen Functionen, Mathe- 
matisohe Annalen, Vol. XIV (1879), pp. 428-471; see p. 446. 

F. R. Sharpe, “Conies through Inflections of Self- -Projective ‘Quartics,” AMERICAN JOURNAL oF 
MATHEMATIOS, Vol. XXXVII (1915), pp. 66-72; sod pi ons : 
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but since W—-u+2=0, 


Vié (+h) =— = 4p, 


8u 
| Ee, 
- Hence, in making certain comparisons the factor 4u° must be taken into account. 
We now operate wilh the Q; corresponding to T, as follows: The line a, 
is determined by l 
y=— uz 
(ot yteotuatty +e) =—{ (1+4¢%)a—(1+e 24, 
or 
y=—pe 
(o+y+e)vtul +y +) =— (ul) [t3 e], 


Operate on y=—pe by T, and we get the equation 





= p (y—2). | | (32) 
Hence, @ goes into the line d, or its residual. To decide which, operate on 
—(u—1) {2+3 a (33) 
bye =—[20'—u(y'—2)}, 2= Ly +2), (34) 
where 2’ = A (y”—x") as in equation (32). 
The coefficient of x”? reduces to —4 w, but a, is defined by 
c= 5 (ya) (tyto otula) E a Sth yl (a5) 


Compare the x”? term with the a. term in (35) vient the 
former contains an extra factor 4 u’, due to operating with T,. Hence, we 

conclude that a, goes into the residual of ag. Similarly, we show that a, and 
0 go into the lines Csa, Cso While @,, Gy ds, Ge go into the residuals of c, be, 
Cox Cu, respectively. Hence, in the w plane we get the transformations T, of 


order 5, 
E 2 38, 4 5, 6, a 
[6], [12], (36), (67), [24], [14], (56): 
Sic. ay By Me By. 16: 
ae, 2 = 106), (12), [36], [67], (24), (14), [56] 


Hence, the group Cass =[Gu, T7, 02] (2,1), the group Gres =[Gx,, T7}. 


CORNELL University, July, 1915. 


On the Determination of a Certain Class of Surfaces.” 


By ArcmeR Evzrerr Youna. 


Introduction. 


The second fundamental form for a surface S referred to any set of con- 

jugate lines can be written + 
Ddw -+ D" do. 

If the surface in question has positive total curvature there exists an 
infinity of conjugate systems whose choice as lines of reference, the parameters 
being properly chosen, reduce this form to 

l D (daŭ 4+- do’). 

These particular conjugate systems have been named} isotherm-conjugate. 
If, on the other hand, the surface has negative total curvature, there exists an 
infinity of conjugate systems whose choice as lines of reference permit the 
second form to be written 

D(di®—dv*). 

We shall, for convenience, refer to such as associate isotherm-conjugate 
lines. Many well-known surfaces of positive total curvature have lines of 
curvature which belong to the class defined as isotherm-conjugate, while others 
of negative total curvature have lines of curvature which are associate iso- 
therm-conjugate. 

We have discussed in this paper the problem of determining all surfaces 
having lines of curvature which are either isotherm-conjugate or associate 
isotherm-conjugate. 

We show in Article I that on the surfaces having negative total curvature, 
the asymptotic lines form a network of infinitesimal rhombi, while on those 
`of positive the characteristic lines§ form a similar network. We may say, 





* Presented to the American Mathematical Society, December 31, 1915. 

t Bianchi, “Lezioni di Geometria Differenziale,” p. 113. 

t+ Bianchi, loo. ctt., p. 168. 

§ A name given by Pucci to that system of lines of positive total curvature, for which when it is 
parametric, = ae a= D'=0 (“Dell angolo caratteristico e delle linee caratteriache di una 
superficie,” Rom. Aco. L. Rend., TV (1889), pp. 501-607). 
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l therefore, that our problem is that of determining all surfaces on which either 
the asymptotic or the- characteristic lines form a | network o infinitesimal 
rhombi. 

- The problem i is treated in Article IT from the standpoint of the spheriçal 
representation of the asymptotic lines for surfaces having negative total cur- 
vature, and characteristic lines for surfaces having positive total curvature. 
After the derivation of the system of equations, on the golution of which the 
general problem depends, certain particular solutions are considered in Article 


III. -In the closing Article IV, we have reduced the problem to the solution me 


of the fundamental equations used in the Bonnet form, with the addition ‘of 
another equation in the same functions. .We are enabled thus to point out 
a general method for determining all surfaces of the problem which are solu- 
tions of the general “Problem of the Spherical Representation”. 


As, The Characteristic Geometric Properties of the Surfaces. . 
=~ Let ds* = Edu? +2Fdudv+Gdo* be the expression for the linéar element 
of a surface 9 of negative total curvature referred to gapo lines. The: 
equation of the characteristic lines, which in general i is* 
[D(GD—ED” ) —2 D' (FD—ED’') |dw?+ 2D (9D+ BD") A PDD" and 
+ [2 D'(GD’— Da. —D" (GD—ED” ) |do? 
_Teduces to. 
; Edu’ +Gdv*= 0, . 
since the lines of raference are asymptotic. They are, therefore, imaginary 
on a surface of negative total curvature. aa 
If the asymptotic lines on the surface chosen, form a network of infini- 
ia rhombi, theg expression above by a proper choice of parameters reduces to 


=2 (du? +2 cos 0 dudv-+dv"), . = D 


where @ is the angle between the asymptotic lines. 
' The equations of the characteristic lines and of the lines of curvature on 
the surface corresponding to. (I) are, respectively, du*+dv*=0, and du*—dv*=0. 
Referring the surface to lines of curvature by writing du+dv=du, 
du—dv,=dv,, (I) becomest+ ds* = 4 ((1-+008 0) dui + (1—cos 0) awi), and the 


equation of the asymptotic lines is now du?—dv?=0. Hence the theorem: 





* Eisenhart, Transactions of A. M. 8., Vol. V, pp. 421-437. 
t Knoblauch, “ Einleitung in die Allgemeine Theorie der Krummen Finchen,” p. 12. 
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If the asymptotic lines on a surface S of negative total curvature form on 
the surface a network of-infinitesvmal rhombi, the lines of curvature must be 
associate isotherm-conjugate. The converse is easily proven. 

From the form of the expression’ for the linear element just above, it 
appears that the corresponding surface will be isothermic; that is, have iso- 
thermal lines of curvature, when and only when . 
ase = _ f(u) 

ue p (v)? 
-where, of course, @ is the angle oe the asymptotic lines, and hence the 
‘theorem: 





A surface of negative total curvature which iai associate isotherm-conju- 
gate lines of curvature will be isothermic when and only when the tangent of 
one-half the angle between the asymptotic lines is equal to a function of one 
parameter divided by a P uneon of the other, the lines 5 reference being lines 
of curvature. 

Turning now to the consideration of surfaces having positive total curva- 
‘ture, let d3?= HE ,du*+ 2F,dvdu+ G,do* be the expression for the linear element 
of a surface referred to characteristic lines. ` 
z= DÝ 

G ? 
thus: . E,duv'+@,dv?=0. 

If the characteristic lines form a network of rhombi, then, by a proper 
choice of parameters, the expression for the linear element becomes . 

=A, (du? +2 cos 0, dudv + dv*), (T) 
where 6, is the angle between the characteristic lines. The equations of the 
asymptotic lines and of the lines of curvature on a surface which corresponds- 
to (I’) are, respectively, 

av + dv*=0, and du’—dv*=0. (0). 

Taking the lines of curvature for lines of reference, and following the 

reasoning of the preceding case, we easily prove the following theorems: 


Since = Di =0, the equation of the Ii lines may be written 


If a surface of positive total curvature has characteristic lines which divide 
the surface into a network of infinitesimal rhombi, its lines of curvature are 
isotherm-conjugate; and, conversely. . 

The necessary and suficient condition that a surface of positive total 
curvature, which has-isotherm-conjugate lines of curvature, shall be isothermic, 
is that the tangent of one-half the angle between the characteristic lines shall 

- be equal to a function of one parameter over a a function’ of the oiner, the lines 
of reference being lines of curvature. 
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II. Discussion of the General Problëei: 


If (1) is the first form for a surface S of negative total curvature, referred 
to asymptotic lines, the third form may be written thus:* 


- de’=u(dii*—2 cos 6 dudv + dv*), (IIT) 
where u = a K being the total curvature. 


Likewise, if (I’) is the first form for a surface S, of positive total curva- 
ture, referred to characteristic lines, the third formt is 


dé? = u (di’—2 cos 6, dudv+dz), (IIF) 


where u =2;/Ki, K, as before being the total curvature. 
_ If (DOI) is the third form for a surface 9, referred to asymptotic lines, 
the functions involved must satisfy the following equation: ¢ 


Ə log u Ə log u 
a +cos Ea 





3 3 logu 0 log u l 
= >| — A +eos 0 — > |, o 
du sin? 6 avL Ou y av | , () 
and, similarly, if (IIT) is the third form for a surface S, referred to character- 


istic - § 





z5 (u cos 04) + cos 6, 
. (2) 








Ə (u cos 6,)1 
aC cos 6,) + cos 6, ap ae a 
5. dv 


fe (u cos 6,) 
Ou l 
i, sin? 6, 


u sin? 6, 


For the purpose of comparison we write equations (1) and (2) in the following 
forms, respectively : i 











Pogu lagn p Plae (2 gE) $ 2 tog antf) 
sa sa] % m 
2h (8 at $ E tu 
+ 2 log tan — 2 gta = 0. (29) 








F Bianchi, loe. oit., p. 156. + Bianchi, loo., ott., p. 168. t Ibid., p. 156. § Ibid., p. 169. 
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The Gauss equation which the functions appearing in (1’) and (2’), 
respectively, must satisfy, may be written thus: 


eeg (Ake t TROBE) 9c ot? JE logu 214, tan 29 0logu 














2\ ow? ov" Oudv Ou 2 ow 
o 29 Alog u 20 6 20 
=, log tan 3 Bp +8 co Szu 4 cots as = =0,; -{3) 


where u and 6 are to be replaced, respectively, by uw, and 6, when used with (2’). 


The general problem, then, is reduced to the solutions of the pairs of 
equations (1'), (3) and (2), (3); the first leading to the surfaces of negative 
total curvature which are solutions of the problem, and ane second to those of 
positive. f ` 


As the general solution of these systems of equations can not be obtained, 
the general solution of the problem, from this standpoint, at least, is denied us. 
Particular solutions are, however, easily obtained, and the method of procedure 
is as follows: 

Having obtained a solution of the pair of equations (1’ ), (3). or (2°), (3), 
we have the third form for the corresponding surfaces referred, in the first case 
to asymptotic lines, and in the second to characteristic lines. The first forms, 
or the expressions for the linear elements on the surfaces, are then obtained 
by quadrature from one or the other of the following systems of equations: * 


mia PELOTA O log u 























Ologp _ dv Ou 
ou sin? 6 
ee 392k ue logu : (4) 
dlogp _ as où dv 
w sin? 6 
where K = —1/p°; 
ae PERET, cos 6,) 
3logp _ 1 By, Mr COB Ma E gy A 
du Ly sin? 6, (4") 
ð ə 
TTE cos 0, a> (K COS 0) + Jy (Hr 0801) 
Ov E u sin? 6, 


where KE, = 1/ø. 





* Bianchi, loo. oit., p. 155 and p. 168. 
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The Cartesian coordinates may then be obtained, following the general 
method, by the integration of a Ricatti equation or oy some special device, 
depending upon the functions involved. 

Before closing this article we shall call attention to some particular 
solutions which are suggested by the form of the equations (1), (2) 
and (3). 

Cast 1. If in particular the function u reduces to a constant, the corre- 
sponding surfaces are pseudo-spherical. All pseudo-spherical surfaces are 
included here. Likewise, if the function ù, reduces to a constant, the inte- 
gration of the equations (2’) and (3) leads to the surfaces of constant positive 
total curvature. , 

Case 2. If cos6=f(u+v), equation (1’) may be written in the form 


Flogu @ ogg 
ret EE att) 











Ologu Ologu\ _ 
aa JE) =0, (5) 


where ẹ being a function of 0 must be a function of u-+v.as indicated. The 
genéral solution of (5) is log u=F (u+v)ẹ4(u—v) +y(u+v), where and y 
are arbitrary functions, and @=2F'/F. 

Substituting this value for log u in the Gauss equation (3), changing 
parameters by writing ut+v=w, u—v=v,, differentiating, and separating 
functions of wu, from functions of v,, we show that the function must reduce 
to a constant. It follows easily that the corresponding surfaces are surfaces - 
of revolution. All surfaces of revolution having negative total curvature are . 
included-here. In a similar way, we obtain the surfaces of revolution having 
positive total curvature, from the solution of (2’) and (3), assuming that the - 
cos 6, is a function of the sum of the two variables. 

If, in particular, 0 is a constant, the integration of (1’), (3) and (4) gives 
as the linear element of the corresponding surfaces the following: 


nð 
pi Cto F | 
g = Mert naka (du’?+2cos6 dudv+dv"), (I) 
where b and c are constants and 0 is the angle between the asymptotic lines. 
The surfaces corresponding to (I) are the surfaces of revolution of negative 
total curvature which have the same spherical representation of their lines of 
curvature as the catenoid or minimal surface of revolution. To every value 
of 0 from 0 to x, there corresponds a separate surface. Beside the catenoid 
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corresponding to 0 = 7 we may mention a surface generated by revolving the 


parabola about a line perpendicular to its axis, and also a surface generated 
by a fourth degree curve having a conjugate point, as being included in 
the set. | 

Likewise, if 0, is a constant, we have as the first form for the corre- 
sponding surfaces 


erste) 


ae tan i 
ds? = CE (du? +2 cos 6, dudv +d"), () 


where 6, is now the angle between the characteristic lines of course. 


These compose the class of surfaces of revolution, of positive total curva- 
ture, which have the same spherical representation- of their lines of curvature 
as the catenoid. 


Casz 3. An examination of equations (1’) and (2) shows that if 6,=8, 
and the function 9 is chosen so that ; 


2 log tan 0/2 _@ log tan 6/2 
du? Ov" i 


the equations which u and u must satisfy are one and the same; and, hence the 
theorem: f 


To every surface S of negative total curvature which is a solution of the 
problem-and which has the tangent of one-half the angle between the asymptotic 
-lines equal to a function of one of the parameters divided by a function of the 
other, the lines of reference being lines of curvature, there exists another Sı 
of positive total curvature, having the same spherical representation of its 
characteristic lines as S of tts asymptotic. l 


It is easily shown that any two surfaces S and S, which are related in this 
way are isothermic surfaces, connected by the Bour-Darboux theorem.* It is 
easily proven: That all isothermic surfaces S and S, connected by the Bour- 
Darboux theorem are associates of one another, the asymptotic lines of one 
corresponding to the characteristic lines. on the other, and vice versa. + The 
converse of this theorem is true. 


* Darboux, “Théorie des Surfaces,” Vol. II, p. 243. 
+ We have‘discussed in detail in a previous paper the problem of determining such isothermic 
surfaces. 


11 


` 


w age | 
oP i _ sae 
Be tM@ HGF 6) 
oQ n l 
Em — NP = 0, 
where l 
___ 1 OVE : 
VG ay” >. 
io (7) . 
_ live 
VE du 
` the first and third form for the surface being respectively, 
dë = Ed@+Gd0, 0 0 ~ () 
dë = P* du? + Æ di. ` = (TH) 
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IV. Discussion of.the Problem from the Standpotnt of the Spherical: 
Representation of the Lines of Curvature. 


-Taking the Bonnet form® for the fundamental piati of a surface 
referred i lines- of curvature, we have 





For the surfaces oigb the parameters bemig properly chosei D = + D”, 


and hence, , 
E_@ re 


G P "ya 


the plus and minus signs corresponding respectively to surfaces of positivo 


. and negative curvature. 


- Eliminating G from (7) by means of (8), w we haze 
‘@log VE __P 


=¥F¥— M, 
ðv Q i 
P\ . (9) 
ð log (=~ 5 fs 
3log VE oe (9) ek 
Ou i 


`~ 


The condition for the integrability of (9) may be written thus 


Flog P : ; eoe 
ela) = 2 (£) £(w8) = = ` (10) 


* Journal de PÉcole Polytechnique, Vol. XLII, pp. 182-151. 





tp (8) 
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where the upper signs in both (9) and (10) are ‘for surfaces of positive total - 
curvature, the lower for those of negative. 
This equation determines the lines on the Gauss sphere which pernit of 
surfaces of positive or negative total curvature of the class sought, having 
them as the spherical representation of their lines of curvature. 





mca. the two cases reduce to one and the same when a (5) =0; 
fw E 


that is, when = i oy 


@ or) 
The corresponding surfaces are the potent surfaces discussed i in ake 
preceding article. 
Tf we make the substitution 


P -1 
== Nodut+V 
G 5 =f p u+V), 
. (10) transforms into the Laplace equation 
-3p : GlogM dp 
rs eae al 20 4 ug = o g oa cI 


Eliminating Q from the last two equations of (6) we have again equation (11). 
with ẹ replaced by P. 

The problem, then, is reduced to the simultaneous solution of the following 
system of equations: 


ƏM -ƏN 

S g PO =0, 
2Q° = 
ae 


(12) 
P dlogM aP 


dudv u w 
a => (= fNP,du+P), 
where P, is any solution of the preceding Laplace equation. Given any set of 
values M, N, P, Q, satisfying this system of equations, we have, by quadrature, 
from (8) and (9),. the functions appearing in the first fundamental form of 
surfaces which are ‘solutions of the problem.: The Cartesian coordinates for 
any point on the same can be obtained by quadrature as soon as the Cartesian 
coordinates of the corresponding point on the Gauss sphere are known. 

The problem of solving the. first three equations of (12) is identical with 
that of the “Problem of the Spherical Representation” as treated by us in a 





+MNP=0, 
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previous article.* If we add any fourth equation to these three we can expect, 
of course, a corresponding solution as the number of equations then only equals 
the number of functions to be determined. Considering the third equation as 
a Laplace equation for the determination of P we are led to choose as the new. 
equation some one of the following expressions equated to zero. i 





h =— MN, 
2 
ag “en mN, 
2 
n= Peg 
2 
AE fa tog (AE) Sie 


_ _ F (log Mk... ka) k 
duv en 
where 7 is an arbitrarily large positive integer. 

The general solution of the Laplace equation can be found when and only 
when h or k; vanishes.+ If hk vanishes, neglecting the case where the corre- 
sponding surfaces are developable, we may say that M vanishes. The corre- 
- sponding surfaces are those on which the lines v=const. are geodesics. -The 
corresponding lines on the Gauss sphere are great circles. The problem of 
determining these surfaces, then, is solved as soon as one determines the unit 
sphere referred to systems of great circles and their orthogonal trajectories. 

If, however, h does not vanish but k does, the corresponding surfaces are 
either surfaces for which one set of the lines of curvature, the lines v=const., 
have constant geodesic curvature, or certain surfaces having the same spherical 
representation of their lines of curvature as these.t{ Moreover, all these sur- 
` faces can be obtained by algebraic methods and quadrature from the general 
class corresponding to the case where h vanishes.$ 

And, in general, the surfaces corresponding to the case k,,,=0 can always 
be obtained by algebra and quadrature from those corresponding to the pre- 
ceding case k,=0. 

The totality of surfaces found in this way, starting with the case M=0 
and continuing to the case k,=0, where i is arbitrarily large make up the 
general class belonging to the problem of the spherical representation. 








tAE Young, “On the Problem of the Spherical Representation,” etc., AMERIOAN JOURNAL OF 


MATHEMATICS, Vol. XXXII, No. 1. 
+ See previous reference, p. 42. t A. E. Young, loc. cit., p. 47. § Loo. cit., p. 43. 
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The surfaces of this class belonging to our present problem can be found 
as follows: 7 : 

Taking the general class corresponding to the case M=0, we choose the 
corresponding functions E, G, P and Q so as to satisfy the relation * 

E U@ 
@ VP 
where U and V are functions of u and v, respectively, to be determined. The 
_ original class with these limitations on the functions are solutions of the 
problem, and, in fact, compose that system of surfaces belonging to the problem 
on which one set of the lines of curvature are geodesics. 

Again, taking the general class of surfaces corresponding to k=0, we may 
choose the functions P and Q corresponding, so that the last equation of (12) 
is satisfied, P, now being a general solution of the Laplace equation and hence 
actually known, and thus obtain at once the surface which we seek from the 
general class. Or, following the preceding method, we may choose the new 
functions E, G, P and Q corresponding to the case k=0 so that they satisfy 
(13) and thus obtain the desired surfaces. The surfaces in this case will be 
those of the problem having one set of lines of curvature characterized by 
geodesic curvature, and certain other surfaces having the same spherical repre- 
sentation of their lines of curvature as these. 

In general, therefore, the surfaces of the problem, involved in the solution 
of the “Problem of the Spherical Representation,” can be obtained from the 
separate systems as classified above by a process which involves nothing more 
difficult than the limitation by the simple algebraic equation (13) of the four 
functions appearing in the first and third fundamental quadratic forms, the 
lines of reference being lines of curvature. 


(13) 
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* The introduction of the functions U and V is due to the fact that no particular choice of parameters 
has been made, as was done when equation (8) was derived. 


-= On Orthoptic and Isoptic Loci. 
By Peor. Haroto Hron ann Miss R. E. Conoms. 


Section 1. 


. The nature: of the orthoptic locus (the locus of the intersection of- two 
perpendicular tangents) of a given real plane algebraic curve does not seem to 
have been investigated with any fulness, except that-the degree of the orthoptic 
locus has been obtained in: certain cases and a few of the more elementary 
properties of the locus have been given, at any rate when the even curve does 
‘not pass through the circular points at infinity.* i 

In the following discussion of the locus we.shall-denote the degree, class, 
number. of nodes, number of cusps, number of ‘bitangents, number of inflexions, 
deficiency of the given curve by. n, m, 6, x, 7,1, D; and the corresponding 
quantities for the orthoptic locus by n’, m’; &, x’,.8', U, D. 

We take a, o as the circular points at infinity. If we choose any points 
E, F on oo’ so that (EF, wo) is harmonic, the orthoptic locus will be the locus 
` of the intersection of tangents from ‘E and F to the given curve. ae 

` It must be understood throughout that, when we discuss the sennie 
fase of some special type of curve, we imply that the curve is the most general 
curve of the special type discussed, Otherwise the orthoptic locus may 
degenerate or be. simplified. For ‘instance, the orthoptie locus of a central 


conic is in general a circle; but it becomes a pair of lines through o and o' if _° 


„the conic divides wo’ harmonically. 
It must be understood also that the line. ao’ is never counted as part of 
the.orthopti¢ locus.. 
Section 2. 
First suppose ($$ 2-4) that the given curve has m? distinct wali foci; 
i. e., no inflexional tangent or bitangent of the curve goes through o or a’, the 
curve does not. touch aw’ or go through o or a’, ete. 





* Bassett, “ Elementary Treatise on Cubic and Quartic Curves,” §§ 68, 157; Zimmermann, Orelle | 
126 (1908), p. 188; Taylor, Proo. Royal Soo., 37 (1884), p. 138, and Messenger Afath., 16 (1886), p. 1; 
Jonquières, Nouv. Annales Math., 20 (1861); Loucher, tbid., IT, 11 (1892); Ljungh, Diss. “Ueber Mops 
und Orthoptische Kurven” (Lund, 1895). We have not been able to peruse this last paper. 
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Suppose two tangeńts are drawn to the curve fròm E and F meeting at P. 
Let E, and therefore F, approach o. Then, if the tangents at E and F do not 
become consecutive, P will approach a, the pencil P (EF, ao’) being harmonic. 
Hence, ultimately the orthoptic. locus has one branch through for each pair of 
tangents from o to the curve, and the tangent to the branch and the line aa’ 
form a harmonic pencil with the pair of tangents from o to the curve. 

Hence, through. @.4m(m—1) branches of the orthoptic locus pass, and 
similarly for o’, while there is no other point of the orthoptic locus on ow.” 
Hence, n’=m(m—1). i S - : 

Moreover, if oH, oH and oK, aK are two ME pairs of tangents 
from w and a’ (so that H, K are real foci) and-C is the middle point of HK, it 
-follows from the harmonic properties of a quadrilateral that o(Co’, HK) and 
a’ (Co, HK) are harmonic pencils. Therefore, Co and Coa’ touch the orthoptie 
locus at o anda’, t. e., C is a singular focus of the. orthoptic locus. Hence, 


~ - The orthoptie locus of a curve of-class m is in general of degree m(m—1), 
and its singular foci are the 4m(m—1) middle points of the segments ‘jointing 
any two of the m real foct of the given curve. l 


The intersections of a curve with its orthoptic locus are given by the fol- 
lowing theorem, the proof of which we leave to the reader: 


A curve of degree n and class m.in general cuts its orthoptic locus at the 
` 2m points of contact of tangents from the circular points to the curve, touches 
it at the feet of the m(m-+-n—4) normals which are also tangents to the curve, 
and cuts tt in the m(m—3) (n—2) points from which two perpendicular tan- 
gents can be drawn to the curve neither of which coincides with the tangent at 
the point, 
- Section $i ; 
We now consider the class of the orthoptic locus. It will be sufficient to 
find the number of tangents which can be drawn from w’ to the locus. 
First consider the tangents: from a’ to the locus whose points of contact 
are not on oa’, 
Suppose PH, P’ H to be two ponaaentive oat to the curve and* PK, PK 
the consecutive tangents perpendicular to PH, P'H. Suppose, moreover, that 
. PP’ passes through œ’. Then, because P(HK, oo’) and P’(HK, ow’) are har- 
monic, HK passes through œo. But H and K are beeen the points of con- 
tact of the tangents PH and PK. Hence, 


If a tangent from œ to the orthoptic locus touches it at a finite point P, 


the line joining the points of contact of the two pertendu tangents from 
P to the curve passes ii O~- . : : 
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Now suppose any line whatever through œ meets the given curve in 
H and K. Let the tangents at H and K meet at T, and consider the envelope 
of the line TV where T(HK, oF} is harmonic. By what has just been said, . 
every tangent from a’ to the envelope which does not coincide with oo’ will be | 
a tangent to the orthoptic locus. Now, in general, the envelope will not touch 
oo’, and hence the number of tangents from o’ to the orthoptic locus with a 
finite point of contact is equal to the class of the envelope. 

To find the class of the envelope, we find the number of tangents from o 
to the curve. The line TV can not pass through o unless oHK touches the 
given curve at H but not at K (or vice versa). If this is the case, however, 
wHK will be a tangent to the envelope at a point U such that (oU, HK) is 
harmonic. Hence, each tangent from o to the curve is a (n—2)-ple tangent to 
the envelope; so that-the class of the envelope is m(n—2). 

Now the only tangents from a’ to the orthoptic locus with their points of 
contact on aa’ are the m(m—1) tangents at the $m(m—1)-ple point o’ itself. 
. Hence, l 
m =m(n—2)+m(m—1) =m(m+n—3). 


Section 4. 


- We now consider the double points and cusps of the orthoptic locus. 

Let PH, P'H be two consecutive tangents to the given curve and PK, P'K 
the consecutive tangents perpendicular to PH, P’H. Then P, P’, H, K are 
conoyclic, and therefore the angle KPP’= the angle KHP’. Hence in the 
limit: i 


If PH, PK are two perpendicular tangents to a curve, the angle between 
PK and the tangent to the orthoptic locus at P is equal to the angle KHP. 


If PH is a bitangent to the given curve, there are two points of contact 
H on PH, and therefore there are two tangents to the orthoptic locus at P; 
i. e., P is a double point of the orthoptic locus. It will be readily seen that, if 
PH i is an inflexional tangent, P is a cusp of the orthoptic locus. Hence, 


The: orthoptic locus has a double point at each of the mr intersections of 
a bitangent of the given curve with a perpendicular tangent, and has a cusp at 
each of the mi intersections of an inflexional tangent of the given curve with 
a perpendicular tangent. 


It will readily be seen that all the cusps of the orthoptic locus are given 


. in this way. Hence, 
; K =M. 
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We have now found n’, m’, x and.can deduce ð, r, é from Pliicker’é egna 
tions. We find - . : 

n =m(m—1), (io is nI Satins nee 

x’ =m, ee E 

i =m(38m+x—6), D’=h(m—1) (m—2)+mD. 

Of the $m} (m+1) (m—2)?+2¢} nodes of the orthoptic locus mr are the 
intersections of the bitangents of the given curve with perpendicular tangents, 
and $m(m-+1)(m—1) (m—2) are accounted for by the $m(m—1)-ple points 
of the orthoptic locus at o and w’. There remain 4m(m-+1) (m—2) (m—3) 
others. Hence, : 

“There are in general 4m(m+1) (m—2) (m—3) points from which two 
pairs of mutually perpendicular iti ag can be drawn to a given curve of 
class m. 


- The results of $$ 2-4 are illustrated by the conic whose orthoptic locus 

is a circle through the intersection of the conic and the directrices. 
Section 5. 

In §§ 5-7 we give very briefly without proof the properties of the orthoptic 
locus of curves bearing some special relation to the line aw’. -~ l 

If the given curve touches ow’ at Y, the orthoptic locus has a branch 
through Z, where (YZ, ow’) is harmonic, corresponding to each tangent from 
Z to the given curve other than aa’. 


We find that, if the given curve touches aa’ at k points (which may or may 
not be cusps of the curve), — Ps 


n= (m—k) (m—1),  m’=(m—k) (m+n—3—k),  x’==(m—k) a. ` 

If the given curve has wo’ as inflexional tangent at Y, the branches of the 
orthoptic locus through Z are all linear and touch ww’ at Z. (more generally, if 
the curve has r-point contact with.ow’ at Y, each branch of the orthoptice locus 
has (r—1)-point contact with wo’ at Z}, and that l 

n'=(m—1)(m—2), m’=(m—2)(m-+n—4), x'=(m—2)(:—1). 

As examples of the results of §§ 2-5 consider. ER 

(i) A parabola, whose orthoptic locus is its directrix. z 

(ii) 3(a-+y) =a%, whose orthoptic locus is | 

814° (a*-+-y*) —36 (2®—2ey-+-5y*) +128 =0. 

Here we have m 
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The given curve touches ww’ at its cusp (0, œ), and therefore the orthoptic 
locus has:a double point at (o, ") the tangents there being 9y*=4, which are 
also tangents to the given curve.* 

The intersections (+ 3V2, +4 V2) of the inflexional tangent of the given 
curve with the perpendicular tangents are cusps of the orthoptic locus. 

(iii) y =x, whose orthoptic locus is 729y’=1082—16. 

The curve has oo’ as inflexional tangent at (0, œ), and therefore the 
orthoptic locus touches ww’ at (œ, 0). 

The orthoptic locus meets the curve where v= —4/9, which gives the points 
of contact of the tangents from a, w to the curve. The orthoptic locus touches 
the curve where 7=2/9, i. e., at the feet of the two normals of the curve which 
are also tangents. 


‘Section 6. 


In § 5 we considered a curve for which ww’ was a multiple tangent, tacitly 
assuming that no two of the points of contact divided aw’ harmonically. 

If this were the case, the branches of the orthoptic locus at œ and ow’ are 
as in § 5, but the nature of the other points of the locus on wa’ is altered, and 
the degree of the locus is in general lowered. We shall suppose that wa 
touches the curve at Y and Z only, so that (@w’, YZ) is harmonic. 

(A) Let the curve have ordinary contact at Y and Z. The locus has 
(m—3) branches through Y due to two perpendicular tangents to the curve, 
one of which touches near Z and the other passes close to Y but does not 
touch near Y or Z. Similarly, it has (m—3) branches through Z. It has also 
in addition a branch cutting ww’ due to two perpendicular ae one of 
which touches near Y and the other near Z. 

Example. The tricuspidal quartic s'y —4 (2+ y’) +182y—27= 0 with 
orthoptic locus a+y+2= 0. 

(B) Let the curve have ordinary contact at Y and a cusp at Z. 

The locus has (m—3) branches through Y and (m—4) through Z, and in 
addition another branch touching wa’ at Z. 

(C) Let the curve have ordinary contact at Y and an inflexion at Z. 

The locus has (m—4) branches touching wow’ at Y and (m—4) branches 
through Z, and in addition a branch touching ow’ at Y. l 

Example. The curve with tangential equation a‘+2u‘=A’x and orthoptic 
locus 227+y+3=0. 

- (D) Let the curve have inflexions at Y and Z. 








* Because ww’ is a cuspidal tangent of the given curve. 
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” The locus has (m—5) branches touching wa’ at Y and similarly for Z. 
It has in addition a branch touching’ aw’ elsewhere. 
Example. Au? =35 4u" with orthoptic locus 


(a—y)? +2(0+y) sae 0. 
and so on in all similar-cases, ` 
l Section 7. 
We now notice briefly some cases in which. the given curve passes through 
0 and a’. 

- If the curve has‘a linear branch Giron Q and w, the orthoptic loons has 
a branch through o touching the curve at o, and a superlinear branch of order 
2 at @ for each of the m—2 tangents from o to the curve not touching at o. 
The line ow’ and the tangent to the superlinear branch form a harmonic 
pencil with the tangent at.o and the tangent from. to the given curve. The 
orthoptic locus has-also a linear branch through o corresponding to each of 
the 4(m—2) (m—3) pairs of tangent from w to the oe curve not touching 
at o (see §2). We find - 

n’=m(m—1), w E +4, Let say +m. 
The reader may illustrate the above statements on the circle whose orthoptic — 
locus is a concen rie circle, or on the cissoid (a+1)*+2y?=0 whose orthoptic 
~ locus is 
‘16 (2+4) +108 (2+4) (22y) + 108a°+729y'= 0. 

Tf the given curve has two linear branches. through a, each branch con- 
tributes its quota to the form.of the orthoptic locus at o as stated above. The 
orthoptic locus has also two superlinear branches of* “order 2 given. by.the inter- 
sections of two tangents to the curve, one of which touchés one branch and the 
` other touches the other branch near o The two superlinear branches have a 
common tangent, and this tangent ‘and aa’ form a Permon pencil with the 
tangents to the curve at o. Ai 

Similarly, if the given curve has more’ fin two branches through o. 


If the curve touches. aw’ at o and a’, the orthoptic locus has m—2 linear 
branches through œ, of which -m— 3 touch: aa’ at o in. addition to the 
$ (m—3) (m—4) branches through o obtained as: ‘in. § 2, so that 

n'=2+4(m—3)+ (m—3) (m—4) = (m—1) (m—2).- 

Example. The three-cusped hypocycloid whose orthoptic locus is a circle. 

. The readér may consider the case in which the. given curve has cusps at 
o and a’, and illustrate by the cardiode whose orthoptic locus consists of a 
circle and a limaçon, all three curves having a common singilar focus. 
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Section 8, 


If an inflexional or multiple tangent of-the given curve passes through o, 
this tangent is part of the orthoptic locus. In this section n’, m’,.... refer to 
_the remainder of the orthoptic locus exé¢luding such tangents. l e $ 
If a bitangent passes through o, the orthoptic locus has 2(m—2) linear 
branches through o touching each other in parte, and $(m—2) (m—3) other 
linear branches through a. We have 


n’=(m+1)(m—2),  m’=m(m+n—3) —4,- x’ =m. 


If an bienon tangent passes through a, the orthoptie locus has (m—2) 
superlinear branches of order 2 at o, and 4 (m—2) 8) other linear 
branches through œ. We have 


n= (m+1)(m—2), ri’ =m(m+n—4), me 
Example. (20-+1)*=27 (2?+y*) with orthoptic locus ~ 
(16y'—162y?-+-40?+4y°—4a—1) (a? +4*) =0. 


If the curve has an inflexion at œ and o’, the inflexional tangents count 
twice over as part of the locus, and n’=m(m—1) —4.- 


Section 9. 


"The nature of the locus of the intersection of two perpendicular normals 
` of a given curve is readily obtained, for it is the orthoptic locus of ‘its evolute. 
Taking the general curve of § 2, its evolute is of degree n,=3m-+-x,.is of 
class m=n+m, has 4=0. andexious, ete. The evolute has n cusps at which 
ow is the tangent. rs l 
Hence, putting n, m, :... for n, m; .... in §5, and putting k= n, We see 
tint the locus of the aler sedion of two. perpendicular normals is of degree 
=m(m+n—1), is of class m= m(4m-+a—3), and has sae cusps. 
If the given curve touches aa’, 


n= (m—1)(m+n—2), mi=(m—1) (4m+x—6), x=0. 


For canis; the evolute of a. parabola is a semi-cubical parabola’ whose 
orthoptic locus is a parabola. 
If the given curve has aw’ as inflexional tangent, 


m= (m—2) (m+n=3), m= (m—2) (4m+x—9), xi=0. 


“The reader. may illustrate on the semi-cubical parabola. 


“3 
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ef, Section 10. : 
We here enumerate the types of real curve whose orthoptic locus is -of the 
first or second degree. . 
‘I. Orthoptic locus a straight line. 
(i) Parabola. 
(ii) n=4, m=3.° Curve touches aw’ in two points dividing ow” 
harmonically. 
II. Orthoptic locus a circle. 
(i) Circle. 
(ii) Conie. . 
(iii) n=4, m=3.. Curve touches ow at o and a’. 
IL. Orthoptic locus a parabola. 
. (i) n=3, m=3: Curve has oa! as inflexional tangent. 
(ii) n=5, m=4. Curve has œw’ as an ordinary and as an in- 
' flexional tangent, the points of contact dividing wo’ har- 
monically. 
(iii) n=6, m=5. Curve has two i dividing aw’ harmoni- 
cally, at which aa’ is the tangent. 
IV. Orthoptic locus a conic. 
(i) n=4,,.m=3. wa’ is a Vitaneent, 
(ii) n=6, m=4. oo’ is a triple tangent, two-of the points of 
contact dividing wa’ harmonically. _ 
(iii) n=8, m=5. ow is a quadruple tangent, two pairs öf points 
_of contact dividing aa’ harmonically. he 
As an example the reader may enumerate thé fourteen types of curve 
whose orthoptic locus’ is a cubic, and the thirty-eight types whose orthoptig 
locus is a quartic. z 


Section 11. 


We now state the properties of the isoptic locus of a given curve; i. e., 
the locus of the intersection of two tangents inclined at any given angle a.* 

To each pair of tangents to the curve from. 0) correspond ‘two branches of 
' the isoptic locus through o. .We have 


n' =2m(m—1),. i Tpit}. = 


*We suppose at0 and axtdx. It is not in general possible to distinguish the case in which two 
tangents cut at an angle a, from that i in which they cut at an angle sa. But consider the case of the 
circle or parabole. i ‘ 
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The curve cuts the isoptic locus at the 2m(m—3) (n—2) points from which 
two tangents can be drawn inclined at an angle a and neither of them touching 
at the point. It touches the locus at the 2m points of contact of tangents from 
o and w’* and at the 2m(m-+n—4) points such that a line making an angle a ~ 
with the tangent at the point touches the curve elsewhere. 

If the curve touches aw’ at Y, the-locus has (m—1)(m—2)-ple points at 
o and a’, and has an (m—1)-ple point at Z where (Yo Za’) has the cross-ratio 
etta. We find 

l n =2(m—1)*, m=2(m—1)(m+n—3), x=2(m—l1).. 

If the curve has wo’ as inflexional tangent at Y, the locus has (m—2)(m—3)-ple 

points at œ and œ and has (m—2) linear branches touching wa’ at Z. We find 


n =2(m—1) (m—2), m’=2(m—2)(m4+n—3), x’=2(m—2) (1-1). 
As examples consider (we write k for tan*a«): 
ay an ey EE 2 p2)2 p| , ¥ 
(i) = + p71 with isoptic locus /(2?+ y’—a’?’—b*)*=40°b (3 + a —1). 
(ii) y°=4ae with isoptic locus y*—4aa=k(a+a)*. 
(ili) y*=2* with isoptic locus 
3°k (a®—ky*)?—3°2*} (+h+2)a°+ (+3k*) ay*}. 
43°24} (P-k + 9k) a? + (2h? + 27k +-54h-+ 27) y} —3°2) (1 +3k*)7+25=0, 
touching the curve where =-—-4/9 and k(9x—2)’=81a, and touching ao’ 
where g= ky’. l 
To find the nature of the locus of the intersection of two tangents, one ` 
drawn to each of two given curves and inclined at a constant-angle, we have 
only to take away the isoptic locus of each curve considered separately from 
the isoptic locus of the (degenerate) curve, consisting of the two curves taken 
together.t l 
The case in which the given curves are both circles is well known. 
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A New Canonical Form for Systems of Partial Differential 
Equations. 


By L. B. Rosryson. 


Introduction. 


Some years ago Delassus obtained a canonical form useful for the study 
of systems of partial differential equations.* It is possible to reduce to this 
form a very large class of differential systems, but that the form is not abso- 
lutely general was discovered almost simultaneously by the author+ and by 
M. Gunter.{ Were the integration of the given differential system the only 
question of interest there would be no need to improve the canonical form 
given by Delassus, for when the given differential system is of the first order 
the above-mentioned canonical form is always valid, and it has been shown by 
Riquier that it is always possible to reduce a differential. system to the first 
order.§ ; 

But since canonical forms are often useful in the study of the comitants 
of either differential or algebraic systems, it seems desirable to give a canonical 
form which has no exceptional cases and will apply equally to a differential 
system or a system of polynomials. In the following paper the author will 
construct such a canonical form. It will be noted that the symbols X,, X,.... 
which are used to represent differential operators could likewise be interpreted 
as the variables of a system of polynomials.||. As the new canonical form is 
closely analogous to that of Delassus, it seems that it will be equally useful in 
studying the invariants or the characteristics of differential systems. In fact 
this turns out to be the case in some simple cases considered by the author. 


* Annales de U’doole normale supérieure, Vol. XIII, 3d Ser., p. 421. : 

t“ Notes from the Mathematical Seminary,” J. H. U., 1913. Oomptes Rendus, 15 Juillet 1913. 

$ Comptes Rendus, 14 Avril 1913. ; 

§ Riquier, “ Sur les systèmes d’équations aux dérivées partielles,” Annales de V'éoole normale, Vol, 
X, 3d Ser., p. 359. i 

|| Delassus, Annales de Vécole normale supérieure, Vol. XIV, 3d Ser., p. 21. 

{ For further bibliography consult Gunter, “On the Theory of the Characteristics of Systems of 
Partial Differential Equations” (Russian), Oomptes Rendus, 13 Octobre 1913; 23 Mars 1914; 20 Avril 
1914. Janet, Comptes Rendus, 13 Janvier 1913; 27 Octobre 1918. In the three above-mentioned notes of 
M. Gunter in the Comptes Rendus, resulta somewhat similar to those of the author seem to have been 
obtained. : 
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$1. A S of Diferential Systems with Regular Initial 


Conditions. 
Consider a system S of partial differential equations with independent 
variables a, 2z, ...., #7, and tnknown functions uy, Us, ...:,u,. The equa- 


tions are supposed to be solved for different derivatives of the ws in such a 
- way that no second member can contain a derivative of order higher than that 
of the corresponding first member. A derivative which is a first member of S, 
or a derivative obtained from a first member by differentiation is-called a . 
principal derivative. All others are named parametric.* ‘Let the values of 
the unknowns u and of a suitably chosen number of their parametric deriva- 
tives be given as functions of some of the variables œ for certain initial values 
of the remaining variables æ. We shall suppose that these initial conditions 
are all regular in the sense of Riquier:+ Let an integer or ‘cote’ be associated 
with-each of the variables 2 and the unknowns u in some convenient way,{ the 
‘cotes’ of the x’s being unity, and let the ‘cote’ of a derivative of an unknown 
u, be obtained by adding the order of the derivative to the ‘cote’ of u, 
; Let T be the maximum ‘cote’ of the first mémbers of the initial oE, 
We shall now consider the group of equations S,,, obtained from-the system ` 
S, prolonged by repeated differentiations, by selecting those equations in which 
the ‘cote’ of the first members is T+1. To simplify writing we shall consider 
derivatives with respect to four independent variables only as the reasoning 
would be the same in the general case, and shall use the- soHowane abbreviation 
for a derivéctive of a typical variable w 


Out hat tatty, ; 
‘ amaaa T S s fg, mi 
We shall now examine the three derivatives 
. a = (My, My, Me, M4), 
= (nx, ns, n +1, m), 
= (m, %, Mg+1, n — 1). 

Suppose that the first of ee is a principal derivative occurring in the group 
Spii- The second is obviously obtained from the first by differentiation. 
Hence, if the first is ‘principal, so is the second, It is to be shown, assuming 
as we have done, that the initial conditions are regular, that y is also 
principal. 

* t Riquier, “Les systèmes d’équations aux derivées partielles, Chapter VI. 


+ Loo. oit., Chapter XII. ; Qe ci 
$ Riquier, Chapter VII. j : 
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For suppose y to be parametric. Then it is derived from some parametric 
derivative of ‘cote’ T, obtained by subtracting unity from the exponent of one 
of its independent variables. Hence there are four possible primitives of y, 
viz.: ` D ' i l 


(tas Mas mtl, m2) Paes Bys Bar Dyan) (1). 
(m, m, na; 1) ` =Q (2, Xs, Tr; Ts...) (2) 
(My, %—1, mHl, m—1) =Ẹs (22, Wey ta, ts... ), (3) 
(m 1, na, mgt+1, m—1) =, (4, Ba, Lay Up...) (4) 


We have written the above initial conditions in the most general form. 
For in the Ẹ’s one of the variables, to fix ideas say x, can not occur as an argu- 
ment because if it did no derivatives of u could be principal, therefore u would 
be a parameter ‘just as in the following system: 

do : ` Ow | 
Jz = (7, Y u), Erg =4 (x, y, u). 


In the above system u is an arbitrary unknown. Let us write u=6(a, y) 
where 6 is an arbitrary function of æ and y. The derivatives of u are obtained 
by differentiating 0. They are evidently parametric. 


As for a, 2%, ...., we do not assert that they all occur actually in the 
¢’s, but when we say the system has regular initial conditions we mean that if 
x, oceurs actually in one of the functions $ then Tiis Tiss eeey Ug also occur ` 
actually in the same $,, 


Now returning to the eunin (1), (2), (3), (4) we observe sheet of all 
that s, can not®occur actually in (1), for if it did 6 could not be a principal 
derivative. For the same reason a, can not appear actually in (2) nor a, 
- actually in (3). And, therefore, from the hypotheses that the initial condi- 
tions are regular, it follows that Ta ‘and 2, do not occur in (1), and v, does not 
oceur in (2). 

So then we see that we can n not obtain y from the group of initial condi- 
tions under the hypothesis that they have the regular form. . Therefore y must 
be a principal derivative. In exactly the same way we can show that the two 
derivatives aes o. l 
(m+1, Nz, Ng, nm—1), 
(m, mtl, m, m—I1), 


must be principal also. We may now announce the following result: 
13 
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Suppose given a system S where the initial conditions are regular, Let T . 
be the maximum ‘cote’ of the first members of the initial conditions. Let 


(75 May eeen M5) 


be a typical first member of the group Sp41. Then all derivatives obtained by 
differentiating the above expression once, with respect to one of the independent 
variables a, %,....,% which are engaged therein, and then reducing by 
unity the exponent of the last independent vartable involved, are also principal. 


Call this property “ K.” As a simple example we may suppose oe a to be | 


a first member of ‘cote’ T+1 belonging to a system S involving only two inde- 
pendent variables 2, and a. Differentiate with respect to both of these 
independent variables. We obtain the derivatives 
du Ou 
onor? dak’ 
Then, if the initial conditions are regular, the group of first members of- 
2, ; 


au Fu 
Bess must also contain anon as well as EEA 


§ 2. "Proof that Systems with ‘the Property K Are Mii 


Treti. we shall show that if the given system. has the property K, the 
„prolonged system has this property also. For, let 


(m, Me; eeey Ra) 


be a derivative belonging to the group of first members of the system non- 
prolonged. Differentiate an arbitrary number of times with respect to each 
variable and we obtain ; 


(m+, mFas eeg mA). 


Differentiate this last derivative with respect to x, and integrate once 5 ith 
respect to «,. We obtain 


(n, +A, Nat As , eese nt+àrt1, ceee natà 1), 


and this last expression ċan clearly be derived pa 
l (nis Me, Paaa -» m+1, . —1), 


xui this last derivative surely exists among the group of first members if we 
assume that the system has the property K. 5 
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Select one of the unknowns involved, for example u, and arrange all its 
derivatives whatsoever whose ‘cote’ is T in the order* adopted by Delassus, 
and call this set of derivatives (4). From now on, following the example of 
Delassus, we shall use the notation 

Outta, sere Gogy 


Xý, Xp, Xp, eu Ayres ae am, Oui, 6.5) ORE” 


Let Xp, Xr, XP, ...., Xp, which we shall call (a), be a member of the group 
(4). Differentiate with respect to æ, and we obtain 


1 
XPH, XP, XP, ...., KM. 


Among the group of the derivatives of u there are a certain number from 
which we can obtain the last one by a single differentiation. One of these is 


ntl yY n —i 
xr s Xi Xp, vege ye 


which is anterior to (a) in the set (A). Differentiate (a) with respect to a, 
and we obtain 

Xr, Xpt, Xa, o, XP, 
which can be obtained from 


"ng+1 -1 
KA A os sepa y 


which belongs to the set (4). And continuing thus we can show that any 
derivative of (a) taken once with respect to 7, a, ...., 8p- can be obtained 
by differentiating some member anterior to (a) with respect to a, if n,>1, 
which is the case by hypothesis. 

Now differentiate twice with respect to 7, and we obtain 


Xue, XP, Ky, Kites, XP. 


If n,>1 this can be obtained from XP, Xf, Xp, ...., Apg? by differen- 
tiating twice with respect to æ,. If n,=1 it can be obtained from 


+2 -3—1 
XP+, XP, Xp, o.a, XA 


by differentiating with respect to £pi, x 
and we can say: 


» This course of reasoning is general 











* Delassus, “ Extension du Théorème de Cauchy aux systemés les plus generanx des équations aux 
dérivées partielles,” Annales de l'école normale supérieure (1896), Vol. IX. 
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Let (A) be the totality of the derwatives of u with respect to ta, Bj wnay My 

which have the ‘cote? T. Let 
(a)= T Taro Apr (a51) 

be a member of the set. If we diferentiate (a) once with respect to one of 
‘the variables ©, p41, --- +) qy and perform similar diferentiations upon the 
other elements of (A), the totality of derivatives found includes all the deriva- 
tives of u of ‘cote’ T+1. By differentiating similarly K times, a set is formed 
which includes all derivatives of ‘cote’ '+K. 

Suppose now that our system has the property K, and consider again a 
derivative of the set (A): . 
(a) = Xi; AS, APs a, A 
If it is principal, all its derivatives are principal. If it is parametric, we make 

the following argument: 


` Differentiate with respect to £p, p41, ....,%,. We obtain 
Ace ye ooa a Apt, 
a (1) 
Xr, Xy, Xp, 0., XP, Does 
Xr, Xr, Xs, way Xp, Xpt 
ilea palie PAE i : (IT) 


Xm Xm, Xe...) X9, X. 


If any one of the derivatives belonging to (I) or (II) is principal, then any 
preceding one is so, on account of the property K, which is assumed to hold 
_good for our system. Hence there are three possibilities: 

(a) AL derivatives obtained from (a) by a single differentiation with 
respect to Xy, Zpi1, +++-+, Zg are principal. 

(8) They are all parametric. 

(y) They are divisible into sets (I) and (II); of which the first is com- 
posed of principal derivatives, the second of parametric. 

Since (I) is composed of principal derivatives, any expression obtained 
from it by differentiation is also principal. As for the derivatives of (II), any 


one obtained by operating with 451, Gpiji2) ++- +s Vq Only may or may not be 
principal. But if we differentiate with respect to any members of the set 
Li, Do, +++ -y Vy, ONIY, Once or a greater number of times, we obtain a deriva- 


tive which is principal because we could obtain it from (I) also. 
We shall try to: satisfy the requirements by initial conditions of the fol- 
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lowing types. If a certain group of first aa aiaei from our systems 
satisfies condition (a), we, shall write down as initial condition porreepondidg 
to this type 
sS (a) Lx Kh, Xn, Sate , xXv=a constant, 
If condition (8) is satisfied, we shall write down as corresponding initial con- 
dition, 
(a) =X, Xr, Xe, orenere'y X= 9(2,, Uopry eeey T). 
Finally, if condition (y) is satisfied, we shall write the initial condition thus: 


(a) =Xp, Xp, Xr, .. ong KP =P (Lpi Upryear oo ees Pa) 
Note that 2, %, ...., p1 are excluded from ¢ in all three cases. In fact we 
agree that this exclusion shall make part of our hypotheses. 

Having assumed that the above types of initial conditions probably satisfy 
requirements, we shall now proceed w demonstrate rigorously that our suppo- 
sition is correct. ; 

We proceed as follows confining our attention to the case (y), because as 
a result of the exclusion of 2, %, ...., %4 from the @, the argument would. 
not be altered if conditions (a) or (8) were satisfied. 

If we differentiate. (a)-we shall obtain the initial conditions corresponding 








to (II) and its derivatives with respect to 2p. i141, Upijiay «+++ Zgo The right- 
hand members are f 
op Op dp 
Onpa O8psyz2”  ? Oa,” 


and their derivatives with respect to the variables involved effectively” Hence 
it is clear that if @ contains actually all the variables in the range. 


E Dptjtls Pptjtos +e rs Ugy ; 
we should certainly obtain by prolongation all the initial conditions corre- 
sponding to the parametric derivatives of ‘cote’ higher than T. The only 
questions which can now-arise are the following: 

(1) Can any derivative of the ’s correspond to a principal derivative? 
For in that case the @’s could not possibly contain all the variables of the range 
just mentioned actually. i 
(2) Can we, by prolonging the Hr tof initial dondon ada teoted in the 
manner described in the preceding paragraphs,* obtain two different expres- 
gions for the same parametric derivative? l ; 


* The description of the construction of the initial conditions runs from the top of p. 100 to the 
bottom of p. 101. 
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If we can answer these two questions in the negative, we shall have 
demonstrated that the initial conditions constructed in the way just desoribed, 
and which are obviously regular, correspond exactly to the type of system 
under consideration, i. e., systems with the property K. 


Solution of the First Question.. 
i Firstly, we agree'that from now on systems which have the property K 
shall be called canonical. Then let 
SKE, NE X unun ened oak 
be a derivative whose TRE is T, where f 
mtmtnmt.... +n +S =n. 


Furthermore, let . - 
Baer Ip, XM, oia ee 


be a derivative whose ‘cote’ is +1, where 
m+ m,+ m+... . +m +S+i=n, 
and where 7 is an integer positive or negative. 
Suppose that the first of these two quantities is parametric. In fuck: were 
it not so, it would not figure among the group of derivatives corresponding to 


arbitrary initial conditions, and we should not be obliged to consider it at all. 
Our object is to prove that if we differentiate the expression 


XY, MP Xs, 65 524 Kp, Kp (Boy Dprrs oee vy Da) 


with respect tO Zp; Lpyzy +>- -s gy We Shall not obtain any derivative identical 
with 8 or a derivative of 8.* l 

To accomplish this we proceed as follows: Firstly, suppose one of the m’s 
to be greater than the n with the’same subscript. We then write side by side 


. (a) Xp, Xp, Xp, ...., Kye, X = (2p, PEETA Ys 
(8) XP, XP, XP, ...., Xpt, Xp =M. : 


“If we differentiate the first of these with respect to a,, Tya» see, @ Only, the 
exponents of X,, Xz, Xz, ...., X, 4 will not be increased, and therefore one of — 
the ms will always be superior to the n with the same subscript. Therefore, 








*It may happen that cy, @p,...-, ®,; do not occur actually in ¢. Then we differentiate with 
respect tO @piji1) Upyjiny res Pee eis aie 
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in this case, a derivative of (a) with respect to the specified variables, can not 
be identical with 8 or a derivative of 8. But if 
N, = My (r=1, 2, ...., p—1) 
for all values of r, we differentiate 8 as many times as is necessary to make 
the exponent of X, equal to n,, the exponent of X, equal to n,, and in general 
the exponent of X, equal to n,, where r=1,2,....,p—1. Sincei>1, we may 
now differentiate (a) with respect to a, until s becomes equal to s+i. Now 
we can write the two expressions derived from « and £, 
a A X7, Xp, a Seay gly Xp oe (Bo, Bais, so eal 
BRAT A aa ota Xea, a 

Now if contains a, actually, a’ is parametric, while @’ is principal, 
since it is derived from 8 which is principal. But a’=§’, therefore if ¢© con- 
tains v, actually, we are led to a contradiction. But we shall now show that 
x, can not occur actually in œ which is the primitive function from which 
$£ is derived, if the system has the property K. 

For we have assumed that 

Xr, Xr, AM). coe xy Xp, By 
is principal. Therefore, 
© XP, XP, XP, ...., Xog, Nee Keh 

is also principal. Then from the property K it follows that 
- Km, XP, Xm, aa., Keg, Kogt, Kaim 


is principal. A repeated application of the same rule shows us that 


RB Xn, Xr, oo’ Xp, Rea AE 
are all principal. Now let us consider the group derived from 
a= XT, Xis, XG, n, Apd, p= (Tp, Bir, 0), 
by differentiating it once with respect to £p, ptrs ...-,@,. We write it 
Kt, Xp, XP, ey Kp, HS, 
DY Xr, Xp, iy apy Xi, gD 
Xm, Xm, Xp, ...., Kteq, X3, X,- 


The first of these we have just shown to be principal, but in any case it follows 
from the fact that the first member of the above group is principal that we 
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must equate a to @(api1, pio) +--+, Uy), Where @ may not contain actually 
all the arguments written down, but. surely. gontains all those posterior to the 
first one which occurs actually. Then, if we differentiate a with respect to 
Lopis pro + +++, Zz, We Shall not obtain any derivative identical with 8. For 
we have assumed in this case that n; 2 m; for all values of i Also the order 
of @ is greater than the order of a by unity. Hence, the exponent of X, in B 
is greater than the corresponding exponent in a. And if we prolong a by 
differentiating with respect. to ©,41, Zpis,) ».++) Zg, We Shall not increase the 
exponent of X,. Therefore by that operation we can never obtain a deriva- 
tive identical with 8 or with a derivative of 8. i 

The above is a special case given to illustrate the method employed. Let 
us pass to the consideration of the most general case. Let us compare 


(y) AY, Xy’, X5’, ee. ees Apr, X ` + 
(8) AM, Xe", Xs, exe o Ape, Xori, Xim & AEE Sera | Xz, 
where 
Mb tigt.... +2, stn,rtS=n—l, 
and 


mMy-+ m+ mgt.... +m, etm ztrtitj+....4+4K=n. 


Assume that (y) is parametric and (ô) principal. In the case where at least 
one of the m’s is greater than the n with the same subscript, it is obvious that 
no derivative of (y) with respect to 7, %41, ...-, @ is identical with (6) or 
a derivative of (6). But, suppose, 


NZ M, (i=1, 2, ...., p—1). 

There are two cases to be disposed of. Firstly, let r>S. Since (8) is 
principal, f 

XP, Xr, XP, o Xa, Kpa, Xh, Xho Kinm s X 


q 
is surely principal, and it follows from the property K that 
Xm, Xp ', XP 5 Sag e eee ad Mi Wee! pn eet 
is rimapa And a repeated application of the above process shows us that 
Xr, X3, Ags o.ae, Xpt, Xpt, ae 
is certainly principal. Hence v, can not ‘occur actually in the arbitrary 
function @ which corresponds to (y). And since r>S no derivative of (y), 


with respect to 211, pgs -+ -s % is identical with (ô) or with a derivative 


of (ô). 
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Now let us consider the case where r SS. Then | 5 
Kr, Xg, X, -> Apie, X; Xor Xora TED. C 
is penoa and | continuing the process, we show that- i 
Xm, Xp, XB, ERT Apes, Xp, Xps Aya 
is principal. k a similar fashion we can show that | 


XD, Xt, XP, +. + Xp, Xpt, hii 


I MA cong Xe bat Xe, Xt, X oth) 


are principal, and we write our initial condition 


t, XP, K, n o IL X; =o laa, pasaja 


Comparing this a 
xm, XP soak ons XEOM, 


and Wace the two equations, we shall arrive at. no incompatibility since 
the second expression contains a factor X},, where f0. Thus we have given 
a negative response to the first question. 


l Sonme of the Second Question. 
Let us write p d ot 
mak ae ee » X7 =$(4, Tg- a £ )s l Ry +0, F (IE) 
XM, Xe, « Xp” =V«, Ly y Totis mare ) > m, 0, : 


where : 3 3 
E O m +m +... H =n, 
mtm... Hm =n—1. 
At least one of ihe ms. „differs from the E n, for the two expres- 
sions arè ‘assumed to be. different. ‘Then since the sum of the m 8 equals the 
sum of the n ’s for one value of 4 at ‘least, ‘m,>%%, and for at least one value of j, 
whgeh letter i is ‘different from i, we have the inequality n;>m,. It follows that 
the exponents of at least two of the X’s in each of the expressions of (III) are 
different. Therefore, we have the inequality nE, where iÆp. Therefore; : 
if we differentiate (III) an arbitrary number of times with: respect to z,, 
Botis +++ +) Zg We Shall never arrive at incompatibilities. In case m,=0, n40, 
the course of zeasonig is not different, for we write . : 


XS, XP, oo. Xt, Xp = ICA a 
: -X7 ', XP, or räpi o mip Ips e me . 
a ee ie sare Pe oe 
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Then at least one of the m’s is greater than the corresponding n, and again we 
see that no incompatibility can arise. - 

All that we have now proven is” only- a generalization of section 197 of 
Riquier’s book. 

Section 3. 

The facts which are now at our disposal ‘will be used to rectify a defect i in 
the work of Delassus. This author, in the paper we have cited," has reduced 
any set of equations to a canonical form of which, however, there are excep- 
tional cases. The determinant 

pes a o caees) 
OE, Ea, 20+, bp)” 
mentioned on page 436 of his work actually does vanish for certain-exceptional 
cases. The following example makes this clear. Indeed, the reasoning of the 
last paragraphs of page 436, and the first paragraphs of the following page is 
a little defective. 

It is easy to show that if we are given a set of paa differential equa- 

tions, there is no unique canonical form which is at the same time orthonomic. 
- To prove this let us take a system of partial differential equations of the 
second order containing three equations. When there are only one unknown » 


_and three independent variables, the maximum number of derivatives which 
“may be involved in this system is six. Denote these by X?, X,X, » XX, XG, 


X,X,, X2, and take them three’at a time. There will be twenty different 
combinations. > : l 

` Let us suppose that X3, X,X,,- xX are the first members of our system. 
In other words let us write the system thus: 


Xi=f, XX= fz; XX= fs, p f (I) ` 


-the second members being functions of the independent variables 2,, 2, and 2, ` 


only: Let us now consider the system , 

Xi=o, XX=, Xi=Q - _ (ID) 
the second members being of the same type as those of the first system. 
Furthermore, let them satisfy the conditions for the passivity of. system (II). 
We can easily show that no linear transformation of variables will ‘send the 
set (IL) into a set of type (I). For, make the change, © 


Uj = am -+H blt CH, 
x = a't +b Tt C'T, 
wa" mtb" THe" a. 





* Annales de l'éoole normale supérieure, Vol. IX. (1896). 


Systems of Partial Differential Equations. . 107 


Then, : 
Xi =a XF +2aa‘'X,X,+2aa" XiX t.n, 

X, X = abX? -+ (ab' + a'b) XiX, + (ab" +a"b) XIXH... 
Xi= X +2bb' XX+ 2bb" XX+... 


and it is easy to see that the determinant 


a’, 2aa’, 2aa", 
ab, ab'+a’b, ab"+a"b, 


b,  2bb', 2bb”, 
vanishes. ~- _ 
‘We next consider the possibility of transforming (L) into a system whose 
first members are X?, X,X,, XX. We easily see that no choice of ‘cotes’ 
- will make these three quantities normal] to all three of the expressions X,X,, 
xX}, X}, and therefore a change of variables followed by a resolution, leads to 
a set which is non-orthonomic. And if we examine the eighteen cases which 
remain, we shall see that we shall obtain similar results each time. - 
The above simple examples show us that cases exist where it is impossible 
to make a reduction to a fixed canonical form which is also orthonomic. 


- Section 4. 


In what follows we shall show that it is always possible, by the aid of a 
linear homogeneous transformation of the independent variables, to put any 
system of equations into a form which shall be a special case of what we have 
called the canonical form. This form, indeed, varies with the system of equa- 


tions, but is so defined that when the original system is given, we can say what. 


the canonical form shall be. Likewise we shall see that we can determine 
whether or not the system is passive by a finite number of operations, since 
our canonical form is regular. From now on we shall call the canonical form, 
defined in the first section, form (A), and the new form about to be defined, 
form (B). (A) contains (B), that is if a system enters into form (B), it cer-— 
-tainly belongs also to (A). 

We shall, to simplify writing, define our new form in the case of three 
independent variables only. It is characterized by the following property: 


If XPXEXS ts a first member of the set, then 
Kp A Xe, AEA APT, XPT UNG, 


are also first members. In fact any quantity is a first member which possesses 
the double property of 3 
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(a) being obtained from APXPXP by adding ‘hit to one exponent, and 
subtracting it from another. 

(b) being anterior to XPXPXP according to the definition o anterior 
given by Delassus. 


Let us call this double property (J). It is easy to see that this new form 
is less general than the canonical form (A). For if a system possesses the 
property (K), the existence of XXX% among the group of first members 
“involves the existence of X*X#41X"-! and X2+1X%X%-1 in the same group, 
but not the existence of X@*1X31X&, l 

In the second section we have shown that if a system possesses the 
property (K), the prolonged system possesses the same property. By the 
same method we can show that if a system possesses the property (J) the pro- 
longed system possesses it also. 


Section 5. 


We shall now proceed to develop a method by which we can transform the 
most general system of partial differential equations into canonical form (B). 
Firstly, we shall demonstrate the following lemma: 


Given. an equation 
OSE crag Oh ain dg Bye BN 


belonging to the most general system S, where z and o represent the deriva- 
tives of a class* greater and less than ô, respectively. Suppose that it is 
desirable to solve the system according to the general method employed for the 
_ solution of implicit functions, and that the initial values are 2o, Yo, ..+ +55, 
acy Uy eee, Oy. Lt is always possible to solve the system S in such a way 


that the initial values of all derivatives of the type of shall vanish. 
For, consider the system 


Si=Pi(@y Yy one ny Gy vv ecg Ty vee) Oo= hoy oe ey =: 


Suppose that =— ot 2 TEN Then we can kalve the first equation of ube system with 


respect to tı a eliminate +, from the second members of the remaining equa- ` 
tions of the set.t Since s, does not occur among the first members of these 
remaining equations, nor z, 6;,...-,6, among the arguments of the first - 





* For-the meaning of this word see Riquier, loo. cit, p. 208. 
+7, is any one of the r’s. 
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equation, or of the first baan solved with imit to T the system can now 
be written: l 


=f, (zy, ... On Oy «es +), Shey =F, seres On fa 
And so we can repeat this process until we exhaust all possibilities and obtain 
a system of the type desired. 

We will now suppose, in order to fix ideas, that our system is composed of 
equations all of order n,.and involving only one unknown u. Furthermore, let 
it be of the type described in the lemma. Finally we shall write it E; 


E&i +o. (n...) 50, -- 
Es +s (n...) =0, 


Epit Ppi la.. are, 
č +6, (n....)=0. 


If we suppose all the derivatives of ordér n written down in the order adopted 
by Delassus,* £, shall be supposed posterior to £,, č posterior to £,, ete. But 


we do not assert that £, follows immediately after £,, or that E, follows imme- 
diately after £,, ete. There may be intermediate derivatives. As for č we 
make no hypotheses concerning it. It may occur anywhere in the range. 

We have assumed our system to be of the type described in the lemma. 
This means that if in the equation : 


ee 


ĝ; contains some derivate; say 7 anterior to Ee then pi =0 at the- initial | 
points Vp, Yo, ++ +3 Oo; +++) To, +, OF the solution. 


Now let 
ce CaHXpxpxp. | 


Suppose XPXAPX# to be absent.from the group of first members of our system. 
We shall call it ¢,. We are going to demonstrate that the system whose first 


members are ; 2 
; Š, be, ari eeg Ep- Č; 


can, after a linear homogeneous transformation of the independent variables, 
= 0a, tbt, + cts, f 


y= 0H, Hb Lt C Ds, 
=" m +b” E40” as, 








* Annales de Vécole normale supérieure, loc. cit., p. 426." 
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followed by a resolution with respect to the proper derivatives, be changed 
* into a system whose first members are 


Eis Bay ees Ep ay bp. 


It will be sufficient to dicate the points wherein our proof differs from that 
of Delassus. 
Let us return to the system S. It is our object to solve this system with 




















respect to £i, Es, ...., &, starting from the initial values EP EM urera En 
7, ...., and we must show that the functional oa oand vanish 
for these initial values. The functional determinant of our p equations, after . 
they have been transformed with respect to #1, &, ...., & is, 
Ob, êp ðn d Oy On 
“Aer 5 oar Es a T = Aer 
a A "On OF OE, *~ On OE,’ 
D=| Ops | y Opa On ` Ép | Pp- On 
= Ls oT rr) > 5 £. Ayer 
OE Tt? Oy E ba 1 On OE,’ 
` og ap; ðn a Op, Ən 
= z Bgry eeo r~ > E Der 
OH On OH BE Tn BE 


If She po for the initial values, then a ‘hypothesis se is anterior to 4, 
` : 
in ee ... a pi = l ' 
And so following the same course of reasoning as Delassus, we retain 
oly the. first members of each element of the determinant, We are left with 


l A= o (i, fes : oe ey Eps 2) . 
l Iis Eer ecr he) 
Then consider the minors of the above determinant A 
The diagonal of A, , consists of the elements 


Of, dk, Ob 1 
df,’ Ob? °°? Oke a 
Each of these terms is of degree n in a, b'; c”. For let &=Xj™Xj;*X,% 
Then,.clearly, £,=X?X#X%, where {k=1, 2,...., p—1{.. After transforming 
we obtain 
XpXpXy = (aX, +a’ X, +a" Xi)“ (bX, +b Xa +b" Xa)“ (CX, te Xi +0" Xs). 


OF, E’ __ gahto ”aæ which con- 


dEr 
tains no other quantities except a, b’, c”, and is, consequently, of the n-th degree 





pp?) 


ee eee 

















The coefficient of X aX X," is auh’e”™, 
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in the above-mentioned quantities. . ‘Bo = wit 0, but is of ee (gc in 
a, b', c”. r 

Let us now consider the expression $ : 

ESXEXHXHH, or X#OXPYXS, or XPOXPXPH 
Let us suppose that the first equality i is the one venice exists, for the reasoning 
will be the same in the other cases: l 
XPXPAP = (aX) +a'X)-+0" Xp) (DXI +0' X, +b" X)" (Xi + X,+ c” X3)%. 
The coefficient of XX7 Xy+! is clearly obtained by expanding 
aspen o XXX (bX + b'X,+6"X;,), 





Let = Then, 


and is clearly a%b’=~b"c”* and is of degree n—1 in a, 6’, c”. ‘Hence ogy is 


Ép 





of degree n—1 in the same quantities. 


Or Oy o% 


We can easily convince ourselves that E E > are.of degree 
j PATA E ger 








}(n—1) in the a, b’,c”. Also we easily demonstrate that all the minors 
Asai aah . Ay, 1 are of degree less than n(p—1). ‘Therefofe, the whole de- 
terminant does not vanish identically, but is al of source n(p—1) ` 
+(n—1) in a, b’, c”. 

Thus we see. that if XPXPXH? 18 among the group of first members, either 
X*:X3-11X% is a first member, or it can be made a first member by a linear 
homogeneous transformation followed by a resolution. Similar reasoning will 
show that we-can make the same statement with Tespect to XPM ASK and 
Xet yah, J 

We can follow a course of reasoning parallel to that of Delassus in case ' 
the various equations of the system are not all of order n, or if there be more 
unknowns than one. It is easy to see that we can establish the convergence of 
the series formally satisfying our canonical system of equations by the method 
of Delassus, 2. e., by reducing the given.system to a system of systems of the 
type of Kovalefaki. 

We should also note that a system can often ‘be made: daioniedl in more 
than one way.. For example : 


Zu au Qu Beu A 


ga Th anm), g mðn T Bayon, ~° Bak 
and 
Oru Fu -, u 1 Au 





On =j (isn), 02,02 Oa, 2 OL, c 02,02,’ 


are equivalent forms, and both are canonical. 
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| So far the author has Siew that since the canonical form developed is 
“regular, it can be determined whether or not it is passive by a finite number 
‘of operations. But the knowledge that the canonical form is regular is not 
necessary for this purpose. In fact, it-can readily be shown, that using the 
known theorems concerning the invariants 2 and u, we ċan determine whether 
_ or not-a given system at certain points not solvable in orthonomic form, is 
passive HaPOUgnOnS the entire space of n dimensions. ` 2 
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Fourier’s Constants of Functions of Several Variablés. 
By Dz. W.-W. K¥erimeans. ms 
; In Vol. LVI of iie Mathematische Handlen; A. Hurwitz: has shown how 
2 to express the. product of two ordinary Fourier’s series in form of another 
Fourier’s series, or, stated differently, how to compute. Fourier’s constants of - 
the product. of two functions from those of the functions themselves. In the 
following pages we solve the corresponding problem for. multiple Fourier’ 8 
Series. In order to simplify matters the work is carried through for double 
Fourier’s series only, but results and proofs, admit of immediate and obvious 
generalizátion to n-tuple series. à : ` a 
The solution of out eee depends vitally upon a proof of the relation * ba 


3 CAN ENEN SM . xe 
af £ i z,y)] dedy= È, F EROE 





where (a, b, C, d) yi are Fourier’ s constants of fle, y) and have the values: 


a) er cos ua cos v8 E i 
6 bj Lp sin ua cos v8 f .. 
Jef LF [teo cos ua sin vB a ie í (ay 
2, o S ea sin ua sin v8 l 


The analogue of. this relation for functions ofa single variable is due to 
_ Parseval, and was proveéd-by him on the supposition that the function in ques- 
tion is really represented by its Fourier’s development and that this series is 
integrable term by tearm. In 1893 de la Vallée-Poussint gave a ‘proof requiring 
_ merely that the function and its square be integrable. Hurwitz, in 1903; again - 
called attentiof* to the wide scope of the theorem, gave a new proof, and applied . 


` *In the following (40°44 g a stands for (a Oar toan +E yr) ‘and 80 on. H(e) denotes _ 
the largest positive integer contained i in-s. center we will write Apr in-place of 2” (aat (Fa), 


4 when p=»y=0,_. - fa 
then taf “« =o, »>0 or p> 0, =o Aes, p? i 
1 “ p>0,>0. sg e E f 7 
+ De la Vallée-] -Poussin, Ann, de i Bo; Botent: de Bhat, Vol, XVII, Dp 18, 
15 a 
Mka a? 


“a. 
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it to the problem mentioned. More recently proofs of varying generality have 

been added by Fischer, Stekloff, Fatou,* and the formula has gained consider- 

` ably in interest through the researches of Riess and Fischer (Riess-Fischer 
Theorem) .t a 

The first three paragraphs of our paper are devoted to proving seliti (1) 
by a method which like those of de la Vallée- Poussin, Fischer and F'atou involves 
the use of Poisson’s integral. (For a brief survey see § 3.) We, too, make no 
assumption regarding the convergence of the Fourier’s series of f(a, y). 

All we demand of f(x,y) is that it be bounded and possess a Riemann 
double integral over the fundamental square.t For convenience of language 
we will suppose f(z, y) periodic 2x, so that 
i res A 


1 
f(@+2nk, y+2nl) =f (s, y) for f l=0,1,2,.. 


These conditions insure the existence of Fourier’s constants (a, b,c, d)y,, but 
do not in any way prejudice the question of convergence§ of the formal 
Fourier’s development for f (æ, y) which we can write: 


` Fle, y~ 5 I/A [Gar COB ut-+b,, SIN ux) COS VY 
: M y= 
+ (Cay COS UT- dgy BIN UD) sinad (3) 


How relation (1) can be utilized to solve the problem originally proposed 
is shown in § 4. 


§1. Preliminary Theorems. 


Tueorem I. If (x,y) is bounded and integrable|| in the fundamental 
l square and can be represented by a trigonometric double series which is uni- 
formly convergent in this closed region, then the trigonometric series is a 
Fourier’s sertes (that is its coefficients are given by formulas of type (2)). 


The proof is so closely analogous to the proof of the corresponding 
theorem for ordinary Fourier’s series that we will not reproduce it here, 


* Fischer, Monatshefte, Vol. XV, p. 69; Stekloff, Hem. de PAo. de 8t. Petersborg, Vol. XV, Ser. 8; 
Fatou, dota Math., Vol. XXX. 

+ Riess, «ber orthogonale Funktionensysteme,” Géti. Naohr., 1007; Fischer, Compt. Rend., 1907; 
also Young, Quart. Journ., Vol. XLIV; where this relation is shown to represent the necessary and 
sufficient condition that a given ene series be the Fourier’s series of a function whose square 
is integrable. 

t By the “fundamental square” we mean the square (—r, —r; x, n) whose lower left-hand and 
upper right-hand vertices are (—x, —r) and (m, m), respectively. 

§ In the Stolz- -Pringsheim sense. Of. Münchner Sttzungsber., Vol. XXVII, p. 101. 

~- E All integrals in this paper are to be taken in the Riemann sense. 
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Tueorem II. If f(a, y) and (x;y) aré both bounded and integrable in 
the fundamental square, if furthermore (x,y) can be developed into a double 
Fourier’s series, mony connergeni in this region, then 


T aS. S fav) (2, 9) dedy= È (Oa +bBtey + n/A (4) 


"where (a, b, c, d)ar, ( a, P, y; Ò), are the Fourier’s constants of f and 4, 
~- respectively, — 


To prove this theorem multiply the Fourier’s expansion of $(2,y) by 
f(z, y) and integrate term by term over the fundamental square.+ If, in 
. particular, we let (a, y) = f(x, y), equation (4) goes over into (1). The 
latter relation therefore holds in the special case, where f(a, y) can be 
developed into a uniformly convergent Fourier’s series. To prove it for any 
integrable f(x, y) we need further preparations. 


Lemma: The double series 


S = > ACs Hte FP)pa/ Ar (5) 
hv : 

where (a,b, c,d) ,, are the Fourter’s constants of a bounded integrable function 

f(x, y), is absolutely convergent and can be summed by rows, columns or 

diagonals, . 


Proor:. Define (a, y) by the identity 


is s 
Hayy) =f(0, {B45 E (an cos ue tbi sinun) 


453 (do, Cos vy + Cop SIN vy) 
$ pol - 
+ S15 Uae» C08 wat by ry BİN u’) CoBY'Yy 
Aes 


+ (Cg ene. sin p’ x) sinv'y]}. 


* Cf. note * p. 113. 
t The reduction is effected by means of the well-known formulas; 


sin gin __ 9, if espa, 
J cos “™ cos Maio — T, if r=) £0. 


T 
f sin xe - cos \wd@—=0; [ce sin kæ da—0, if SERE 
-F 
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‘Suuaying both ‘sides of this,equation sa | sa * . | 
bea) =U PHE È Catley) 008+ Ba fz, 9) 8 en) 
a © + È (awf (2y) 008 ry +e fay) sinvy) 


“+2 LA $ [aw » f(a, y) cosp’ COB Y ytbws f(a, y) sinp'a: er 
_ wolr - < 
pis yf (%, y) cos w’ sin y p 5 „f(a, y) sin u's sin v ‘aif (6) ~ 


+ = + zz, (ai, cos? ua + bio 8 sin ua) +3 È {ar cos? ryto sin nee) 


m n - 
2 2 
K= ; [ai p COS? u x cos? y Lyte y sin’ wv cos? yy 


+É, p cog w a sin’ y ‘y+ dw» Bin? u'm sin 29y] +35u Zv Sy’ Sy’. 


“Here. du 2w Sw Xv’ contains those product terms as for constant coefii- 


Os cos GOS 
Rw: PE , 
sin sin vy” sin w sin vy 


where some of the numbers 4, v, uw’, v’ may be zero, but in no term of which the 
equalities u= w ,v=v’ coexist. If we now integrate equation (6) over the funda- 
mental square the terms resulting from Zu Zv Zu 20’ vanish* and we have l 


ays J nenti S S, f(a yi dedyf R + I Ha 
+ = ada È (a meedia) 


cients) which are of one of the sixteen types-° 


vat i FIGUE 3 (+e) 


+55 (a arer] 7 ji 


pal #=1l 


or 


af i tHe ]°dædy 
=e aS. S [F (a, y) dandy —""S (PLEO +A). /Agy 


ane integral onthe left-hand side can clearly not be negative, hence, setting 


a=m, y= 


3 Sap È “(a A 
we can write ` 


Sas} ff ley aedy, 








* Of. note f p. 115. 
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no matter what positive integral values m and n may have. ‘Since, moreover, . 
all the terms of (5) are positive,: it, ‘follows from a well-known theorem * that 
this series converges absolutely and hence can be summed i in the-various ways 
mentioned. sede ; : Eu 


CoroLLaRY: The Fourier’s constants. of a bounded and integrable function ` 
of two variables approach zero wna eitha one or both subscripts become 
anfinite.t - - 

-§2. Discussion of Poisson’s Double Integral. 


‘If in the double Fourier’s series (3) we introduce the convergence factors 
ret”, where 0<r<1, we obtain a new double series © 


"lie con wo-+D ys sin px) cory 
E Oa OR eo sin pn) sinvy] : (7) 


u (2, y¥) = 2 i 


which is uniformly (and doei convergent ‘for all TR of (4, y) and 
hence defines a function u,(z, y) which is finite, continuous, and integrable in 
the fundamental square. If we replace (a,b,c,d), by their values from (2), 
interchange summation and integration signs, and effect the summation by 
means of the formula l 


1 1 I= r? 
a my Ite =F cos. =1P.9), 


we obtain . 


u, (2, 9) = Fos SS, fag) P, (a2) P,(8—y) dad, 
‘which by the transformation a—n=b, B—y =n goes over into 
uly) = pea ff” Hebe wn) Pyle) Polo) ded 
=a lL Put PE Pela) ddn, (8) 
where a oe T 


Ee Y, és n)=f (a+, yint laré y=) +f (%—&, ytn) +f (w-E, yn). (9) 





* Cf. Pringsheim, loo. cit., $2, v and 83.. 
w f This property of double Fourier’s constants was saa: from the integrala defining, them “by 
W. H. Young, Lond. Math. Soo, Proo., Ber. 2, Vol. XI, p. 133. : 
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We wish to prove 


‘Turonmm II. If iow: as bounded and integrable à in the fundamental 
square, then | ) 3 . 
tim. w, (2, yj= f(s, D 
at every point of continuity T i (a, y). 
' Since ` l Sep i 
f P.(o) dp = 2 arctan (LÈT tan 5) <™ 
0 1— 2 
. and 
l T P,(o) do = n for every positive r<1, - 
: 0 : 
we may write ae 
mela) f(s, y) ‘ f - 
K aS ST Pæn Enfla, v) 1P, (E) P, (1) dé dn 


aL aa | a 


[F (2, y;é, n)—4f (a, y) lP, (E) P, (7) dE dn 
1 $ 
E m 


We shall see that the sum of these three integrals can be made as anal as we 
‘please by choosing r close enough to unity. 


ths SS |F (2, y, E n)—4 F(a, y) |“ Pee Pan) | ade 


Now a 
1—r? 1-9 wee 
pe: se T ee 

P.Q)= irra o Ur) Ter? 
for OSr<1; hence, |P,(@)|=P.(p) 5 furthermore, f 


1+r—2r cos = (1—r)? ar sint > 4 sin’ ig 
for O<r<1 and 0<a<o<m; therefore; :. 


P(g) < (1—r°) /4r sin". 


If (x, y) is a point of continuity for f(z, y), then a can ae oni BO: amin 


s < 
. -that the upper bound of | F(a, y, E,n) —4f (2, ie in the domain ie 


is less than =i Thus, 7 M ae oe 
|[Lijl<«e for any OS<r<d, 2 on (11) 
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The Fourier’s constants of 4Ņ'; namely w, B,C’, D')ay, can be sees 
in terms of those of $. . For instance, 


aad fl J y souz cosvydedy= 3 f”, S p:cosma cosus cosny'cosvydedy 


=f Sf. # loos (wm) doe (p-ti) [o08(>—n) y-+-208 (9+ ny] dady 
1 


= 4 (Gym, pat Aym, rtn prs Onsm, v-a T heim, vin) . 


Similarly, ae ae ; . 
By = 4 (Bu-n, rn + Bm, rtn t+ Eaim, ont Bam, ron) >” 
Cas = 47pm, rat Ye-m, pin F Y nem, rin F Yarm rta) 

à Dy = EÈ ym, a aa Ona +R T Daim, PR = Ò uim, r+n) z 


But 4 satisfies all conditions under which (16y was derived; hence, 
i 1 Tr har ‘ oes h i bea i 
a= f f-V dady= E (ad +bB'+60 +4D')p/An. 
xe -r Vr E : hy rend . es ae 
If we apply the same line of reasoning to 


a =o sin m ME COB ny, 
we find 


Da = È (as +oR" +60" aD" Yael Bary 
e B, W230 . - 
where j i 
Al — 4 (— Bam, pak — Bun, <a ie Raia, ae 27 
Bur = 4 Chim, yn F Oc, P+n ~ Fate, rn — Ons as, stn) , 
ma ł ( —O,—-m, yn p-n, rint One, rant Sut, pth) b] 
; n Dis a =ł Mias rat Yam, PTR gee y-a — Ynn, yia) .. 
Similarly, 
š ~ Cun $S 5 (04 FAB" OAD" 
B ral : 
with f i 
Ap = =4 = im pat Vea, vtn Yate, ra Pia sir) ’ 
k Ba = ‘as ł (— Dica, PR H ban, +a T — bnin, -R + utm, vba) 3 
Ce oe =4 (anm, v-r” Ohm, rin t On+m, P-R Akta, Sga) Pi 
Di, = Poe ł (Piai IR —Bu-m, rant Burm, ron — Baim, r+n) TA 
and a aa 


. Duin = $ (ad bB?" +00" HAD") p/ An ʻ 
Apa i F g ‘ 


16 ` 
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with 
Apy = ł (Èun, p= ae On—m, vin Onem, waT Dahm, wea) ? 
Bar = $ (—Ya-m, r-n FYn-m, vtn FY utm, r-a Yaim, RAP 
l Cy =4 (—B,-n, r-n tBa-m, rtat Pete, i Baie ia) 
Das = + (Cpa, v—n %y—m, vyan Sn4m. Ns Ont, ia) . 
Before using these formulas Fourier’s constants with negative subscripts 
must be transformed into such with positive ones by considering that 
(a, 8, Y: Ò) ai i= (a, —ê, Y, —6) KAY 
(a, 8, Y, Ch ger -i = (a, —B, Y; 8) eho 
(a, 8, Ys ò) ky À T (a, b, — Y: —ò) EA" 


Equations Involving the Partial Derivatives of a Function 
. of a Surface." 


By CHARLES ike FISCHER. 


Introduction. 

In a former papert I have defined the derivative of a function of a 
surface, and proved that if a function L(S) has a derivative L’(S;a, y), which 
is continuous and approached uniformly, the first variation of Z(8) can be 
given by the equation 


ES) 901830, 2G doy fi 








Conversely, it can be proved that if there is a function L’(S;2, y), continuous 
in all its arguments, which satisfies this equation for every family of surfaces 
in a given neighborhood, then L’(S;2,y) is the derivative of L(S). In the 
present paper, functions depending not only on a surface, but also on the 
values taken by a function at every point of the surface, are considered. Such 
a function has two partial functional derivatives. 

In the first section these derivatives are defined. In Section 2 the adjoint 
of a functional is discussed, and the conditions that functionals of a certain 
type be self-adjoint are found. In Section 3 are found the conditions that two 
given functionals be the partial derivatives of a function of a surface. The 
fourth section contains the condition of integrability for an equation involving 
these derivatives, and the equation is found which is satisfied by the function 


O=Sff (ith +f) dadyde, 


where f(z, y, 2) is a potential function. In the last section the characteristics 
of such an equation are briefly discussed. Similar work for functions of lines 
has been done by Levy.t 





* Read before the American Mathematical Society, Feb. 26, 1916. 

+ AMERICAN JOURNAL OF MATHEMATIOS, Vol. XXXVI (1914), No. 3, p. 289. 

“Bur Vintegration des equations aux derivees fonctionelle partielles,” Rendiconti del Circolo 
Matematico di Palermo, Vol. 37 (1914), p. 113. 
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%1. The Variation of a Function of a Surface. — 
‘The equations of surfaces discussed in this paper will:be given in para- 
metric form; and; consequently, the definition of the derivative of a function 
of a surface must be modified slightly. The equations of the surfaco S will be 


S: s=a(u, v), y=y(ur), z=2(u v), | 
defined over a région Q in the u, v-plane, and those of the varied surface, 


S.: g=g(u, vV) +Xn(u, v), y= =y(u, v)+¥n(u, v), 
— . eme(u, v)+Zn(u, v), 


where, X, Y and Z are the direction cosines of the al to S.. The function 

on(u, v) isassumed to be of class C®, to have a permanent sign, to vanish 

` everywhere excepting in the region (—E<u<tugtE; Vo—e<u<up+e), and 

the absolute values of its partial derivatives. including those of order r are 

assumed to be less than.a; Then the derivative said to be approached with 

order r, will be defined as i : l , 
L(8.)—L(8) 


L (8; u, v) =lim “PO o 
where 


ute 
7 Suu, v)H(u, v)dudv, . (2) 
Hdudv being thé element of area. That is, H= 'VEG—F*, where E= a7, 
F= Xa,7, and G=S22, the summation sign signifying that the expression is 
symmetrical. in v, y and z. It will always be assumed that HÆ0. If the. 
function w(2, y, œ) in my paper already referred to,” is replaced by the new ` 
function n(u,v,A), equation (9) in that paper can be replaced by the . 
equation, l - 

dL ‘aL(S) 

a 


In order to make the ae normal to all of ihe surfaces S,, instead 
of to’ S. ‘alone, these surfaces can be considered as defined by the partial dif- 
ferential equations 


_=Sfal? (8; u, nm v)m (u, v, 0) Hdudv. i (3) 


9): H,=Xn,, ‘a= Yn, 2=Zn, Te : (4) 


with the initial conditions z(u, v, 0)=a(u, v), y(u, v, 0) =y(u, v), z(u, v, 0) 
=g(u, v). The existence theorems for partial differential equations prove 
that æ(u, v, AJ, y(u, v, 2) and z(u, v, 2) are determined uniquely, at least if 





- .  * Fischer, loo. cit., p. 291. 
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-n(u, v, A); 2u, v), y(u, v) and e(u, v) are analytic; and cases where they 
_ are not so determined will not be considered here. This change in the equa- 
tions of ©, does not affect, equation (3). 
_. ` A function ®(n, f) will now be-considered which depends on the surface ` 
designated by the argument n, and on all of the values taken by another 
function f(u, v) at- points of the surface. Such a function may have two 
partial functional derivatives, . 
D.(0, f; u, v) =lim NOON) Pt (5) 
=0 y 
- and : l 
Diim fas u v) tin PPPA, 6) 


cm0 
where o is defined by equation ( 2), and- 
y l Ute Sete i ğ 
dz J. à Í __ E(t v)—fo(u vy) Edudv. 
It is assumed, of course, that f—f, has the properties already assumed for n. 
If these partial derivatives are continuous in all arguments and approached 
uniformly, the equation - 


TP =f folt (n fi u; v)m+®; (m f; u v)f]Edudo, (7) 


which is analogous to equation (3), ‘must be satisfied, if n (u, v, å) and f(u, v, A) 
and all of their partial derivatives considered are continuous everywhere, and 
- independent of à along the boundary of Q, and if m (u, v,2) and f,(u, v, 2) 
are approached uniformly. It was also assumed to simplify the proof that 
the function which corresponds to n(u, v, a) —n (u, v, 4) should have a perma- 
nent sign,* but this i is not essential. 


92: The Adjoint a a Functional. 


The adni of a functional of a line has beén defined by Levy,t+ and it 
was found useful in deriving the condition of integrability for equations in- 
volving functional derivatives. The adjoint of a functional of a surface will 
-be defined similarly. 

If there are two functionals Lif) and L(f) such that the equation 


Sfag(u, »)L(f) Hdudv= SSof (u vig) Haney (8) 





* Fischer, loo, cit., p- 291. K $ Levy, lo loo. oit., p. 115. 


ie, 
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is satisfied for every pair of functions f and g of class C® which vanish 
together with their partial derivatives along the boundary of Q, then Z is said 
to be the adjoint of L, and vice versa. The proof that a functional can not 
have two distinct adjoints is essentially the same as for functionals of lines,* 
and will not be repeated. If a functional has an adjoint it must be linear, 
since if L is the adjoint of L the equations 


SSagL (af, +bf.) Hdudv =af fof,L (g) Hdudv+bf fafsL(g) Haudv 
= ffglaL(fı) +bL (f) | Hdudv; 


must be satisfied for every function g (u, v). -It follows that 


L(afı+bf:) =4L (f1) +bL (fe), l 
which is the condition that L be linear. Every linear functional can be ex- 
pressed in the form 


lim SÍa F (u, V, t, My, E)f (1h, v)H (n, vı) duydv, .t 


Its adjoint will be 
lim SSaF (tu, 1, U, v, e)f (t, v) H (my, v) dudr,, 


provided this limit exists and is approached uniformly. However, there are 
linear functionals which have no adjoints. 
A large class of functionals are expressible i in the form 


L(f) =S SaF (u, V, th, V1) f(t, v1) H (n, vi) dudr, 
i+j=m i OFF (u, v) 


Taa a ga at ©) 
The adjoint is 
L(f) =S SaF (u, Vi, U, V) F (th, v1) H (uy, v1) dudo, 
ras ny Ay fH 
Ve) Segoe 


This can be verified by substituting in equation (8), and applying Green’s 
theorem repeatedly. If the function (9) is self-adjoint, the equation 
F(u, v, w, v) =F (14, v, U, v) 


will be satisfied, and also the equations obtained by equating the coefficients of E 


d**'/du*dv' in the equation 
{ i+j=m ott ` 1 tttem -ọti A; 
j E a 


e oo iți 
“ duvi H pfo 9 duvi 





* Levy, loc. ott., p. 116. 
+ Hadamard, “Leçons sur le calcul des variations,” p. 303. 
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If m=2 these equations are seen to be 


Aggy = Ago , F Ay=Ag, 
OA dd „H 
Ay= ~~ Aig} a i (2 H 3 one), 
AnH dA f 11 
Ans —Aact a (gen +2 SE), ee 
AH FAH FAA JAH pi 0Ay,H ) 
aoe = as (East at Oe a ee 














If the values of A, and Án are substituted in the last of these equations it 
becomes an identity. It follows that if As», 4u, Ao and Ag are taken arbi- 
trarily, A, and A,, can be determined so that the functional will be self- 
adjoint. It is evident from the equations similar to (11) for higher values of 
m, that m must be even, and that the functions A y With i+ j odd are determined 
by the others. It will be proved a little later that the functions 4; with ++] 
even can always be taken arbitrarily. The following theorems are easily 
verified.* l 

I L(f) and L(f) are adjoint, then h(u, v)L(k(uv)f) is adjoint to 
k(u, v)L(h(u, v)f), where h(u, v) and k(u, v) are arbitrary: It follows that 
if L(f) is self-adjoint, h (u, v)L(A(u, v)f) is also. 

If L(f) and M(f) have the adjoints Z(f) and MP, respectively, then 
L(M(f)) is the adjoint of M(Z(f)). Similarly, if L(f) is self-adjoint, 
M(L(M(f))) is also. 

From the last statement if L(f)=@(u, v)f(u, v), where $(u, v) is arbi- 
trary, and M (f) =9'+if (u, v) /dw'dv/, then the functional 


= —]1) git i+i l 
acan) = Se (nose) (12) 





must be self-adjoint. This may be expressed as 
Qt 2j off 
fel oan dutdv! ’ 
~ where Aog;=(—1)*’p. The function 


f | 1 (agH af ƏH af 
a 7 sa ov Ou Ou Sn) 














* Compare with Levy, loo. oit., p. 116. 
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is self-adjoint and can be used instead’ of plu, v)f. It follows that 
4) ae gs l 

1 əpH Off 13H  ğHrf i 
a 3 av Bua +3 au area) a3). : 
is also self-adjoint. This is equal to f 

; : E E afte 
k=i l=j dukdv'’ 

where Ae 419j41= (— 1) 9, which is Ka À. self-adjoint. functional of 
De type 





i+j=m atif 
a iwa 


can “lon be formed by adding those of types (12) and (13), in which. the 
functions A, with +j even are arbitrary, as has been stated previously. 
Since the functions A; with i+ j odd are determined uniquely by the condition © 
that the functional be self- adjoint, every. self-adjoint functional- of type (14) 
is expressible as the sum of a finite number of functionals of types (12) 
‘and (13). 


a 


§3. The Conditions that Given Punikohali Be the Derivatives of 
Functions of Surfaces. ; 
In , finding the variation of a functional depending on 1 the surface. S, aes 
fined by equations (4), the function H(u, v) must be considered a function of 
A also. Its derivative will now be calculated.. By definition,’ l i i 


oH. 1 3E ag OF\ ' : T 
a ad Gt oe a) a 12) 
and os f 
On = 220 Lua = 22, (2 Xum H2 Xna) = —2Dn, ’ 
since 


Ir, A= 0, and Se, X, = =p = 
If oF /0r and 0G/OA are evaluated in the same way, equation (15) » besoniae 


~~ =— ea (GD+ED"—2FD')m=—K,Hm, 


where K„ is the mean curvature of the surface.t 





* The functions D, D’ and; D” are called the fundamental coefficients of. the second order. See 
Eisenhart, “ Differential Geometry,” p. 115. : 
- f Eisenhart, loo. cit., p. 123. 
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The condition that a given functional’ +, (S; u, v) be the derivative of 
some function #(S) will now be derived. by.a-method given by Volterra.* It 
will be assumed that ¥, has a differential. . That is to say that there is a linear 
functional L(m) such that 0¥,/02=L(m). A two parameter family of 
surfaces S, œa Will-be determined by a function n(u, v, a, X’) having the 
properties assumed for n(u, v, à). Then a closed curve, i l 


I: W=A(s), N= ar(s), 


will be chosen bounding a small region o in the 4, A'-plane. It follows from 
Green’s theorem that . 


FidsffoPs(S,;u, v) A (m + tty mA BY aude: 


7 = Sfednan'ffol® VEn) — 2 HAm) bande. 


This is sasivalent to the equation 3 
ere ee 0) Häudv=ff dadu fS (E(1) my-—L (ny) m) dud. (16) 


‘Tf P(S; u,v) is the derivative ‘of some funetion #9), the left member of this 
equation is equal to: 


which vanishes for every choice of th and ny. Consequently, the right member 
must vanish, and L(m) is self-adjoint. Conversely, if it is self-adjoint the 
right member will vanish. The value of. can then be taken arbitrarily for 
one surface S,, and for S 


B(G,) =F (Sp) + RAS Sfat, (I; u, v) mHdude, 


There are analogous conditions which must be satisfied if two given 
functionals ®,(n, f; u, v) and ®,(n, f; u, v) are to be equal to the partial 
derivatives of some function ®(n, F). These functionals will be assumed to 
“have differentials which satisfy the equations 


od, 


Bi Pulm) tBu Se a 





= Dy, (7) +, (fy). E (17) 


* Volterra, “ Fonctions de lignes,” p. 45. 
17 l 
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. Equation (16) must then be replaced by the analogous equation 


l fidsj folo, maaf aud : 
Se (Pan (1) +,, (fx) ) my + (D,, (m) +D) fx i 

— (Paa (nyx) +,, (fy) n= (Dy, (ny) +9) AFD, (Anfa) 

—K yD, (fym—fyny)  Hdudv. `. : - (18) 
The derivatives fyn and f,, will not in general be equal. Their difference 
will be Doa 
fan—frv = (fattat fist fate) (nto), - (19) 
-If the equations 

UL + UY, + U,2,=1, nsec 0, u,X+u,F+u,Z=0, 


are solved for u,, u, and’u,, the equations 


1 a - qo 
Poon — Kejp uir — aja 
| Eus = gl --X*) a5 242 y,2,| = F [G—(2Xa,)?7] = F (20) 
are easily derived. Similarly, it can be proved that 
Buv = T, Sie FF , =k, Sun, =Bv4n,=0. - (21) 


To evaluate 2,—%, equations (4) must be differentiated with respect to vv’, 
and ‘subtracted from the same equations with à and 2’ interchanged. This 
Yu 


gives the coe 
On, ôn 1 |y,¥ (21 Ory: 
(Fem iw By) TH lez ey NT Ov ”™ 
Bee On, Ony ) G Iny ) 
TE n , a A ==; an NS og A : 


If these values are substituted in equation (19) it can be reduced to the form 


Pa 











By = a 


On, Ony 


TE RA mle AG+LP) (Se W= ai TN ae (ff —f,E) (Sr yy — ee m) 


If this expression is substituted i in equation (18) it becomes 


Suds§ fal O05 o,f +02. f tdudv= TETRI ET 


eB (Ceti + OPE) Da) | | 
2 Pet) +26 (na tary 2 + pe fy 2) |, 


+ [Dy (fi) + KD, fa] tn (My) fitr (n) fy 
ID; (fy) + Kn ®yfy dm, + Oy (fy) fy — yfyf} Hdudv. 
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If there is a function @(n, f) which has the partial derivatives =Ñ, 
and d;=, the left member of the last equation, and consequently the right 
member, must vanish for every choice of the functions ny, ny, fa and fy. The 
necessary and sufficient conditions for this are that the functionals 


Dato) + Bt (f+ fF) E + (Fete) 22) 


and (g) be self-adjoint, and that ®,,(g)+K,@,g be the adjoint of @,,(g). 
The similar conditions for functions of lines are given by Levy.* 


$4. Equations Involving Partial Functional Derivatives. 


The condition of integrability of an equation such as 
D, (n, fi u, v) =W (n, f, Di; P, u, v) (22) 


will now be found.t If there is an integral O(n, f) which is equal to an arbi- 
trarily given function &(f) when n=0, the equation is said to be completely 
integrable. It will be assumed that the derivative P’ (f; u, v) is continuous 
and approached uniformly, and that Y and W have differentials, implying the 


equations 
ay’ 


da 


dw dp 
AD FE = Q(B) +M(m) +D(h), (23) 
for every choice of the functions n(u, v, A) and f(u, v, A) such that hrs m and 
0@)/04 are of class C” in u and v. 

If equation (22) is differentiated with respect to 2, and values substituted 


from equations (17) and (23), it becomes 


Dyn (m) +P (fr) = (Dyn (Ma) ) + (By (fa) ) Mm) +L (fh). 
It follows that for any function g (u, v), 


Pan (g) =O (Pn(g)) + (g), 
and 
a (9) =O (By (9)) +L(9). 


On the surface defined by n=0, the functional ®, is equal to W, which must 
be self-adjoint. The functional Pp (g) is the adjoint of ®,,(9)+K,,®,g, and, 


consequently, 2 E . 
Pin (9) = (O(9)) +L(9) +E nbg. (24) 





* Levy, loc. oit., p. 120, t Compare with Levy, loc. oit., pp. 122-123. 
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The. other taachd which was prove to be self-adjoint ‘in . the last ` section 
is now equal to : 


OOBE HE Dg) +M (g) 
+ 2 (ROHE) 324 (et) 82). 


The first term is self-adjoint as was proved in $2: A necessary condition ” 
that equation (22) be completely: pe a is, py that the functional 


QTL) +0 Eg) + M9) + Fe z(= AGHIR) 34 2 + (ff) VB) 05 


<be self-adjoint. 
To illustrate the theory just developed, the equation will be found .which 
-must be satisfied by the function 


p= SSS ++ fjdedyde, -© (26) 

whet ote Y, z) is a solution of the equation = l l 
' i Of a of Pf 

Er Faa oe Aan) 


The value of f inside the region R is then determined by the Caa it takes on 
the surface S which bounds R. If S is considered as fixed, while the ebeundary 
values of f(a, y, z) are varied, the equation 


add 
Fy = PISS ez fadadyde 
` will be satisfied. ‘This can be reduced by means of Green’ 8 fens and equa- 


tion (27) to the. form 


T =f ffshHdude. 


ia follows that 7 

;(n, f; u, v) =2f (2 (4, v), y(u, v); e(u, v)). i (28) 

If the value of f(x, y, 2) is fixed at each point of R, while S is varied: the 

boundary values of f(x, y, 2) will vary according to the law f,=/,m,. In this 

case it follows from equations (7) and (26) that 

. SS (Stf Pihi Aude m IS EI FANG EANAN, 

and, consequently, 
+i, A 

If f, is teplaved. by fuls tf Vs tfan and equations (20) and (21) applied, the 

. right member of this et becomes 


ar (Aa — 218 + RB) +h. 
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Substituting the value of fa from ae (28), 
È; =— 4{o?+ -r # (AG— fF RE). 


This i is the desired equation. | 5 
It can easily be proved that the condition of integrability is satiated: 
The functionals Q, M and L are, sen 


i SOSE M(g)= 
L(g) = a| (OPP) 52 + (PP +1) A 
If these values are substituted in the expression (25) the terms tiyor 


2g and og cancel and the other terms are self-adjoint. 


Ou dv 
. $5. Characteristics. 


There i is a set of E TT which have the same relation to a solution 
of equation (22) that the characteristics have to a solution of a partial differ- 
ential equation. The characteristics of equations involving partial derivatives 
of functions of lines have been discussed by Levy.* There are characteristics 
of various orders, but the most interesting ones are the “caractéristiques de 
' première espèce,” and these are the only ones which will be considered here. 
After they are defined it will be proved that if an integral contains an element 
of a characteristic, it contains the whole characteristic. An element and an 
integral will be defined first. 

An element is any set of functions n(u, v), f(a, v), P(n, f), Di (a, f; u, v) 
and Ọ;(n, f; u, v) which satisfy equation (22). 

An integral is a function @(n, f) whose partial derivatives ai equa- 
tion (22) for every pair of admissible functions n (u, v) and f(u, v). 

A characteristic is a set of functions g(u,v), B(n), P(n; u,v) and 
P(n; u, v) which satisfy the equations 





2 =—dim), 

E= Sfo) )mHdudo, © (29) 
Bo QE) AOE) o B0) 
Ti Elm) +E., £ T 








* Lovy, loo. ctt., Ch. II. - 
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where the function ¥ is used instead of @ in deriving Q, L and M. If O(n, f) 
- is an integral the equations l EEE 





u jj (im +D) dude, = (32) 

a0 (EHEH), aa) 
and . . an ee nF 

D 04 (f,) HOT) +E (m) + Kain ; (34). 


will be satisfied, on account of equations (7), (17),-(22), (23) and (24). If 
the value given for g, is substituted for f; in equations (32), (33) and (34), 
they become equivalent to (29), (20) and (31). It follows that if the integral 
(n, g) and its derivatives are equal.to ¥(n), Bi (n; u, v) and i(n; th, v), 
respectively, for A= A), they are equal for all values of A for which the equa- 
tions of the characteristics have unique solutions. ` 
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Invariants and Covariants of the Cremona Cubic Surface. 
By C. P. Souss. 


Introduction. 


If a,b,...., f are properly chosen cubic curves on P3, i. e., on six points — 
-in a plane, the cubic surface mapped on the plane by these curves may be given 


by the equation O+b+....+ft=0, 
where the variables are subject to the relations 


a+6b+....+f/=0, 
Ga-+bb+....+ff=0. 
This form is known as the hexahedral cubic surface of Cremona.* 

As to the invariants and covariants of the Sylvester pentahedral form of 
the surface much is known and given in explicit form in Salmon’s geometry 
of three dimensions. Nothing, however, is known as to the invariants and 
covariants of this Cremona form. 

The purpose of this paper is to obtain some of these invariants and 
covariants and to outline the further steps necessary for the determination 
of the invariants and linear covariants. 

The results are important in determining the lines on a general cubic 
surface. In particular for the Cremona form, the equations of the lines are 
known. If, then, one can find a typical representation for the general cubic 
surface in terms of the Cremona form and can determine the irrational 
invariants for the Cremona form, then the required lines of the general surface 
can be determined from the known lines of the Cremona cubic surface. 

This requires the calculation of the invariants and- linear covariants for 
the Cremona form and their identification with the corresponding invariants 
and covariants of the general cubic surface. 

The results obtained are valuable also for any study that involves the 
behavior of the lines of a cubic surface with reference to the covariants of 
the surface. 

Section 1. 

Given in ©; the cubic surface (as)? = (Br) =.... a known comitant 

jaBy&|....(da).... becomes |aByn&|....(6x), when the surface is taken 


6 6 
in S;, and the variables are subject to the conditions Sy,2,=0, =f,%,=0. 





* Mathematische Annalen, Vol. XIII. 
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This process is known as the transference principle of Clebsch:. The 

i straightforward method for obtaining the corresponding comitant in S, would 
be to eliminate two variables, thus getting the surface.in S,, and for this form 
to calculate the comitant, but this would give an unsymmetrical result; whereas, 
by the Clebsch transference principle we obtain a symmetrical renit, 

“ The process of contravariant differentiation is not affected by going up 
to Ss from S; in this way. This fact is noted immediately on ‘performing 
corr esponding operations in both dimensions. ik 

Let us examine the degree of the invariants and covariants of the Cremona’ 
form. A covariant of a cubic surface of degree d, weight w, class c,° order 5, 
has 3d symbols a; distributed in w—c symbols: |a@y8|, c symbols |aByé| 

and g symbols (ag), whence 3d=4(w—c)+8c+o, or 3d=4w—c+o. 
These symbols become by Clebsch’s principle of transference |aByén~|, 
|aBy&nf|, (az), where for the Cremona cubic surface the coefficients a 
are now numerical and the coefficients y all are 1 and the coefficients ¢ are 
a, b; ., f. Hence, if d’ is the degree in g, b,....,f of the covariant for the ` 
Cenna form, we have : ` i 
d =w=4(3d—0o +0). o .— (1) 
` Hence for this anal form, the invariants have the degree d’=—6, 12, 18, 24, 
30,75; the linear covariants have the degree d'=8, 14, 20, 32. 

The invariants of the surface being invariants of P}, must be Snes 

in terms of the rational and symmetric functions of the irrational system 


@,....,f of P3. The linear covariants of the surface can be expressed in 
terms of the functions 7 ae on : 
l K:=0' a+b b4... Hf (i= 2,...., B) ~ (2) 
Let us now calculate for P}, referred to a special coordinate system, the `’ 
irrational system G,....,/, and from these form the rational system a,,.-:.., @e;* 
WER are the elementary symmetric functions of @,...., f. . 
Section 2. 
If we tuk Ps in ithe prepared form 
(1) 1.0 0, (4) i i 1, . 
(2) 0 1 0, (5) @ y 4, (3) 
(3) 00 1, - (6) 2 ¢t 4, l 


we have (loc. ctt., p. 170) ei RY l 
l 3a = p—3(ua-+ut), 3d = p—@g(uy+ue), ; 
3b = p— B(us+yz), . 3e =p (uy+ vt), . i (4) 
3¢ = p—3 (ut+ y2), 3 f =p—3 (us + at); ' 
p = u(t y tett) + etH yz 


* Coble, “Point Sets and Allied Cremona Groups,” Trans. American Math. Boc., Vol. XVI (1915), 
p. 155; in particular $5. 
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Let us introduce the following notation: | 


aia aay 2 A 
= (+t) (y+e),. 7: TUE (5) 

= =gyz+ a ee mi i 

y, = wyzt,. l 
For purposes of calculation it is more convenient to use the sums of the powers 
of G,...., f for the rational. invariants of P§, rather than their symmetric 
fanetions: i. e, if Pe 30", Pete lay 24 wey p= Ea, and if we substitute the 
„values of @,...., f, given by (4), we find 


9p,=6 [ (2yi—3Y.—6 ys) W — (271 Ys—3ys)u +2 (y2— Sy), 
27 ps=3[ (971 Yat 18y: yo 4y}—27 ya) u +3 (2777.—-673 
—3y1 72-372 ya +8671) U*+3 (271 Y3—3y1 yı 372 ys) U 
+27, (97,—2732) l, 
81p,=18[ (274-1274 y,—6y2 71+ 1874+97 +187: ye—18y,) u" 
+2 (3y, 73-291 Petey Faye ys— Iya yi +3 ys +91 y) 
+3 (271 72— 273 — 6y: Yaya +672 ya + Tyi — 10y yı) ut 
4208781627, Tit Or Faye yy) u+2 PiE], 
2439,=5 [8 (—47 +3092 ye +157 7—21 7549174 
—27y, Vi 54y ¥ Yıyr—2Tyiyı + 8172 ys+81y: yaju” 
+3 (1074 F-45974 7a ya 3672 73454742707, Ly ys 
+10844 4+ 10891 727s+54y172¥s t+ 277273 + 216 y274—108 73) u* 
+6 (994 ¥2%2— 2773 ys + 991 Yi — mre ome Y3 
+243y, Yi 18); yet 2177Y: ye—Iyıye yaju? 
- +6 (871 Yeyı 671—271 Vat 6y1 Ya Ys +1087 y4 
— 2170 yayi + 2718 741 2 Y— 3 24 77) u i i 
+3 (10y: 7i —4öy: Viy t 2771 yi— 15yr ys + 5472 yayu o (6) 
+2 (4573y 671—8177) < 
729a, = (4y°—36y4 ya— 1871 72-5494 ys—16 273.4 81yi 73 
+8174 Ye ye— 243871 Ya Ys + 729929) U" ; 
+3 (671 ya AA Fat 2A Jeya + 21471+9074 y1 13571 7a Ys 
2775 yeys — 2711 Ye yı 21 Y: ys +108y, 73-351); Yayı 
+1627: ys ys) u" 
+8 AAt AFi — 97173 —21yi Y2%4 
Hn yit 81y 7i y?y Yayay —1087 +27 y 
 +54yays +21 7ye yit QTV) u 
+ (267173— LTA 7i ya —1271 74416271 7i y 971 7a Yaya 
+2259, ya yi +5472 ys—81y: ys yı 16275) u? 
l +3 (By? Fy yi V+ 894 Vi +891 7 ys—30y1 Ft Y8 Ya 
67i y +57 y yit löy yi— 40y yi +1275) u? 
+3 (nirna -nai n-A 
E AETS 
18- 
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We can change to symmeinie4 functions at any His by means: of the 
relations 


P= —24s, 
P= —? ly, nog ; 
Pi =—4a,4+243,° (T) 
Ps=—5 dy +5 as, 
m=—6a 600,30} 2al. 
To RT the cubic curves a, ...., f on the. prepared set. (3), solve 


the five relations (loc. cit, p. 168) with Sa=0, thus getting the following 
values, where we write in order the coefficients of Toti, Bb, Wide, 1 Xs, Tay 
Ly D y To By By: 


S= u? —UL— Uz, —u rey, LE -}-UZ—UL, at—we—ye, 
ut—uy—ty, ye—to+ty, 2 (ux—ut)` 
; = —u+uc—ue, uv+ut—uy, uv+ue—we, me—ye—at, 
. , uy—ut—ty, vt +ty—yz, 2(ye—ue ), 
5 = —w—unr+uz, w+uy—ut, ce+uc—ue, ye—sz—it, , 
ty—uy—ut, ye+ta—ty, 2(ut—yz2), 
ao (8). 
z= itt uitput, wW—uy— ut, uz—ut— iz; ga—yz+ it, - 
ty—uy+ ut, ye—at—yt, Pgz 
5= uy OREN — i 3b uy —ut, un—-uz—zae, e+ ye—sat, 
7 a es 2(at—uy), 
t= ui+ue—uz, —u Roane: UE—UL— Uz, joie: ae, 
ty+uy—ut, ct—yz—ty, 2(uz—at).- 
Combining these with the values of G,....;}, given by (4), we find immediately 
the functions K,,...., Kes l l l 
From the values of p,,...., ps, given by (6), we find that pi—4p, or _ 


` aj—4a,, and 12p,—5p; ps Or d,4;—24; contain w? as a factor. If, then, 


G=Pi—-4P., = 12 ps—5 Pi Ps, 
we find 
. Qu e ERT. +2 (2y, ye Yeyu tys — tyy], 
ds = 24300? (8Y ys— 2y ysy 73) u l po . 
+ (27—87 yya eys t By yltyy) u (9). 
+ (872 Y2Y3— Yi Ys Ty Ya ya 2y yY — yiys Fl8ys yı) u, i 
+ (67i ye— V2 ys — 272 Ya yet 3y Ys yı 244) J. 
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Calculating the terms free of u in the functions 7. Peers Ka , T find 
K,=36y,(at—yz) (24 D — Lo XG), 
K;=0, 


K,=108y,(73— 3y,) (at—ye) (2, Saal, A 


K,=36y,(— 273-81 Yey.) (wt—yz) (2, 12 — yh) ; 
hence, the combinations K,=9p.K,—4K,; Ki=9 (p,—207,7,) K,—2Ks, contain 
uasafactor. It follows from the value of K; that it could not be used ti 
advantage in expressing the linear covariants. 

An interesting particular case occurs when the last two points of (3) ar 
apolar to the pencil of conics on the first four, %,%=2%%,=2,%; 1. e., whe! 
two of the points are a corresponding pair in the quadratic Cremona involutio: 
with fixed points at the other four. This requires that at+ye=u(y+t 
=u(x+2) whence from. (4).@+d= b4+f=é+e=a. Since Za=0, A=0 and 
. therefore, p,=>@°=—0 and p,=Za°=0. If, conversely, p =p; =0 and if fiv: 
points of P$ be fixed there are fifteen possible positions for the sixth. Thes: 
all are accounted for by choosing any four of the five as fixed pointy or an 
three of the five as fixed points. Hence, 


The necessary and sufficient condition that the invariants of Pi of odi 


degree (other than the skew invariant d, Va) vanish is that two of the point 
be apolar to the pencil of conics on the other four. 


Section 3. 
Let thé cubic surface be given by 
U = (as) = (8z). ...2a(62z)*, or a ae . +%=0, ° (11 
“for the Cremona form, where the variables are subject to. the relations 


y+ G+. ...+%—=0, | 
G2, +ba%+.... FeO, 
` The Hessian is the locus of points whose polar quadrics are cones and 
therefore, obtained by writing the discriminant of a polar quadric. 
According to the principle of transference of Clebsch it is given by l 


H = pg laßyènt |" (ox) (Ba) (y2) Ba) or = 3 nman 3 


iy 





for the Cremona- form, where ij= dg , and since TE E R 


Canes n=. co., F bis oi a, Dos we have ij=b—b;. The super- an 
ea of > refer to the fifteen terms obtained by choosing the pair 5i 
from 1, 200: 
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The contravariant S, as given by the Clebsch transference principle, is 


S=F \aByntt Janté | | aySnSé| [By ene | or. a4 ORES (14) 


for the Cremona form, where 








_ [hee] 
ijk =| m ñ Net 
be oy Se 
By ‘expanding and collecting the coefficients of Ei we have - 


1g _Ses039095 96+ E $ qe TAD BAB 


4 a) © a) () 


. +2 G2 z 162655 55-+. 2 AGG SHB + 2513 WB) 


E > Pecaett = SPEE 26]. i 


mets Let us indicate the coefficients of S as follows: 


s= =3 8+ Suht E S+ Z 8, sibBt È > Baar Ebb 


We find that these en ener in ane of, “as, TOR tna the elementary 
symmetric functions of.b,,...., be are: l 


-M = ner "Ba, 904, 
9,4 = 124,—403-+Bag{1{—2ay|1,2| 6 {0,1, 0} 6B [ay +20, b1], 
“Su = 64,—9a,{1} +2a,{5, —2}+10}1, —?; Abs, a (16) 


Sy 3 —8a,+4a}—a3[10b,+ {1} ]+ 2ag [br i4} t+ 48, mee 
+2 [2b {4, —9} + {2, —3,0}], 
S= 8G2-+18a5)1} +12a,{1, —2}—4{2, 7,4}. 
Here {.... i refers to the coefficients of polynomials in pi» p: the eee 
deuibinntions of the two isolated letters. 

Identities among these which are sometimes useful are: 
{1,—4,3}-+a,{1,—2}—a,}1, —1} +a {1}—a=0, l 
[btb 1] HL, —1} +0, {1, —2} + 41, —3,1}] "+ (16) 

+a [bi+b {1} +1, “Usaliti ka= i | 
ate coefficients of S are connected by the relations 
j ! 


48m 25, an=O, 


58an 28am tÈ Bane; i ak a | & 
2 (Samt Saar Srani) HSH Siete Sante 0- l 


i 
t 
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â - E 5 5 
Hence, m, ...., 7e==1,..--,1, or by, ..:., ba, also 28,,= 55, ,.=—44,. 
@) @) i 


A numerical check is furnished by taking o Hy i i = =) then 


a= —6, Gg=—4, a&=9, as=12, ag=4, while S= Se = 81, Ss = 18 + 27, 
Ss,6 = Sos = —18-18, and all the other coefficients © vanish. 

By operating with S on H (in operating with a form of order n on a form 
of class m>n we remove the factor m(m—I1)....(m—n-+-1) after differen- 
tiation) we get the first invariant l ' 


A 1 610 o a5" Sa £24 es seat 
I, = Z 56—25 X 12913'—2 | 127 3£ [13244-1423] 
(56) (1) (28) (12) (84) 
= —15 5 b8+18 Z bf b,—9 5 bi b}—-18 Z bib, ba 


+125 bibit 242 b? b, ba b1 +18 & b? b3 b3—12 E bi bi bs bi, 
and in terms of the symmetric functions a, ...., @ we find 
I, = 24[4a8—3 a4—16 a, @, +1206]. (17) 


l By operating with S on U? we get the first covariant quadric, i. e., a Ce20- 
Denoting this quadric by Q, we find l 


15 N 
5Q= $ (208, +528,,)at + 485.22 =3 Ou it 2 QrBi Bay (18) 


where 
Qn = 128,, Qu = 4 Sn, , (19) 


(Sı and Sy, are given by (15)). 


By operating with Q on S we get the contravariant quadric Cro,0,1 
Denoting this quadric by q we find 


15 
Sqm Sanit +2 dubibe, (20) 
» (1) (12) 


where if q,=ai—4a, and qs=4,4;—24;, 


Fo dis = 3-32 qh +8-8 qobt—B-2(T, +805 0) 
+3 -2[5 ds qs +17 as qilb: 4 [5a l;+15asqs+279}—15 04], 
55% = —32 dy dg—135 as a, — 21602+1980% a,—36 af (21) 


" 4.135 ay a{1}—108 a, @,{1} +27 a3 a, {1} +12a,} —43, 33 | 
+2a,a,1144, —47 | +810340, 1} —36 a8{ 2,1} +6a5}45, —4| 
248.4, a,40,1} +364,{6, —9, —14} +203} —27, —11, 173} 
-4.6a,{0,—27, 61} +2a,{0, 16, 93, -83| +12{0,0,10, 13,6}. 
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. By operating with q on U we get the first linear covariant C11,3,0- 
Denoting this covariant by L, we find Dy=@y%+ Gate t....+Gee%, OF in 
terms of the functions (2), 


pte GKi+4 Ket [h8 mg] Ka. (22) 


By operating with q on Q we get the second invariant I,, where 
l ; 8 15 
5-6 l = 2 È qn Qu + È gu Qu- 
a) (12) : 
By another method I have found a second invariant to be 


a = 2 qi da +8 +5 + 2* gs ga ge —2 37 5° gi —2-3 «5? Gat+3 . 5" 134 G3 (23) 


hence, we must find J,=¢,+¢,1,;, where c and c, are numerical constants. 


If we denote by M the mixed concomitant obtained by writing the plane 
equation of the polar quadric of any point with respect to the cubic surface, 
we have, according to the principle of transference of Clebsch, i 


1 ; 20 arr 
M =& | aBynbk| (ax) (Bæ) (yo), or = Ea, m a 456%, 
(24) 
= En, my 3 wh 23 wn 2518 
for the Cremona form. 
6 > D5 
By operating on this with Q= 33Sa + & Sutit, we get a Cryo. 
s a) aD 
Denoting this by N we have 
: 20 8 a DERAS 20 : 
(128) a) - q28) i 
-where we find ~ 
Cis = 24.94 (08-30) +36 as (0, 01—903) +72a,(30,0,—03) | 
+38 [19 (40% 0;—0? o?) +28 03-1500, 0,03-+810°]. (26) 
Here o,, cz, o, are the elementary symmetric functions of b,, bs, be. 
The result of operating with N on O is-a Ciso. Denoting this by C, 
we have ; as 


6 10 i : l . 
C= ZEL = (Sies Cops t+ 2.83, 56 Ciso) ] = Cp E+... Ceka. en 


Multiplying 8,5 and Cis together, summing for > and indicating 2 (ij kl) 
the symmetric sum for five prunes of = bibi b} bi, we get 
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E 2S, Cyn = 6{ 24g, [403-8 a,—10 a5 by] [2(2) —(AL)] 
+ |24q,[—dy-+8a,b,] +360 [4a}—8a,— 10a b] I (21) —2 (111) ] 
+48 a5[—ag-+8a, by] (211) —6 (1111) ] 
+24 a, [4a?—8 a,—10 a; b,] [ (211) —3 (22) ] 
- 4+82a, q,[9 (22) — (211) ~12 (1111) ] 
+ [4.a2—8 a,—10 ag by] [38 (411) —57 (42) 
of +10 (321) —30 (33) —30 (222) ] 
+32¢,b,[12(32) —8 (311) +6 (221) —9 (2111) ] 
+144 ay as [2 (221) — (2111) —40 (11111) ] 
-+24a,[—as+8 ay b,] [3 (2111) —2(221)] 
+96 a3[ (2211) —9 (222) +12(21111)] 
| +16 -12a,b,[2 (321) —6 (3111) +3 (2211) —18 (21111) ] 
+16 ,[6 (42) —4 (411) +5 (321) —15 (3111) 
+18 (222) —6(2211)] f (28) 
+48 a,[2(421) —6(4111) +5 (3211) —60(31111) i 
+9 (2221) —18 (22111) ] 
+96 a, b, [4 (8211) —8 (322) +18 (22111) —9 (2221) ] 
+2[—a,+8ajb,] [19 12 (31111) —19 (421) 
-+20 (3211) —20 (331) — 30 (2221) ] 
+48 [2 (4211) —4 (422) +15 (32111) —5 (3221) 
+18 (22211) —36 (2222) ] 
+4 [19] (4211) —6 (422) +24 (41111) } +1013 (3221) —3 (332) 
—18 (2222) +6 (32111) —2(3311) —6 (22211) }] 
+38 [8 (4411) —8 (442) +30 (48111) —5 (4321) 
+12 (42211) —18 (4222) ] 
+20 [2 (4321) —4 (433) —6 (4222) +20 (33211) —15 (3331) 
+3 (32221) —6 (3322) —180 (22222) ] }. 


10 
In order to get © Siess Co, we write 


Sassy = 2 [4.0349 as (Bs+bs) +6a (btb) —4 (bi+ bi) —2 bg by (bE-+-b2) +1202], 
Cog, = 3[8.q4 bit (—8 gb, t+ 124, bi) (bs +5) + (89, +12 a3 b,—24 a, b? 
—19 Bt) (b+ b) + (—8 q,—72 dy b, +24 a, b3+-38 D4) Dy by—10 B3 (bib) ` 
© + (12 d5-+- 24 ay by +10 Bi) (bs Dg) bs be —19 BF (b3-+ b§) +10 bb; be (bst bs) 
+ (24 a,—30 b?) b? U3-+38 b, bs be (b$+b3) +10 b, bè b? (bs-+be) 
19 D8 b3 (b03) —10b 03]. 
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+. È Syn Cong = 6 {820 a8 g, bE+ [720s qb} +48. af bt 328 q, 01] 4 (1) 
+ [—76 ai bi+12 (—8 a$-+-9.af+-4 a, qs) D3+ 24 (2.43 a3 as q4) bı 
+3203 q,]4(2) 
_ [8-19 a bi-+ 24 (9a3-+4.a3) bi —144 (ds 44-2 43 ds) b; -32.a3 gy] (11) 
+[—9-19 a, b{—40 ag b}—144 a, a, b+ 12 (9 as—4.a, q,) bı a 
+7245 q4)4 (3) 
+ [9-19 4, b{+40 ag b}+-72 a, as bj +12 (8a¢+9 as—4. a, q,) bı | 
+48 a} ay] (21) 
+ [6-19 a bt —90 a, bi—4 (55 a3-+8 g,) b? +720, as by +48 as g,]4 (4) 
+ [12 -19a,b{4-8 (23 a;—2 q,) bj —24 - 9 a agb, +12 (9 ag—4.a,q,) ] (31) 
+ [—12 +19 a, b4+180 a b8+24 (—17a2+4q,)b?-+ 24 + 24 a; ay b; . 
l +24 (9as—4az+4a,g,) ] (22) 
+ [—60a, bi —3 - 73 a, bi +32 q, b,]4 (5) 
+ [60 a, b§—9 -17 a, b?-+ (8-37 a8+48q,) bi: +724, as] (41) 
+ [—60 a, b}+8 (23 af—10 g,) bs —-144.a, ag] (32) 
+ [4-19 b4—18 a, b2—48 a, b; ~32.q,]4 (6) 
+ [—6 -19 bt- 12a, b?+606 a,b, +16q,] (51) ` 
+ [—12-19b{—6 - 894, b?+24 - 28 asb, +20 (4q,—11 ad) ] (42) 
+ [28-19b¢+12-42a, b9— 6 -122a,b,—8 (16 q,+5.3) ] (33) 
+ [40b8]4 (7) + [—20b°+12 -11a,b,—48 a5] (61) 
+ [—180 b§—84 a, b: 9 - 27 a] (52) 
+ [160 b8+-48 - 11a, b,—3 + 47 a] (43) 
+ [4-19b7]4(8) + [—2b4] (71) + [—16 - 8bj—18 a,] (62) 
+ [2+89b?—12a,] (53) +{—4-626?—129a,] (44) 
—8+19b, (81) —4 - 29, (72) +12 33b, (63) —4 32b, (54) 
+4 +19(82) +78(73) —4 +33 (64) —4-11(55). 
Using brackets for symmetric functions of six things, we have ` 
(i) = [i] —bi, 
(ii) = [i] —bi li] H 
(ij) = [ij] —bi [j] —bi [i] +201, ete.; 


(29) 


(30) 


thus, we get C, in final form by making these substitutions in (28) and (32) 


and collecting. 


i 2 1 8 6 
The polar form of (18) is gal unt Oi) I, and by operating 
Rs 7 


with this on (20) we get a collineation Ci,,,. Denoting this by K, we have 


8 5 l 5 4 : 
2K = zila (4 Qu Qu + Z du Qua) + Z wa (2da Qat 2 Gu Qi + Ž Qu Qa) ]. 


(31) 


The nee of Electric Fo orce » Die to a Moving Electron. 


By Fraxors D. EER 


INTRODUCTION. 


The values of the electric and magnetic forces in the electromagnetic field 
dué to a moving point charge, or electron, have been given by Liénard,” 
Wiechert,+ Heaviside,t and, in detail, by Abraham.§ The expressions are, 

p however, so complicated in the case of perfectly general motion that the form 
of the lines of force was not obtained except for- the simplest case—that of 
uniform motion in a straight line. The field of force for this case was known || 
long before that for the general case was worked out, and it was shown that 
the lines of electric force at any time ¢ were straight lines through the position 
of the electron at that time t; a result which may be expressed by saying that 
an electron in uniform monon alig: a ysirngett line convects: its field- along 

~~ with it. : 

a8 The form of the lines of electric force is. of- interest in connection with a 

theory, advanced by Sir J. J. Thomson,{ of the structure of the ether and 
the nature of Réntgen rays and light. Following Faraday,** Thomson regards 

- the lines of force not merely as an abstract’ mathematical concept but as physical 

realities. He makes, however, one important modification in Faraday’s theory. 
If we have two charges.of opposite sign they will be joined by lines of force, 
the direction of a line at any point. being the direction of the electric force at 
that point. These are the lines of.force which Faraday imagined as physical 
realities endowed with such properties as tension along their length and mutual 
transverse repulsion. - In Thomson’s modification of the theory each charge is 
supposed to carry its own lines of force with it independently of the. presence 
` of other charges. In a field containing many: charger there will be many lines 

* L’éolairage électrique, Vol. XVI (1898), pp. 5, 53, 106.- 

t Arch. nésrlandaises (2),.Vol. V- (1900), , Ps 549. 

t Nature, Vol. LXVII (1902), p. 6. ; , ; 

§ Ann. d. Phys., Vol. XIV (1804), p. 236; ` “Theorie der Elektrizitit,” Band 2, 88 13-15, SEA i 

l| O. Heaviside, PAN., Mag., Vol. XXVII (1889), p. 324.. 

{ Thomson, :Proo. Camb. Phil. 800., Vol. XV (1909), p. 65. 


** A full account of Faraday’s theory is given ni da Thomson in his “Repent Researches i in  lectrictty 
and i Chapter I. ` 7 ` 


r 
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of force crossing at any point and these give a resultant electric force whose 
direction is that of the Faraday line at the point. Accordingly, the lines of 
force attached to a point charge are conceived by Thomson as more funda- 
mental than the idea of the point charge itself and may, in fact, be used to 
define it. 

To account for results obtained in experiments on the ionization of gases 
by Röntgen rays and ultra-violet light Thomson* has modified his theory by 
supposing that the lines of force are not distributed in a continuous manner 
round the point charge. (He had previously+ made this modification in 
Faraday’s concept.) l 

NEOTION 1. , ‘ 

Recently a method was given by Bateman} which reduces the problem of 
finding the equations, at any time ż, of the lines of electric force due to a point 
charge moving in any way, to the solution of a differential equation of Riccati’s 
type. It will be shown that this equation can always be integrated if the path 
of the electron lies wholly in a plane. The following cases, which are those of 
‘most interest, of motion in a plane have been worked out in detail: 


(a) Rectilinear motion with any velocity and acceleration; 

(b) Uniform motion in a circle. 

It has been found possible to integrate the equation in one case of motion 
in three dimensions—that of uniform motion in a circular helix. Further, it 
has been found that if one solution of the Riccatian equation is known a second 
can be derived from it and accordingly the general solution is reduced to the 
evaluation of a single quadrature. 

It will be convenient to give here a brief account of the method by which 
Bateman obtained the Riccatian equation referred to. Let C be the curve 
along which the electron is moving and let r=£, y=7, e=C be the coordinates 
of the point of C, occupied by the electron at time ¢, so that E, n, Č are functions 
of v. Denote differentiations with regard to v by primes so that the velocity 
of the electron is T= (&’, v’, ¢’) and its acceleration is 0’ =(£”", n”, č”); where 
bars are used to distinguish vector quantities from scalars. Let P be any point 
in space. Then if a, y, 2 are the coordinates of P, a disturbance emanating 
from the electron at time v will reach P at time ¢ if c(t—v) =r where c is the 
velocity of light and r?= (w—£)?+ (y—n)*+ (2e—f)*. Denote by F the vector 











* Phil. Mag., Vol. XIX (1910), p. 301. : . : l 

+ Proo. Camb. Phil. Soc., Vol. XIV, p. 417. (For this and other theories as to the atructure of the 
ether see Bateman “Electrical and Optical Wave Motion,” Camb., 1915, Chapter 8. 

+ Bulletin Amer. Math. Soc., 2d Series, Vol. XXI (1915), No. 6, p- 308; American Journal, April (1915). 
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OP (where O is the position of the electron at time 7) and let (1, m, n) be the 
direction cosines of 7. Then the electric force at P at time t is known* to be 


a ET fO r ©} (By ne). 
Bast aac ete N ret Mae)? 


where e is the charge on the electron, round brackets denoting scalar products. 
If we differentiate the equation r?=(x—f)?+ (y—m)*+ (e—Z)? we get 


er = A—e¢ where a= oA (F 7) and since c(t—v)=r we have St — 5, We 





shall be interested in the direction only of E at P and an easy transformation 
of the expression for # shows that it has the direction of the vector 


(c®—v*) {o—c"} ie ray ou (v—er) p}, 
where p =1Ẹ" +m" +n" == (F7') ; 

Let P’ be a point consecutive to P and let its coordinates be s+dæ, y+dy, 
2+dg. P' will be reached at time ¢ by a disturbance which has emanated from 
the electron at time r+dr; at this time let O’ be the position of the electron 
so that £+d£, n+-dn, ¢+d¢ are the coordinates of O’. The # component of 


the vector equation PP’=PO+00'+0'P’ may be baie 


da=—rl-+dé+c(1+dl) (4dr) or — or oye ey 


Thus, if 5 is the vector PP’ we have 3’= ie he! mM, n) where, as 


previously, (V, m’, n’) is used to denote the vector whose components are 
l, m, n. Comparing this with the expression giving the direction of the 
electric force at P, we see that PP’ is the direction of the electric force at P 
if the three ka 


(Cau i- q (b ms n) = MEN", 6") +p (&'—el, n’—om, f'—cn) . . (A) 


are satisfied. From the manner in which these equations were derived we see 
that, if (l,m, n) is a solution of these equations satisfying also the condition 
P4tm?-+n?=1; the equations 
| w=E+e(t—r)l, y=n+e(t—r)m, e=l+e(t—r)n. 

(where v is a parameter satisfying the inequality r<t) give a line of electric 
force at time ¢. It will be noticed that, if at each position of the electron we — 
imagine a particle projected with velocity c in the direction (l, m, n), the 





* Abraham, “Theorie der Elektrizität.” 
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put o = = 


Aronde of these particles will at any time ¢ form a iiig of electric force. 


‘All the lines of force at any time ¢ pass through the position of the electron 


at that time. 

In order to obtain the solutions (1, an, ) of (4) which satisty Pb mtn a4 
lim - —n 
ttn” l—im 





where i = —1. After an easy reduction we obtain 


- the aes equation 


2 (tot) =o" (0— —%') +9 Bala HENE HVE ere 


where o= E+in and 4 is its conjugate Ein, . 
: Ie is a solution of this equation and if its suraauers- is s, “2 a 





- ..o-8 | 1-os 
m= mi n=7 Fas is a solution of thie equations (A) which satisfies — 
Pmt. l 


It is interesting to note that the equations. (A) are a eetataaded of ` 
the equations 


L- mn) = (mrn, npr, lg—mp) 


to which they reduce on making c=0 and v? (p, q, r) = [D t] the square brackets 


: ‘being used to denote a vector product. These equations occur in the kinematics . . 


of a rigid body and have been considered. at length by Darboux.* Several 
writers + have extended them to the cage of four or more variables and have 
obtained results similar to those found by Darboux. i 


§ 2, Assocrarep Dinwortons or PROJECTION. 


A solution ‘ m,n) of the equations 
(P=) Z(t, m,n) = R(E", 9", G) Fp (E— el, n'— em, Lon), 


whicti have been mentioned in the preceding paragraph, will be called a ‘direction 


of projection provided ?+m+n?=1. It will now be shown that to every 
‘direction of projection there corresponds, in an involutory manner, a- second 


l direction which shall be called the associated direction of projection. 


Sp 


` Let'O be the position at time v.of the moving electron so that the Cartesian 


E tintes of O are (7), n(T), f(v). Let OP be a direction of projection 


“at O so that (l, m, n), the direction cosines of OP, satisfy ‘the fundamental 


* «Théorie des Surfaces,” Tome 1, Chapters 2 and 3. . ' 
i + Craig, Cole, Eiesland, Amer.-Journal, Vol. XX (1808) ; Hatzidakis, Amer. Journal, Vol. XXI 
(1901); Eiesland, Amer. Journal, Vol. XXVIII (1906) ;. Matsumoto, Memoirs of Qoll. of Sotenos,, Kyoto 
oe Univ., Vol. I, No.7, January (1918). . A . : ; $ 
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equations (A) of §1. Let Q be the position which would have been occupied 
by thé electron at a time t57 if it had continued to move with velocity 
v= (E, 7’, &) alone the tangent to its ey at X Thus, the coordinates 
- of Q are 

(m, Yay a) = (E+E Ta ntn t—a, +0’ t—?). 


If now we make OP=c(t—z) and draw a sphere with centre O and radius OP, 
then PQ will meet the „sphere again in a point P’. OP’ is’ the associated 
_ direction of- projection at O. To prove this write c(t—t)=r so that the 
coordinates of P are (2), Yo; z) = (E+ rl, n+rm, ¢+rn) and PQ has the 
equations £—2/ ti — ty = Y—yY1/ Yı — Yo = 2—8/ 21—22 = 0, say. But 2,— A 
= (t—r} (&’—cl) and so we have three equations of the type z—E=£' (t—r) 
+0 (E'—cl) (t—r). Let (x, y, 2) be the coordinates of P’. P’ being on PQ 
we have s—Ẹ= (t—#) [ẸE' +0, (Ẹ'—cl) | where 6, is the value of the parameter 6 
giving P’. Since P’ is on the sphere we have the equation 
(a—£)*-+ (y—n)*(e—$)*= P (t—1)" 


and from these two equations we get 
&i{F+v%°—2- 70 (+20 cee —c=0. 


- The roots of this equation’ are na = —1 and = ew [e+e —22 (F ») | 


The root 6,=—1 is the pender of the point P itself.. The ar root is 
the parameter of P’ and so if (L, M, N) are the direction cosines of OP’, so 
that a—E=o(t—r)L, etc., we obtain the following three equations for L, M,N: 


(E'—cL, Li {’—cN) =h(vt—c8) (/—el, n'—om, {—cn), 


l where hoi=— gf “AF o +o. If as in § 1 we use the abbreviations 
ase len, u= č, then k= 23 — —ų. 


Write Æ to densis the vector OP’, and T to denote the ea o—> (Ro) : 
then from the values obtained for M,N) -it is onay to deduce the equation 
T= hag. : 

In order to prove that OP’ is a direction of projection we bave merely to 


show that (L, M, N) satisfy the equations (A) of §1. In other words, it must 
be shown it the three. equations _ 


Mie (L, M, ina E aa ten) 
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PO 


are true, where P= LE" +My" + NC" = = * (Roy and, as before, i is, the vests D 


a of the electron at O. If now we miltiply the equations . (A) by 
E’, n', ¢’, respectively, and add they give u(p+q)=Ajep+(v0’)} where 
(gal E +m n +n ¥. This equation is equivalent:to 


EN = ajop+ (D0’){. 

_ Again Erolun (ë —cl). Our object is to oktat L’ so we differentiate 

' this equation and it gives ` :; i i 
—E" = uh (Ẹ" —cl') —2h (00) ('—cl) — ouk (ë z [o+ (00")]. 

On combining the first two terms on the right-hand side of. this equation . 


with the term —£” on the left-hand side we obtain, after substituting for r its a 
value from the equation (A) of §1. and for X its value just given’ 


ee (E'—el) [op +2 (07) ] {+ 2h? (E'—cl) [ePAp+ (cA—p) (DD mh 
or _ D=h{ak— (e’—l) p] +. 202 (E —el) {ep— (07) }. 
Again from the values already given for (L, M, N ) we derive : 

¢P= (80) +uh{ (00) —cep} or P= h[24(00") —up] since h?=2cA—wu. 


Substituting these values of L’, P in the equation BL! = Te" + (£’—cL) P we see © E 


- on dividing across by uwhp(&’—cl) that this eae is a if 1—2 i aa 0 
which i is so since h-*=2ca—u. 

This proves the theorem stated. If we know: a particular solution 
a = (l, m, n) of the equations (A) we can obtain a second solution 

P’ = (L, M; N) in the manner described at the beginning of this paragraph. 

nate? has given a similar result for the equations (B) of $1. | 

‘There is one particular case, when the associated direction -coincides with 
the original direction of projection, in which we can not obtain by this method 
a new solution-of the differential equations. In this case PP’ is a tangent line 


to the sphere and so 1§’+ my’ ng! =v or A=0. It is easy, as a matter of - : 


fact, to verify that if we put 2=0 in the equations for L, M, N that L=l, 
M= m, N==n. In this case the velocity v of the electron is greater than c, 
-the velocity of light. From the equation for 2’ we see that when 2=0 
2’ also =0. In the cases of motion for which the solution has been worked 
out it will be seen that there are always a single infinity of solutions compatible 
with A=0. ` 








* «Théorie des Surfaces,” Tome 1 (1887), p. 23. 
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§3. GENERAL Soruttion WHEN Morton Is IN One Prana. 


Let 6 be the angle between OP and OQ so that v cos 6=1E’+my’+ nd’. 
It will now be seen that if the associated directions OP, OP’ are distinct and 
equally inclined to OQ, the motion of the electron is in one plane and the 


solution can be found. OP and OP’ are equally inclined to OQ if cos o= 


for then PP’ is perpendicular to OQ. Also since A=c—v cos @ we have u=c2, 
and so —cA’=2(00'). On substitution in the equation —ya’=A{cp+ (v0) } 
of § 2 we get —ca’=cp-+ (DT) or cp= (T7). Substituting in the first of the 
equations (A) this gives u(£” —cl’) =—(&’—cl) (U0) which is at once integrable, 
giving &’—cl=a(c’—v*)* where a is a constant of integration. Similarly, we`- 
obtain the equations »'—cm=b (c?—v*)}, ¢’—cn=d(c*’—v*)* where b and d are 
constants of integration. On multiplication by £’, 7’, ¢’, respectively, and 
addition, these three integrals give a&’+-by’+dZ’=0 (remembering v?=c? —c2) 2 
Similarly, on using £”, 7”, ¢” as multipliers, we get, since (V0’) =cp, 


ag” +by” +d" =0. 


Thus, the velocity and the acceleration of the electron are in the same plane; 
hence, if a solution of the fundamental equations can be found which satisfies 
the equation c cos $=, the motion of the electron is in one plane. Conversely, 
if the motion is plane it is easy to pick out a solution for which c cosd=v. 
The theorem of associated directions, then, gives a second solution which also 
satisfies c cos @==v.' Knowing these two solutions the integration of the 
Riccatian equation of § 1 is effected by means of a single quadrature. 

Take the plane of motion to be z=0 so that ¢’=0,¢”=0. It is evident 
that cl=¢’, cm=y’ satisfy the first two equations. These values of J, m 
satisfy ccos@=v. To determine n we have the condition Pt m+ 
‘giving cn= =+ (c’—v*)#, Hither of these values of n satisfies the third nr 
which is, in this case, un =—cn (1£” +m"). Hence, the solutions which give 
c cos 0=v are cl=§', cm=y', en= +È. 

To obtain the general direction of projection it is necessary to solve the 
Riccatian anaes In the case of plane motion this is somewhat simplified 


and is 2(¢?— o) ae OO a cp” —2ia (E n” —&" y') —co* Pp". where aCe elem. 


ituting for y m,n the values just given we have the two particular solu- 
son by c(1+)o,=¢', ¢(1—o@)o,=9$' where ca= (o—v")*. it is 
c. satisfy the Riccatian equation. 
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The general solution of the Riccatian equation is, therefore,” 
l . 6—0 
ie i I Ae aii ' 
where A is a constant of integration and 2 (¢—v?) R=—cŅ}". A is, in general, 
` complex since ø is complex. 
Thus, when the motion is plane, the problem i is aia to the integration 


(E" —in" ) dr 
—o,) Rd a a e 
Flee Rar ox o f (Eir) VOE" 
The integration can always be effected if the scalar quantity v is constant, 
and in this case the integral is [c/(c’—v*)*] log 4’, so that i 


o=0,-—2—*. . 
1+ Aye . 
If n=0, »’=0, n” =0, it is evident that the integration can be carried out. 
This is the case of rectilinear motion which will be treated in detail. The 
remaining case of most interest is that of uniform motion in a circle and the 
solution is in this case given in terms of the trigonometric functions. In general, 
the explicit determination of the equations of the lines of force depends on the 
evaluation of the integral given above. 


§ 4. Parrrcunar Cases or Prans Morton. 
(a) Rectilinear Motion. 


Taking the x-axis as the line of motion we see from §3 that the solution 
; ; E" dr : : 
depends on the integration of c f VOLES In this particular case, however, 


the general solution can be obtained at once directly from the Riccatian equation 
which becomes 2 (c?—£’*) 0’ oe (1—o*), 


This gives Mera a = = log ore 





‘=v). Write 4=a+i@ 


and we have ane = (a +i) (cy : Whenee, 
=| (oie) o*—v?)}— (o—0) | + { (a +48) (’—v*) + (o—v) }. 
From this point we must distinguish between the cases v Sc. 


Linear Motion When v<c. 


(c’—v*)* is real and so if s denotes the conjugate of o we have 
s{ (a—iB) (P—v*)*+ (e—v) | = (a—i8) (P@—v") — {gga 


* Cohen, “Differential Equations,” p. 175. 
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Forming the product os we find 
os (a? + 6%) (e—v%) + (c—v)* 2 (0—0) (P—1?) ta} 
= (a? + B’) (ch—v*) + (e—v)?—2(e—v) (P?—v*) t a, 

and since (1+os)l=o+s, (1+os)im=o—s, (1+6s)n=1—os we have 

Rl = (e+v) (a+ 6?) —(ec—v), Rn =28(e—v*)?, Rn=2Qa(e—v*)}, 
where R= (c+v) (a+ 8?) + (c—v). 

The lines of force at time t are, with these values for l, m, n, 
w=E+e(t—)l, y=c(t—vr)m, z=c(t—r)n, 

and a, 8 are two arbitrary real constants. 

It is seen that ay=ĝz or the lines of force lie in planes through the 
direction of motion a result evident, à priori, from symmetry. If v is constant, 
so also are l, m, n, and we get the well-known result* that in the case of 
uniform motion in a right line the line of electric force at time t through any 
point x, y,2 is got by joining æ, y,2 to the position of the electron at that time t. 
Since the lines of force are symmetrical round the direction of motion it is 
sufficient to consider the lines in the plane z=0, so that a=0. For instance, 
in the case of simple harmonic motion we may write =a cos pr and the lines 
of electric force in the zy-plane are s=a cos pr-+c(t—r)l, y=c(t—v)m, where 

148° (c—ap sin pr) + (c-+-ap sin pr) | = B*(c—ap sin pr) — (c+ap sin pr), 

m4 B*(c—ap sin pr) + (c-+ap sin pr) | =28(e&—a'p? sin? pr)}. 
The single arbitrary constant 6 gives the single infinity of lines in the plane. 
To get an idea of the shape of the lines take the particular line B=1. Then, 
cl=—ap sin pt, cm= (c?—a?p* sin? pr)*; put t=0 and r=—+’ so that y takes 
positive values. Then, =a cos pe’-+cr'l, y=cr'm, where cl=ap sin pr. 
Thus, v=a(cos pr'-+pr sin pt’), y= v'(c’—a’p* sin? pr’)?, where v’ takes 
positive values. If ais small we have at distances far from the origin 
e+y=er*, x£=a(cos pr + pr sin pe’). 

The line of force is of an oscillatory character with increasing amplitude about 
the line e=0.' 


Case of Uniformly Accelerated Motion in a Straight Line. 
Let g be the uniform acceleration and suppose the electron to start from 
rest at the origin at time r=0. Then, E=4 g7, v=gt so that 
Rl= (c+ gr) —(c—grt), Rm=28(e—g’s*)', where R=6* (c+ gr) + (c—grt). 
Consider the particular line @=1. Then, R=2c and cl=gv and the equations 
to the line of force are s=}g7?+ (t—v) gt, y= (tt) (P—g t). 








* J. J. Thomson, Phil. Mag., Vol. XI (1881), p.229; O. Heaviside, Phil. Mag., Vol. XXVII (1889), p. 324. 
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These equations take a somewhat simpler form if we transfer the origin 
to the position of the electron at time t. Then, s=—3g(t—r)* and taking t—r 
as the parameter s we have x= —49s", y*=s*{c—g(t—s) }{c+g(t—s) |, where 
s takes values from ¢ to zero. On eliminating s this is a quartic.curve 


[tert (eg) | 48g tat =0. 


It is easy to see how the lines of force due to a point charge in rectilinear 
motion are altered in shape when the moving charge is accelerated or retarded. 
For example, imagine the charge to have been moving with uniform velocity 
for a long time and, then, to be suddenly affected with a retardation g, and 


consider, as above, the line 8=1 for which l= ~ ; the electron, being at r=0 


at z=0, is reduced to rest at time T=. Consider the line of force at this 


time. The part given by the aggregate of particles imagined projected at 
times 7<0 is a straight line which would pass if produced through the point 


2 è 
g= A At the point where this straight line meets the line cl=v through the 


2 
origin, the line of force bends and passes through the point z= oF in a diréction 


perpendicular to the line of motion. At any later time t the line of force is 
made up of three parts: (1) A straight line part which goes, if produced, 
through w=vt, (2) a bent part beginning where this line meets the sphere 


A 2 
e+y?+e—c'? and ending at a y=e (1—2), and (3) the part of the line 
32 - : 
s=5; from this point to y=0. A similar result holds for the lines got from 


other values of 8. It is evident that if the electron is stopped instantaneously 
we can get the lines of force in the following way: Draw the pencil of lines 
through s=vt, y=0. The sphere with centre at origin and radius ct cuts these 
lines in points where the lines of force bend suddenly, the remaining portions 
being the radii of this sphere. This explains how the discontinuity due to the 
sudden stoppage of an electron spreads out in a spherical wave. The commonly 
accepted theory of Röntgen rays is that they are pulses of this type due to the 
. sudden stoppage of cathode particles. It is important to notice that in all cases 
the direction of projection is determined by the velocity at the point of projec- 
tion and is independent of its acceleration. 
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Lf we give particular values to v, g, c, it is easy to draw the bent portion: 
_ of the line of force due to the retarded part. of the motion. For instance, 


take v=4, teas then the electron is reduced to rest in time 7=5, its 


position at that time beine e=1, Taking B= 1 we iye =? . First take pase 


9) 
so that we are drawing the line for the instant when the ain is reduced to 
rest. Then, if0<7T< n tit x —r, §=4(e—*), The distance from £ 


to the corresponding point on the fee of force is o(t—v) =4(1—27) =81. 
It is found that the bent portion of the line of force resembles closely the part 
in the positive quadrant of an ellipse whose axes are in the ratio of 10:34. 


Having drawn the line of force at time t= we get the form of the same line 


at any subsequent time by producing the radii vectores from ¥ to the corre- 


sponding point on the line of force at ‘time t= 5 a constant distance. This 


method of deducing the successive positions of a given line of force from the 
position at any one time follows from the equations of the lines of force and 
is applicable in the general case. 


M otion ina Straight Line When v>c. 
In the equation 
{(a+4B) (e-—v*)# + (c—v) jo =] (a +48) (¢—) — (c—v) 
(c#—v*) is now a pure imaginary. Writing it in form i(v’— —¢)} we see that s, 
the conjugate of c, is given by the equation 


| (a—i8) (v'—c*)#+4(c—v) | s= eae) (v? Ea 
From these we obtain as before 
Rl= (a? +?) (v+e)—(v—e), Rm=2a(v'—c*)!, Rn= =28 (v oe: 


where R= (a’+*) (v+ce)+ (v—c). 
The lines of force lie in planes through the axis 5 of x; putting 8=0 we 
obtain the lines in the plane zy. It -will be noticed that, for these, if a=1, 


bas, and so A—0. Hence, in the case of rectilinear motion with constant 
velocity v>c the generators of the cone bao are directions of projection. 


The cone with vertex at 2=£(t) and semi-vertical angle asin accordingly 
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separates the regions where there are lines of electric force from those regions, 
where there are no lines of force. The generators of the cone are lines of 
electric force, This is a known result.* If v is not constant, these successive | 
cones envelope a surface of revolution, the meridians on which are lines- of 
electric force, and which enclose all the lines of force.. 


Motion in a Circle with Uniform Velocity. 
f Let p be the constant angular velocity and d the radius of the ai: 
Then, the plane of the circle being z=0, and the centre of the circle being the 
origin of coordinates; we have =a cos pt, n=a sin pr, ¢=0; whence, ¢=ae*" 
and the particular solutions of the Riccatian equation are o,,0,, where 
c(1+0)o,;=tape®’, c(1—a) =iape”’ and &a&’=?—v'=c—a* p 

- On substituting these values in the general solution for plane motion iti 18 
found that - 
e(1 +a) 1 z t 

P Takibe E —ap/2co] 
If v <c, o is real; if v>c, ois a pure imaginary, so there will be two distinct i 
solutions according as vže. 





g = 


(a) Case When ee 
Since o is real, s is got by merely changing the sign of 4 wherever it 
‘appears in the expression for co. Adding we have . 


oes 


Pe eat ch Ge al ee 22 Sn pF + 008 pr 


where P,Q, R are defined i the equations 
P = a cos p t/a +8 sin p t/a—ap/2ca, < & 
eae E —Bcospt/a, — 
= (a+ 6*) +0? p?/4¢' a’—ap/ca (a a sin p t/a). 
Meee on subtracting we find 
P cos pr—Q. sin pr 
, 


—i(o—s) =2¢(1+.0) /ap cos pr +2 R 
and on multiplication i 
. 2e(1+0) 
Paa: ap STR 
os = —y a + > sy 
a’ p’ R : 


* O. Heaviside, “Electrical Papers.” 
} The integral f hae dr of § 3 is, in this case, + logy’ and y==ae—#r, 
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from these equations we obtain R(1+os)=S, R(1—os)=T, where § and T 
are defined by the equations 


a 
me St SP EP (a cos + 8 sin”. =), 


CG) 





@ 


T= (a+) 2 4 8, 


and hence l, m, n are given by 











S+S 2. Op. 2 ap ; 
. a EFF = : sinpr+ 4 {(P+ ye.) osin pr—@ cospe}, 
E E E E A ipe 
m = Errr ; COS pt s{(P+32) w cospr+Q sin pr}, 
_i—os _7T 
~I+os g8’ 


and with these values of J, m, n the parametric equations to the lines of force 
are =a cos pr+c¢(t—t)l, y=a sin pr+e(t—r)m, e=c(t—r)n. 

By a suitable choice of the constants a, 8 so as to get particular lines of 
force these expressions may be considerably simplified. Thus, if we put a=0, 
.8=0, we have l=—(ap/c) sin pt, m=(ap/c) cos pr, n=, and the line of 
force is given by the equations 

c=a cos pt—ap(t—t) sin pt, y=a sin pt+ap(t—t) cos pt, e=cw(t—rt). 
It i is obvious that it lies on the hyperboloid of revolution 
(a? +4") /@—p'e'/ea’ = 
which contains the circle of motion. Writing this aa in the form 


(2/a—pz/ca) (%/a+pz/ca) = (1+y/a) (1—y/a), 
we see that the directions of projection are generators of the hyperboloid. 
The form of the line of force is evident if we consider its projection on the 
plane of motion. The equations of the projection are 

v=a cos pt—ap(t—v) sin pt, y=a sinpt+ap(t—t) cos prt, 2=0; 
giving l 
(x—a cospr) + (y—a sin pr) tan pr=0 

and (x—a cos pr)’ + (y—a sin pr)*’=a? p (t—?)*. 
These are the equations to an involute of the circle a*-+y’=a’; the involute 
meeting the circle at the position of the electron at time r=t.- To obtain, 
then, a line of electric force due to an electron moving with velocity v<c ina 
circle we unwrap a string which is wound round the circle, the tracing point 
at the end of the string leaving the circle at the’ position of the electron at 
time ¢. Having obtained this involute we Se it Ha lines parallel to the 
axis of z on the papers (f+y*)/?—p2/e a 
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Lines of Force in the Plane of Motion. 

- To obtain these put »=0. Then, T=0 or (a’+6*) = (1— 1—a/20)’, ane 80 we 
may write 20a = (1—a) cos6, 208=(1—a) sin and these give a’ § = (1—o) k 
where k=1—(ap/c) cos(pr/a—®), and, finally, i l 

kl = sin pr cos (pt/w—6) — (ap/c) sin pr—o cos pr sin Glasi ), 
km = —cos pr cos (pt/a—8) + (ap/c) cos pr—o sin pt sin (pt/a—8). ` 
The single constant 0 gives the single infinity of lines in the plane of motion; 
from symmetry we need only consider a particular value of 0, say 0=0; then, . 
kl = sin pt cos pt/a— (ap/c) sin pr— - @ COS pt sin pt/a, l 
- km = — cos pt cos pt/a+ (ap/c) COB pT —w sin pt sin pt/a, 
where the Dapper factor k is now 1— (ap/c) cos pt/a. 


Circular Motion When. v>c. 


o is now a pure imaginary and so it may be written =i where 6 is real, 
The functions o and s are given by the equations- i 





ge fe(L+48) ae 
Bem. HEN { ap + i) tg 
o eye (OC 18) = 1 
PRANE { ap + anisyeF "tap aaa 
whence ; 4 yia ; 
D(o+s)= —0(= sin pr+ ach eos spr) +26-7"1B cos pr—a sin pt} + E cos pt, 
wers pag 2 e-trr/0 + oemt; + eal ; 
i 2c 
Similarly, ; ; 
AAG s)= 2 pr— pe) J 2eme] y cos pt +B sin pt} +2 TE e gin pT 


i © > and as = 1+ ge (a—08). 
Using these values we obtain, after some reduction, and on wring , 
= e +8) e27 — a p/4e@, 
(a eras p/AeP +e a Puey (a+B/6), 


' the ee 





P jF cospr = ee ee i 
l = — — | sin pr + - Reali NOSES... C D 
ap G ` ” 
P 6{F sin pr —— e=?" (0a +8) cos pr} | 
m= — Gone OE eS 
ap G i 


KA e727/8 (08—a) 
ap G 


On Inequalities of Certain Types in General Linear 
Integral Equation Theory. 
_ By Mary Hvenyn WELLs. i 


Parr I. 
§1. Introduction. 
in the theory of the classical linear integral equation 


E(s)=n(s)—2 f x(s, Oe 
we find the inequality of Schwarz * 
, b © g 
Slo Pas f ino) Pas f'E z0: 
In the theory. of the general linear integral equation = 
E (s) =n(s) —adx(s, t)n(t), (1) 
in which. appéar more general functions and operator, explained later, E. H. 


Moore has found, among other inequalities, the pci tik of the Schwarz 
ee given above, namely, 1 
IE Tnn—JERInE 2 0, j (2) 
where — denotes the conjugate imaginary, We proceed to the discussion of 
such inequalities. ` 
In a memoir “On the Foundations of the Theory of Linear Intégral 
Equations ”,t E. H. Moore has given the basis 5,, and system of postulates, of 
a theory of the general linear intégral equation (1) which we shall write 
k=y—AJxun. > a l (1) 
E.-H. Moore has defined the properties of class M=[u] of PEN uona 
general range P= [p] to the class Y= [a] of all real or complex numbers, 
properties of class (MM), to which the kernel function x belongs, and also the 
properties of the functional operation J; necessary for, the theory of the’ gen- 





* Heywood-Fréchet, “ 1/Rquation de Fredholm.” 
Ț Bulletin of the American Mathematical Sooiety, Ser. 2; Vol. XVIII. 
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eral linear integral equation. For the convenience of the reader some of the 
definitions are given here. 
PM is linear. (L), in notation M4, in case 


M—= DM = [all u= dyrt delet . -H antn]. 


M is real (R), in notation M”, in case the class Yt is the same as the class 


of conjugate elements, B 
M = Me. 


J is an operator of binary quality eliminating both the arguments s and ¢ 
when it operates on such a function as u (s)u:(t) or x(s,t) giving a number of 
class W. That J operates on a function x to give a number a, we indicate by. 
the notation J™***. The notation Ja )x(s,#) will be replaced, throughout, 
by Jx, and Jy yii(S)ue(t) by Juis. That Juju, is in general different from 
Juu is seen by the examples of J used in § 4. 

The operator J is linear (L), in notation J”, in case 


Maxta =x implies aJt ax =J. 
The operator J is hermitian (H), in notation J”, in case 
J tls =d i fh. . 
The operator J is positive (P), in notation J? , in case for every function 
u of M l 
Jiu 2.0. 

Using the foundation 

>= (X; $; ME, R= (MMM), ; TORRONE] 


it is the purpose of the first part of this paper to show the existence of certain 
inequalities of the type 


a2) So , l 
2 mJy Tabb 2 0 (EF; n”; JEP); (3) 


where ijkl is an arrangement of the digits 1234 which refer to the functions in 

the first, second, third and fourth positions in ihe product EEnq of which the . 
arguments are omitted for convenience. For instance the term digg Jotinn - 
indicates dy,WJEnJéy. Of the twenty-four terms to correspond with the twenty- 
four arrangements of the subscripts 1234 in J,J,, only twelve are distinct 
since JiJ,,—J,,J,. Thus, the inequality is one of twelve terms as indicated 
by the notation in (3). For definiteness the digit 1 will be kept in the first 
place or the last place in the arrangements of 1234, and the other digits will 
be in dictionary order. With this plan the coefficients of the twelve distinct 


General Linear Integral Equation Theory. . 165 


terms are as indicated in table (7). In further explanation of (3) it should 
be said that the parenthesis indicates that the inequalities are valid for all 
functions ë and y of the class M and all operators which have the properties 
LHP. Since throughout this paper ë and n will always be considered of the 
class Dt, and each J will have the properties LHP, these superscripts will 
often be omitted, and the superscripts used will usually indicate still more 
special properties of £, n, and J. l 

Further, it will be shown that the inequalities exhibited form a funda- 
mental set for the two cases, (1°) where J==J, i. e., J te, y% (8, t) =JS Gy, p(t, s)", 
(2°) where £ and y are real. By saying that certain inequalities form a funda- 
mental set, it is meant that any inequality of type (3) which satisfies condi- 
tions shown to be necessary, can be expressed as a sum of positive or zero 
multiples of the inequalities forming the fundamental set. 

The three following inequalities, containing a numerical parameter u, 
. together with those obtainable from these three by transformations on £ and y, 
form the fundamental set (1°) when J=J, (2°) when £ and y are real. 


{(L+ ut) Sydeg + (u +B) Ju Jel EEnn = 0 (EF; n7; u; J). (4) 
{Jag Jet Ud 14 Jog + Ud 99 J gg Huuda | EENH = 0 (£F; n”; ue; J=). (5) 
(Ji Jet Gd ag Sop + Ud tp Jay + Ul oy Jer | CEng 20 (EP. n”; už; J*=2P), (6) 


§2. Proofs of the Inequalities. 


A special case of the first inequality (4) is the generalized Schwarz 
inequality (2) stated and proved by E. H. Moore. The proof of inequality (4) 
was exhibited by E. H. Moore in class lectures given in January, 1914. For 
the derivation of (4) and (5) B. H. Moore proved that when a set of classes 
of functions W, M”, ...., M®, each of which is linear (L) and real (R), 
is used to form the class M=(M/M”....M™),,+ the resulting class is 
linear (L) and real (R); and that the corresponding functional operation 
JeeJd'J”....J™, in which each J® has the properties DP, itself has the 
properties LP. Accordingly, when m=2, we have 


Tides (Enunk) (Entunty20 (ER; q; uh; TPS JOR), 





* E, H. Moore, Bulletin of the American Mathematical Society, April, 1912. 

t“ On the Fundamental Functional Operation of a General Theory of Linear Integral Equations” 
published in the “Proceedings of the Fifth International Congress of Mathematicians, Cambridge, August, 
1912.” ' 
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Since the two operators are not necessarily the same, two inequalities are ob- 
tained, (4) by using JJ and (5) by using Jd. 

To prove (6) it is only necessary to write the inequality as a product of a 
number and its conjugate: 


(JEn+udnk) (JEnt+udnE)20 (EF; n”; uh; J™P). 
Table (7), in which the inequalities are tabulated by means of their coeffi- 
“cients Gi and labeled 4,, 4;,...., Ay for convenience in reference, shows the 
complete set of inequalities (4), (5),.(6) and those obtainable from (4), (5) 
and (6) by transformations on E and n. ‘The transformations used’ may be 
indicated by the usual transformation notation:* (££), (EE) (nñ), ar 


































) 
Aigas Qisa | Aros | Qiase | Gosar Cun [osa] asun (tes Gisors 

Ay 4 0:10] 0] 0 w+ 0 0; 0 

Asul) O [l+ui 0 w+ 0 |] 0 | 0 ; 5 ; 0} 0 (4’) 
4, ,| 0 0 0/0 ]0)] 0 4 O uta 0 f+uuy 0} 0 
Aul 0 0 070; 01) 0 w+mO0;]0] 0 0 +u ‘ 
Asul 0 17,0), 0]u;O]O;} O juj we {Oo} 0 (7) 
Ás, x 1 0 u 0 0 0 0 0 0 0 u uŭ (5’) 
A,,}| 0 uŭ | 0 0; #1070.) OjJj«ujļj 1 10 0 

Ag u| uu 0 u | 0 0;0]01]0 140 0 Juj 1 

Ay | 0 0 ui 0}; 0; 0 ;usjOo}] 0 juf 0 
Ay} 0 0 a juu]; 0} 040 110]; 0 [ul 0 (6’) 
Ay ,| 0 0 0;0)] @ilwy li Oju] 0 |0] 0 

mul 0 0 07] 0; @] 1 jut) 0ofuy O 10] 0 


§ 3. The Twelve Inequalities (7) Form a Fundamental Set When J=]. 
Proor. Since the operator J is self-transpose (J=J), Juym=Ju.,. As 
an example of such an operator may be mentioned the classical unary J of the 
classical instances J/,, III, 1V,t which, in the respective instances, is 


5, $, Sap. 


pat pel . 
When the self-transpose J operates upon £27, we have 
. VJ u=J J g=JyIn=Jadn, í 
Jadu =J gd pS J = Jada, (8) 
a eg er f 





* Cf. Cajori, “Theory of Equations,” 
{t E. H. Moore, “On the Fundamental Functional Operation of a Qeneral Theory of Linear Integral 
Equations.” 
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Consequently, we have a grouping of. coefficients by which we designate 
l b= hisi t lia t Gein + ln» l , . 
b: = Gigi t Greig + Gusi + Gimis . (9) 
. ba = Qus F Arise + Gosa + Gerai - l f 
In this notation the general mee. which we wish ‘a build from the 
given inequalities (7) is yo 
 OSudatbdututbIuda)eni20 (E; n; Jad). (10) 
In this field, J=J, the given inequalities (7), with grouping of coefficients in 


accordance with (9), reduce to four. distinct inequalities B,, B,, By, B,, 
tabulated by means of the coefficients b,, ba, bz, as follows:. 


(11) 


L+uut+a4+u . 0 
0 1l+uttu+u 





To build the general inequality (10), as the sum of positive or zero mul- 
tiples of the fundamental inequalities (11), it is evident that the multipliers 
must be expressed in terms of the coefficients bj, ba; and bẹ. First, then, we 
determine certain necessary conditions involving bı, b, and b,, which are 
certain expressions in b,, b2; bs found to be necessarily positive or zero numbers. 
By suitable choice of certain of these expressions we build (10) as a sum of 
“ positive or zero multiples of the inequalities (11). i 

For the determination of necessary conditions on b,, bs, bs we need only 
to use a binary operator, and use for & and y the vectors (a, %2) and (Y1, yz). 

. In this binary algebraic case, the linearity of J demands that J&é have the 
form ; 
l jatit jtt iatt iat . 


Therefore, the binary operator may be written 
f= G a 
. aJ 
which effects the ordinary matricial combination with the product £n which is 


i (es foe 
LeYi, UsYe 


And, conversely, this form of J implies the linearity of J. 
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The fact that this operator is hermitian (H)* is expressed in the equality 





Juyi + Hr2Yot Jer Ges + jety =F LY + jaye t fly, + jety (45 Les Yr» Ye)» 
for which it is necessary and sufficient that the matrix (j,,) be hermitian, viz., 
nvJeay (r=1, 2; s=1, 2). l 
The property P of J* demands 
Jutt + JrP Bat jata + jeti 2 0 (a, Te). 
For the positiveness of this hermitian form the necessary and sufficient condi- 


tions are ; : aa se 
: uzo jeg 2.0 Jude2—Jirdor 2 0. 


Hence the matrix (j,,) is both hermitian and positive. In general, it is true 
that such an operator, binary or n-ary, is hermitian (H) if, and only if, the 
matrix (j,,) is hermitian; and such an operator is positive e if, and only if, 
each principal minor is positive or zero. 


The binary operator ce l 9 ) affords, as a special instance of (10) 
i Jz 


By (Jatt JosVeibe) (JurYrs + JY) ; - >9 
+ by iutyi-tintys) (uit bits) 20 (Z Me aZ, aay 
+3 (JPY + JaLe) (Juy + jay) ae 4i ae 
The cases 
(E; n; JS) = (Bry 22; Yr» Yos Juns da) 
=(1,0; 1,0; 13:9), (0,—1; 1,0; 1, 1), Gy 1, —i; 1,.1), 
- (1, i; 1, t; 1, 1), 
where i= V—1, show that we have as necessary conditions: 
bı+b:+b:20, 020, b4+02:20, b,+0320. (13) 
With these conditions on the coefficients we are able at once to build the 
general inequality (10) in the field indicated by J=J from the fundamental 
inequalities (11). 
If b >20, we secure the desired inequality by using 
$ bBo 1t (bit be) Bs, ot bBo, 
which is the sum of positive or zero multiples of positive or zero forms, hence 
is positive or zero. If b,<0, we use 
—$ bsBy, 1+4 (b1 +bs) Bs, 1+ (bitb: + bs) Bs, o, 
which is the sum of positive or zero multiples of positive or zero forms, hence 
is positive or zero. 


* Cf. Section 1. 
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a The Twelve Inequalities (7) Form a ‘Fundamental Set When & and n 
l Are Real. 


Proor. In case č and n are real we have: 


Ig Ju=S J g=JuIn=Sea In; 
; JaJe=JuJa=]sJa =dua ’. 


(14) 
JaJu=Juds, 
JgJa=dada. 
w shall designate the consequent grouping of coefficients ijt 

q= gi ae ten Pte: 

C= lye F Quise + Grs + Grasi » (15) 
C= Qisu F Grass » 

C= Qs + unsi - 


The corresponding general inequality which is to be expressed as the sum 
of positive or zero multiples of the fundamental inequalities is 


(oJJut esatia Jat eaa) Emz (E; n; J). (16) ` 


With £.and real, the given inequalities (7), with grouping of coefficients in 
accordance with (15), reduce to three distinct inequalities C,, Cry Cs, : tabulated 
- by means of their coefficients Cy, Ce, C3, C4 8&8 follows: 


an 





The multipliers in terms of ¢,, C2, C3, ¢, with which to build the general 
inequality (16), as a sum of positive or zero multiples of known inequalities 
. (17) are to be chosen from necessary conditions involving the coefficients 
C1) C2, Cg, C,. Again, it is possible to determine the necessary conditions by 
use of a binary operator; but in order to secure sufficient conditions, a more 
general binary operator must be used than served for the situation J=J. We 
use fy pure imaginary (I) and have ’ 


r= ( ju is). 
— In Jos 


22 
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The inequality (16) becomes, for this special case, 


Cy (jn + jati) (Fry + jaya) i or yr 
Folium + ji (ya — Ty) + JoaXeys | f oF ye 
fjnty + j (2Y — 2Y) Finty] Z0 | z0 . (18) 
+054 juty Jas (bYe — ty) +jiatyt Í Ja 
+044 juty ja (ef — tya) + Josten? — \budee t+ Fie 2 0 
By making suitable choice of the variables and elements of the matrix J, we 
- secure the necessary conditions. In this instance it is convenient to use the 
most general matrix whose determinant is zero. Such a matrix is 


E a) -where j,=-etj; and eè. . (19) 
Jdi IJs ‘ , 
In this work we need frequently to remember that ; 
p me+2ne+p20 (eë) . (20) 
implies 


m”, në, p”, m20,p20, mp—n'20. = (21) 
The cases (x, 23 Yis Y2; Jus fiz, Je) 
= (1,0; 1,0; 1,0,1), (1,0; 0,1; 1,4,1), (1515 1,01) 


give as necessary conditions ee . 
tetet azo, C+ Cj—ts— euZ 0; - 20, | 
(a+c)? 20, . (o+ 0,)" ’ cr, c7. 


The case (ti, %%; Yı» Yz Jus fias Jas) = (1, 0; 1,1; 1, —e'i, e?) gives the 
inequality l 
(4,464) € 1 2i(a— a) + (abet ete) 20 (e’*) 
which, by (21), ensures the conditions | a 
, (C—)’, .°.¢;=C, and (ato) — -4o 20. - (23) 
With the conditions expressed in (22) and (23) it is possible to build the 
general inequality (16) in this field (7; 7”), from the fundamental inequali- 
ties (17). 
If c,>0, we may build first for the case c,=0, using the consequent 
condition: . 


hence, hig | 


: C3 —4C > 0. 
The desired inequality is given by . 
$ {Cat (C5—40504)? | Cs, oies (ot—t0401) 1° | (24) 
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If Aki it follows from 2) that ¢,>0, and we may obtain the. ‘desired 
inequality by adding GC,» to the inequality (24) already built. 

Tf c,=0 the necessary conditions (22) and (23). Teduce to 

420, c—4ec,20. l 
Hence, the desired inequality may be’ expressed as 
$ {q+ (e]—4050,)*} Cs, 2o lort (o?—Seaes) 4] 
It c <0 and + #0, we use 
= 40.0), td, ja, Where d=4 [at t+ f (a+) 4ce, }]. 
If c;+c,=0, it follows that sk ae Henge, we secure the desired inequality 
by using se Shs 
Parr I. 
$5. Definition of Polarizable Inequality. 
The inequality 


È aple Br 2 0 (EF; 1%; JH?) 
is said to be polarizable if it is true that DO ! g 
- 09 
Z tmut Ti TebEng2O (E; n”; I; Jere), (25) 


It. will be shown in this part of the paper that the first eight inequalities 
of (7) are polarizable, while the.last four are not polarizable, even for the 
case J=J, or for the case Ẹ and y real. Also, it will be shown that these eight 

polarizable inequalities (4’) and (5’) form a fundamental set of polarizable 
inequalities (1°) when J =J , and (2°) when £ and are real. 


Re es © $6. Pr oof o the Polarized Forms. 
\ In §2 we have 
\ Tien (En + unk) EFO (GERTE 
Ve may canal well have : 
“Jia (En bunk) (ExFunk)>0 (Ess uh; J’ J"). 
The sum of fies: two inequalities i is i 
| (1H) (Jis on A (Ut Ey (Jia HI) | EEnh 2 0 
; (E;n; u; J’; J”). (26) 
. This is the polarized ea of (4). Similarly, by using J’J” and JJ’ we obtain 
the polarized form of (5). Transformations * on & and ņ afford the polarized 


* Of. Section 2, 
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forms of the remaining six inequalities of (4’) and (5’). It will be seen from 
conditions (30) and (34) that the inequalities (6’) are not polarizable even 
when J is self-transpose or £ and 7 are real. 


§ 7. The Eight Polarizable Inequalities (4’) and (5') Form a Fundamental 
Set of Polarizable Inequalities When J=]. 


Proor. Since J’=J’ and J” =J”, and the operand is ££yy, it follows that 
M=aSel = E 
Ndizi aii, 
Vid =J pg a= Js 24 = Jgd 
Juli =dua, j= Teli, 
Iga Tie =J= s, 
. Jal u= ad a= Jeu =de a . 
The corresponding grouping of coefficients diy 18 


Gost Qies + As + spars Aise F Csia t Gosi F Guesis Guga T Gage + Goss + Asus 
which have already been defined (9) as b,, b,, bg, respectively. ` 

The general inequality which we wish to build from the eight given 
inequalities (4’) and (5’) is 


OTRAS OIA SSO En iy, (10) 
However, since this inequality is polarizable, it must be true that 
[ba (Tiu + Tete) + ba (Fiala t TacTis) + 0s (Tiat {EEwn 2 0 
(E; n; =d; J" =J"). (28) 
Using the operators 


mo O ju 0 : 
J= @ A edt = ( u ) : 
O dee 0 j ; 


we have as a special instance of (28), 


b { (it, + Irae) ae real 
+ (FAG+ jY) (J12 + Joo) 
aoe { (Faty t jatYa) (Fri + jaye } Sgr: us Ys 
F (Jati tjat) (Iriya + jety) = 2 
+b { (tats + Jeo) e a i> 0 jazo 
A (Jah + JeeBeYe) (IY + Jate) . 
The cases (4, 22; Yr» Ya; Jus Joey Jury Ja) 
= (1, 0; 1, 0; 1, 0; 1, 0), (1, îi; 1, —i; 0, 1; 1, 0), 
(1,9; 1,4; 0,1; 1,0), (=1,134, 5; 0,1; 1,0), 


(27) 


(29) 
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show that we bave as necessary conditions s 
biHba+bs20, bitbs—b:20, biı—bi+b20, bı—b—bs20. (30) 
Since all polarizable inequalities for the field J=J must satisfy condition 

(30), and since neither Bg , nor B, , of (11) satisfies the last condition of (30), 

it is now seen, as was suggested in § 5, that neither B; , nor B, „ is polarizable. 

It follows that the inequalities (6’) from which B; , and B, , were obtained do 

not satisfy the definition of polarizable inequality, as that definition demands 

that the polarized form be positive or zero for all J”#’, of which we have 

J=J™? as an instance. 

The eight inequalities (4’) and (5’) which were proved polarizable, reduce 

to two when J=J, designated as B, „ and B, , under (11). 

The desired inequality (10) is shown to be the sum of positive or zero 
multiples of the fundamental polarizable inequalities B,, and B, „as follows: 
When b> 0 and b Æ bz, the desired inequality has the form 


$ baBi itd Be wa, 
d,=b,—bs+ | (b;—bg)*—b3]*. 
When b, <0 and b,-+6, £0, the desired inequality has the form 
—$b,B, +4 GB, ya, 


where 


where 
d,=b,+b,+ Í (b,-+bs)?—b3}*. 

When b,=),, we use 45,B,,, since b=. When b,=-—b,, we use 
$ bB, _,, since b,=0. 


§8. The Eight Polarizable Inequalities (4') and (5’) Form a Fundamental 
Set When E and n Are Real. 


Proor. In this instance (£7, »*) 


FS = Sl g=InJe=Tod 5, 
VJ =I a= 19=S a] 395 
J; =I J og =I u J oJ 145 
18) a= iJ = Soe) =I 1 5 
Jamda =I oJ a= 
Jd = S oo) 91 = ST nd) 2 = S 5S 9 - 


(31) 


The corresponding grouping of coefficients is that indicated in (15). Hence 
the inequality (16) is the.general inequality which is to be expressed as the 
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sum of positive or zero multiples:of the known polarizable inequalities, C, , 
and C; ,, to which (4’) and (5’) reduce when £ and y are real. The -positive ; 
or zero multipliers will be chosen from: necessary conditions on Ci, Ca, s, C4. 
The conditions (22) and (23), which must be satisfied by the coefficients 
of all ‘inequalities (16) must necessarily be satisfied by the coefficients of the 
polarizable inequality (16). In addition to these conditions (22) and (23),. 
necessary conditions are obtained by: using the fact that the inequality (16) is 
polarizable ; a, e. ; 


161 (Jiu tI ie) +e Lt E he ETE . 
AAEL EAY it nes J'i J”) Pia 


r= ( dn 2) r=( Ji i), ; 
—je j Aha fa - 


_ where A and jj, are pure imaginary, aes as a special case of (32): 


c| (juti tjans) (Juyi t jayi) 


The use of 


+ (juyit jays) (iat + ity | ot of 
Ay ji (Dye ty) Hjata} ~~ yz -yE i 
Ge i {9291+ dia (2y — Biya) Hiit] | . reds 
z +4 Fm t jis (Der — 2y) + jati > 7 >0 72 >0 : 33 
; L2H + Fis (Bye— ty) Hiatys] | > jaz PA 
Haf fan + ia (aya) +Hjety}  - ee 
< | jamt jis (L1Y2— my,) Hity) | ©- \ Gate tie 20 
+o fitan + Fie a — TY.) Hjata) -. L 


| iin + js (2y — 42) Hjata | 
The special values 
(15 a3 Yis Yas Jars Jiss Jas Jats Jies je) ee 
= (1,0; 0,1; 1,4, 1; 1,—4, 1), (1,1; 1,—1; 0,0, 1; 1, 0, 0) 


give the saa conditions 


Bs q— atete2 0, aa 420, l 
whence - SRA : 
E 0. 2 a 
Again, it is.convenient to use, for J, a matrix whose: deveriatnant: is zero. 
“We choose ; 
x -© J= C it, Fis (E o) 
: Je: Inde i J2Ji dads 


General Linear Integral Equation Theory. : ‘175 


where j,=e' ijy and Ja =e"iji with e- and e” real. Then (33) becomes a 
quadratic in e’ and also in e”. As an instance we set 
(%, %3 Yir Y23 Jus Jiss Ja; Jir jis, jz) = (1, 1; 1, i —1; l, —e'i, e”; 1, —e"i, e”), 
and (33) gives the quadratic expression P(e’, e”) in e’ and e” which must be 
positive or zero for every real e’ and e”, and for which, therefore, the dis- 
criminant must be positive or zero. 
P(e’, e””) sm2c,(1-+e) (1+e") 
+¢,{ (1+2e%—e”) (1—2e"i—e'”?) 
i +(1—2e'i—e®) (1+2e"i—e)] +20 (e, e"). 
+20 (14+ 2e'i—e”) (14+ 2e”i—e'”) l 
+2e,(1—2e'i—e”) (1—2e"i—e'”) 
The discriminant of P(e’, 0) gives the condition 
ci (catete) + (&—e) 20; 
the discriminant of P(e’,.1) gives - l 
ci— (Cs—es— t)” + (a — c) 20, 
whence a 

a ci—ce}—4¢,¢,2 0, 
and, thus,. oa be a 5, 

C+ e—4ene,20. (35) 
The discriminant of P(e’ e”) as to e” isa homogeneous quadratic expression 
in (1—e”, 2e’), and since for e’ real, even between the values —1 and +1, 
2e’/(1—e”) takes every real value, the discriminant of -this homogeneous 
expression must be positive or zero. . Hence, we have the condition 

(ci-+e§—4c_0,)*—4cic} > 0, 
and, therefore, by virtue of (35). l 
BHi te aZ E2. 
or (a +0)’ — 4e 20. l l (36) 
It can be seen from (34) that C,,, of (17) is not polirani: By use of (22), 
(23), (84) and (36) we build all polarizable inequalities in this field (£F; n?) 
as the sum of positive or zero multiples of the polarizable inequalities C, , and 


C,,, of (17) in the following ways: 
If c,20 and a Æ c, the desired inequality may be ees as” 


4 c0, ths , Cji ? a 
where l oo k 
d=zla—at | (¢,—C,) deh]. 
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If o,.<0 and’ +c, #0, the desired inequality has the form R 


l —43 GC, 1+ dC 2, o4/dy? 
where 


da=ġ[6 t e+ f (ate) — 4ce] . 


If o,20 and ¢,=c,, it follows from (36) that c,=c,=0, and we may 


express the inequality as $C. 
If <0 and c,+c,=0, it follows from (36) that cs=c,=0, and we may 
use as the desired inequality - $6.0, a > 
Part MI. 


$9. Bilinear Inequalities. 


Somewhat related to the preceding problem is that of determining all 
bilinear inequalities of the form 


eD = 

> yd bean 20 (E;n; J'i I"). 
It is the purpose of this portion of the paper to exhibit sixteen such inequali- 
ties and prove that they form a fundamental set of bilinear inequalities for 
the cases (1°)J=J and (2°) £ and real functions. 


We have, in § 2, as a special instance of the theorem prevad by E.H. 
Moore, the Se 


ulën tun) (Ent unk)z0 (E; ni ut d'i J”), 
which is also written l 
(JaJa tH SaHai EEn (E;n; ut; J'i J”). 
By using J’ instead of J’, J” instead of J”, and J’ and J” instead of J’ and J” 
` we have also 
(Jau tUa HUTH a EEZ (E; n; u"; J’ J"), 
(Jila HUS Satua Huia kEm (E;n; u"; r J"), 
(Jais FEJ Huala HUTS ide) Eni 20 (E;n; u IG J”). 
Four more inequalities may be written by interchange of J’ and J”, the eight 
being Z;,, to Z, , inclusive, tabulated according to their coefficients Zyn in (37). 


By replacing & by Ë the inequalities Zous <- +s Sy6,y Of (37) are obtained from 
inequalities Zia, <e -3 Zou l : 


3 


z 2 
coocoo Fors ooo onoo È 





1: 
0 
0 
0 

Ub 
0 
0 
0 
0 
0 
0 
0 
1l 
0 

uu 
0 
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È 
cooce:) 


Oooo Dooa 


} 


SO00 D000 0o00 A 


oooo g oglio COCO. coco 
COCO oo0oo0oo Cosco oeoo 
oooo omo oono ooo 
2000 coco oo 
BIOL o COCO ooo cocooo 
Soco g1O8O-COCO oooO 
ge OCEO COGS CoCo DooDoo 


‘OEglOe 

2200 COCSD Coe Oo OBICC 
Sooo oood ooog 

COCO og ogl 

og ogl 

ease eae Hooo şo 
Koko oooo ocon ooo 
ooo Moo omoo Cos 
ocoo coco ogoo oog 
Doooo Doo. ooog] 

2000 COTO gooo Yooo 
opoo ogoeg 

sO000 D000 SCF OOo Ooo 
Oooo oscor ooo oomo 


§10. The Sisteen Teuas (37 ) oe a Fundaméntal Set of Bilinear 
Inequalities When J' =] and Jt J", i , 
Proor. In this field, J’=J’ and J” =J", equations (27 ) are valid, and 
they indicate the new coefficients, a 3 
Wy = Bys F Zisis F Peasy F Reus» Wa= Zisi t Zis + Zsu t+ Zoner 
W= Zus + Zuss t Zus + Zas, W= Zon F ena F ois H Zaru» (38) 
Ws = e451 + 2281 + Zens + Zs, We = Zyn + Sean t+ Zena + Sass » 
Accordingly the general inequality which we desiré to build is 
(WS J H Wd: at Wd 93+ We oe) a HW + Wed sid s )EEnn = 0 
l i (850; Pad; I =de (89) 


` The known inequalities from which (39) is to be built in this field, J’=J’ and 


J’=J", are the four inequalities to which (37 ) reduce on-account of (38), 


` and are tabulated in (40) according to their coefficients w1, ...., Wa. 


(40) 





` 
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As before, it is possible to secure the necessary conditions from the: form 
corresponding to binary operators. Use of : 


0 jy O 
J'= a 4 J J= (a u T 
; O Ja O ` jz f 


gives as an instance of (39): 


w (Jati + jalo) (9114s + JY Ye) . 


+w (jaty t jety) (Jay + Jata) - [Ei > & 

Hwe (jutt jay) (JH jay) | o |% Yo (41) 
+0, (Fray + JooEeYa) (ITY Hjata) | H20 jazo f. 
+w (jant t jete) (JUHY + Jaye) ; fiz 20 jazo 


+ Wo (First + dees) (9112s + J32) 
The cases (0%, Te; Y1, Y2; Tiny das Hy ju . i 
= (0,1; 1,0; 0,1; 1, 0), (1,0; 0; 1; 0, 1; 1, 0) 


give as necessary conditions, oe i 
w20, w20. © (42) 


The case (i, 2; Vi, Ya; Fa, Joi Ko Ja) = (1, ktika; 1, k+ thy; 0, 1; Ee 0), 
where k, and k, are real, gives as a special case of (41), 


(w Hwt w, tws) (kitka) + (wt Ws) (kj—}) 
+24 (wy— Ws) kik 2,0 (Hef, kz). (43) 
; Tn (43) the values (k, ke) = (1, 0), (0, 1) give the necessary conditions ~ 
wtw + Wy + Wet Wet We 0, Wy— Wet We + W—Wp+WeZ9. | (44) 
‘Hence, from (42) and (44), 
= (wt ws)", (w+ w)”, 
while from (43) it is now seen that w,—w, is pure imaginary, and, therefore, 
W =W; . . : vr (45) 
Similarly, the case 
(£1, Se; Yor Yas ns fas Jio de) = (L, ais 1, ktika; 0, 1; 1, 0) 
yields the conditions 
. mtu Wy 10, a + 10620, (w — w)", 
whence Ks l = - + 
w=. . (46) 


The cage (a, T35 Yis Ys; Jus Jes fi» =, hy + ike; 1, li + il; 0, l; 1, ne 
where k,, ks, h, 7, are real, gives as an instance of (41), 
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t m), (47) 


+wdi+ lfi (w —w +w, — w) k — (w= w= w+ ws) ka} PE iF 


‘ + w (ki +k) A 
Inequality (47) shows that w,=0 demands: 


wa +w +w, +Hw=0, a 


Wei +1, { (10, 10, 04+ ay) kinowa) kaf ( 


Wy — Ws tH WwW — w=, Ww —ws—w, +w =0. Seed 


For if not, suppose any one of (48) is not zero, say 
y+ y+ w+ s +0. 
Then by terug (ki, he, ) = (1, 0, 0) we have, 
1, (wat uy +e4-+109) +0420, (R), 
which obviously is not true. Similarly, the other equations of (48) are- proved: 
when w,=0. Also, equations (48) follow when w,=0. Hence, 


w,=0 or we=0 demands w=w; =w, =w; =0. ~ - (49) 


Thus for the remaining cases we máy suppose w, #0 and w0 and omit w, 
or w, as a factor in any expression which is positive or zero, each of whose 
terms contains as factor one or more of the coefficients wz, ....; Ws, OF WW. 
When 1,=0, (47) becomes a quadratic in h, whose disoraiimani is a 
quadratic in k and kg, viz.: E 
{4wyWe+ (w — ws +W — ws)" tk 3+ {4w,we— (wWz—W3s—wW, +w) hs >0 (KEKE) 
+24 (w, — w, -Hw — ws) (W —Ws— Wit Ws) krka es eS 
The discriminant of this quadratic in k and kg gives the condition 
161,205} wyw9-+ (t—w,) (W~—Ws) | Z 
which by (a gives as a condition always holding 7 , 
wawo t (w tos) (ww) 20. = (50) 
Similarly, =0 reduces (47) to a quadratic in } whose discriminant is a quad- 
Tatie in k and k,, which gives the necessary condition 
“Wi We— (w,-+ Ws) (wet ms) 20. . (51) 
Conditions: (50) and (51) combine to give 
5 ww — uw —WyWWs > 0, i 
whence >. i WW t- WW, — ww Z0, F n . (52) 


and ~ ". Wy We— WW, + ww; = 0. 
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The discriminant for (47) as a quadratic in } is a quadratic in l, viz.: 
4wih + 4wele{t (Wi — Ww Hwi — Ws) ki — (Ww — w — w, tws) kat . 
+ J4ww— (wtw +w tws) ki sg (= i) 
+ j4w,w—e+ (We -+H We—W,— ws) tki M pai g ip]. 
—2i (w+ Wy + Wy + Ws) (Wy + Ws —Wy— Ws) kka 
whose discriminant, aside from a factor 16w%, reduces to 


| Ww- ~ (w +H Wy) (W+ Ws) hit {wyWe+ (w —w,) (Wa—Ws) tka i 
>0 . (kE ‘ 
— 24 (WW — WW) kk, | ™ 0 . (ky, kz) 
Hence, l f 
{ wyWe— (w, -+w,) (ws +Ws) } {wiwt TE (w,—ws) } + (ww, — ww) 2 0, 
oroo (WW — WW, — WW)? EWW Ws 2 20. (58) 


-Apart from exceptional pases we. have the desired general inequality 
(39) in the form 
ie Wa seat as f 
where. R i oe l 2 

d= WWe— WW, + Ww, + | rea are ) ee H, 
d= WW t WW — WW, + | (WrWs — WaW — WW) — EW WWW}, 


W, Bw; tg/da ) 


The excéptional cases in which the above method will not be permissible are: 
(a) When w,w,+w,ws—w,w,=0; (b) when- ww —w:wWw, tww, =0; (0) when — 
WWW Ws — ww, =0; (d) when w=0; (e) when wa=0. 
In case wW +H-Www; —w,w,=0 it follows that 
W,=Ws5=0, Www — ww; =0, 
and the desired inequality is' l 
= i wW, aa 
Similarly, Pee PETE, demands 
l Ww =wWw,=0, WW — Ww =0; 
and the desired inequality is . 
. - WW i, w/o 
In case w,w,—w,w,—w,w,=0, it is seen by (53) that 
i w=w,=0 or w=w,=0. — 
In case w,=w,=0, the desired inequality is 
: Wi Wa, w/w, + 
- In case w,=w,=0, the desired inequality is 


WwW, w/s * 


‘Further, let 
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When w,=0 or n=, we “have. y= W5=0,=U4= =0, by Co hence the 
desired inequality i zi | wis. FW, : | 
$11. The Sixteen Bilinear Inequalities (87) Form a Fundamental Set 
When & and n Are Real. 
a. Equations (31) which are valid in this case (E7; n”) indicate the 
coefficients, 
V= Zsu F s + Zeas tus, Vo= Zu T Zur F Zas + Zeu» ; 
Vg = Zigi F Zyuss F Zosi F eisi » V= Zas H Zeru + Perey t Zan, (54) 
Us= Sot Zus Tera H Zeus, Ve = pan + Zisa Fen + Zag» J - 


V= VHV t gt Vit Vg+ U6. 


` The general inequality desired is 


LA 


(US ted 34+ Ved 19) 94 + US igh ss ud ids ual HUJ) Fenn > 0 
l (ER n”; J'i J”). (55) 
When £ and 7 are real, the given inequalities (37) reduce, in accordance with 
(54), to four inequalities (56). 








e (56) 
0 
q 
Binary operators give necessary and sufficient conditions on %1; ...., Us. 
J'= Ge a Jit ice K a 
l Ja Je Ja J 
give, as an instance of (55), ps 
V4 FB + (Fist in) Lye + Jarit 7 
l fiait (Jatin) yyt jayi} | 
+vejinyit (jiet Je) YY + iays} ap ty 
(jni t (Jit ja) h2 H jans) yi yr 
+valjntayi t fitYye t jaty t jaty} ' l jaz0 jazo 
= IY + JY + Jatt Jata | ee i fiz Jaz 2 0 (57) 
Lt eg AG aig, Laie aad = ja =e r 
lmnt jien tiwy t iiey} “ ju = tis 
Hs} juty- F JisCeY + Janty t Joo%eYot i Juje — jija 2. 0 
jamy t jity t jaty t jat} . fia fied = 0 
: + v6 faceigs + Hemet + jatt jata} 





(Jah + jiy + jaye t jaya j 


182 > Weis: On Inequalities of Certain Types in : 


The cases (2, 23; Yi) Yaj İns Jies deed duty Jie» Ja) = (1, 0; 0,1; 1, 0,0; 0,0, 1), 
(0,1;1,0;1,0,0;0,0,1), (1,0; 1,0; 1,0,0; 1,0,0), (1,0; 0,1;1,4,1;1,4,1), 
(1,0; 0, 1; 1,3, 1; 1, —4, 1), 4, 1; 1, —1; 0, 0,1; 1,0,0), give as necessary 
sonaitione i 
v2.0, V2.9, ° 
VUzt VF VHT US +VEZO, Vy — Vet Vg +V,—U5+ U5 20, * (58) 
: Vie —Vg— Vet Up + Z0, Vy —Vz—=Vge— 14 — Vg + U5 ZO, 
whence 
(vet%5)"%, (vato) 
The cases (0,1; 1, 0; 1, e’, e”; 1, e”, e), (1,0; 0, 15.1, e’, e°; 1, —e%t, e”), 
(0,1; 1,0; 1, —e'i, e°; 1, e”, e°), (1,0; 0,1; 1, —e’%, e°; 1, —e”i, e7) give 
the four quadratic forms 
ve? + (vetugtustus)e’e” +e” > 0, 
VeA (VHV tt) ee itve? 20, 
ve? + (vat Vg — tvs) ee itve” 20, 
v,e'F + (vg +Us—V,—05) ee” +v? 20, 


(59) 


_ whose discriminants give the necessary conditions, , 
4vve— (v+u Hotu) Z0, vwt (v+ 0s —v— i) 2 0, (60) 
4V Ve + (V+ Ug — vt) Z0, 4V Ve — (Vs Hu — t — tv) 20. 

From (59) it is seen also that v,—v, and v,—v, are pure imaginary, which 

with (58) gives the conditions, 

V=, v= l (61) 

Using the values : 

(Zis G5 Yay Ye; fins Jizs Joes Jis Jigs Ja) = (1, 1; —1, 1; 0, 0, 1; 1, —e%, e”), 
the inequality (57) becomes ' 
ve — 26's (Va —tg HV — t) + (VH Vse—te—tvg—t— tv) z0 (eF), 
_ whence, since the discriminant of this quadratic in e” must be positive or zero, 
(v+ ve)” —4 (v+ 0) (Us-+5) 2 9. - (62) 

The values (1, 1; —1, 1; 1, —e'i, e°; 1, —e’%, e"?) give: 

e"? {ve —2 (v+ Vs — tts) e'it (vH V—t—ts—t—ts) | - i 
2e” | —2(v,—vs—v, tH vs) e + (vvs +v —v)i(1—e*)} p20 (e, e"®), 
+} (Vit Ve—V_—Ug—V4— U5) e? -+ 2(ve+0s—v,—;) e't+ 0} . 

whose discriminant may be written as a homogeneous quadratic expression in 

`  (1—e, Qe’). Since for e’ real, even between. the values —1, and +1, 


+ 
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woi 


 Qe"/ (1—e") takes every real value, the coefficient of 4e’? and the discriminant 
of this homogeneous quadratic expression must be positive or zero. Hence, 


. (v, +04)? —4 (v — v.) (v—9s) Z0, "a 
1 TEE —4 (VV HV) (P — 640W VV 2 >0. ' 
From (62) and (63) it follows that 
(v+ ve)’ —4 (vvs Hv) 2 0, 
whence l 
(v+ ve)’ —4 (vevs—v_,) 2 0, 
and - l i (64) 
(Vit Ve)" Z Era, . 
and by (58) 
Atm +2 (v0) t. 
The second condition of (63) can be written 
l Í (vH Va)? — 4 (VV — VY) P16 094 (v +v) Z 0, 
and hence by (64), ` 
(vH v)’—4 (Vvs — v0) +4 (vve) (Vv4)?, 
and ; 
; {vH U9 2 (v0, 2 twv, 
giving, by (64), ar - 
V+ Vet2 (vy)? 2 E2 (v905)* (65) 


In building the general inequality (55) as the: ‘sum of positive or zero 
multiples of the fundamental inequalities (56), it is desirable first to build 
those for which v,=v,=4(v1+ 0.) #0. For such, aside from exceptional cases, 
the general inequality has the form 

4 (0904)*(V 1, czt + Vs, tow?) ETRA aoa F Va, 207)» 
where 
l d=v -+v —2 (wii [1% +v—2 (vv) t vws]. 

When vi +vs—?2 (vv,) =0, it follows from (65) that Vy=V5=0, hence the 

desired inequality may be-expressed as 


(vt ve) (Fa, eo/a + Vs, niekol 
In case v, Æ ve, the desired ie ae is secured by adding to that already 
-built À 
(vı — vs) v, o Or (¥—2;) Vs, o, 
according as v, is greater than or less than vg. 
If v,=0, or va=0, then, by (60), m=y= =H 0, hence the desired 


inequality has the form 
vV, ot UeV 5,9. 


Pi 
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All portions of this paper which refer to £”, n”; namely, $4, §8, and $11, 

are valid for E and » pure imaginary, as an-inequality for ë and 7 pure imag- 
_inary reduces at once to the same inequality for ¥ and y real. 

On the three corresponding larger problems, retaining general operator 

-and general operand, the writer has made considerable progress. In each case 

the nature of the coefficients ayu and 2y,, has been determined, and many neces- 

sary conditions on the-coefficients have been secured, by use of binary, ternary, 

quaternary and quinary operators. As to the nature of the coefficients it has: 

- been found that in the problems corresponding to those of Part I and Part II, 


Asx ZÔ, Ghag20, Gyn 20, Gyn 20, i 
Chase”, | uss”, Qasa”, - des"; 

nee Qisu = Ayo, ago = oun » 

while in the problem on bilinear forms, 


Zis: 29, 21920, Zus 20, 21 20, 
Zasa, © Zag 20, > Zau 29, Zaa 20, 
Rise = Zags Eise ™= Zus, Eue = paar y uso = Pay 


Zoan = Engs Zus = Pg, Zens = sue; Ženu Zarse- . 


A Trigonometrical Sum ana the Gibbs’ Phenomenon 
_in Fourier’s Series." 


By H. S. Carstiaw. 


§1. If f(z) is a function which can be expanded in a Fourier’s Series 
in the interval 0 <y <2 n, with a discontinuity at =a such that f(a—Q) and 
f(a+0) exist, the sum of the Fourier’s Series for =a is 4{f(a+0) +f(a—0) h. 

Denoting by S; a(x) the sum of the terms up to and including those in sin ng- 
and cos nz, the curves y=S,(a%) are usually spoken of as the approximation 

curves for the series. Up till 1899 it was believed that each approximation 
~ curve, for large values of n, passes at a steep gradient from a point near 
(a, f(a—0)) toa point near (a, $(f(a+0) +f(a—0)), aand then on to a point 
near (a, f(a+0)), afterwards oscillating about the curve y=f (s) till another 
discontinuity of f(s) is met. — 

In 1899 J. Willard Gibbs pointed outt that the A curves for 
the sine series 

2 (sinx — 4 sin 2s + 4sin3s—....) 
do not behave in this way. 

‘In the interval Osan, the sum of this series is e)s where f(x) is 
defined as follows: 

£(0) =f (2x) =0, 
f(a) =a, 0<a<n, 
Fle), =g—27, n<? : 
Gibbs stated in affect that the curve y= —8. a(x) for this series, for large values of #, 
rises just before a=mn to a point very ‘nearly ata height 2 f T Ae above the 
axis of v, passes from that point through (x, 0) at a steep aat to a point 
very nearly at the same distance af = ae dx below. the axis, while in the rest 


of the interval 0 Sagon it oscillates above and below the curve y=/ (s). 





* Communicated to the American Mathematical Boviety, October, 1915. 
t+ Nature, Vol. LIX (1899), p. 608.. 
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His statement was not accompanied by any proof, Though the remainder . 


of the correspondence, of which his letter formed a part, attracted no little 


attention, this remarkable observation remained practically unnoticed for 
several years. In 1906 Bécher returned to the ‘subject in a memoir on 
 Fourier’s Series,* and extended Gibbs’ results “in two directions. 

` First of al he discussed the series i 


“sin Pa sin Qa+4 sin3a+. 


which, in the interval 0Sv< 27, represents the function f T defined as follows : 


f0) =f (27) =0, SE: } 
f(x) =4(a—a).:..0<a<2a., J- 


. He showed that the approximation curve 
y=sine+ ssin2a+.. + sinna = 8, Se 


in . the interval 0<a#<2a, and for large values of n, faker the ica of a wavy 
curve which keeps crossing and recrossing the line y= =4(n—2) and. reaches 
its greatest distance from that line. (distances being measured parallel to the © 
axis of y) at the points %, %,-~..+) Vea; where t, = = Sen 
Further, these greatest distances in the ners wave are, for large values 

of n, approximately equal to their limiting values i ; 


msing] 
pas ae ere 


In the second place Te showed that the phenomenon in question: also. 
appears in the Fourier’s Series for a large class of functions. How large this 
class is will appear in the concluding section of this paper. = 

In Bécher’s own words:+ If S,(#) denotes the sum of the Fourier’s 
expansion of f(x), the curve y=S,(#) will, for large values of n, pass in 
almost a vertical] direction through a point whose abscissa. is a and. whose 
ordinate is almost ${f(a+0)+f(¢—0)}. The curve then rises and falls 
abruptly on the two sides of this point to the neighborhood: of the curve 


* Annals of Mathematics (2), Vol. VII (1906). See also a recent paper in Crelle’s onan Ba. 144 
(1914), entitled “ On Gibbs’ Phenomenon.”. * 
` > Reference should also be made to Runge’s “Theorie und Praxis der Reihen” (1904), pp. 170-180. ° 
A certain series is there discussed, and the nature of the jump ‘in the approximation curve described, 
But no reference is made to Gibbs, and the example seems to have been regarded as quite an isolated one. - 
+ Loo. oit., Annals of Mathematics, p. 131. Both Theorems I and II, p..181, should be noted. 
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y=f(#), and oscillates about this curve, lying alternately above and below it. 
The highest (or lowest) point of the k-th wave to the right and left of a 2 will, 
for large values of n, be approximately at the points 


gas 2hn 
Qn+1’ 
and the height of these waves will be approximately 
f(a+0)—f(a—0) , 
ke. 


x 
ET gj 
(where P,=in— f = Zda) ; 
6 


In the above sentence, a is a value of 2 at which f(z) has an ordinary 
discontinuity, and Bécher adds a footnote to the effect that “it must be borne 
in mind that we measure the height of a wave from the curve y=/f(z) in a 
direction parallel to the axis of y.” 





§ 2. In the function studied by Bécher, $(n—a), 
1. i: 
S,(@) = sing + 58in2a+. + bo sinne 


= s (cos a-+cos2a+....+cosna)da 
0 
EA *sin(m+h)a 
=f sin} a aoe 
The properties of the maxima and minima of S, (s) are not so easy to obtain, 
nor are they so useful in this case as those of 


BR, (x) =4 (2—2) —S, (2) 
om af” sin (n+d)a | da 


“ginga | 
It is the maxima and minima of R,(x) with which Bocher deals in his memoir. 
Gronwall has discussed* the somewhat complicated properties of the 
maxima and minima of S,(z) for this series, and deduced Gibbs’ Phenomenon 
for the first wave, and the general case of Fourier’s Series. 
Tn this paper I use the series — 


EEEE ET A PE ae) 





* Mathematische Annalen, Bd. LXXTI (1912). Some of Gronwall’s results had been published a 


few months earlier by Dunbam Jackson in a paper in the Rendiconti di Circolo Matematico di Palermo, 
T. XXXII (1911). 
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. which, in the interval —n<asn,* represente t the function F(z) defined by: the 
equations 
H(—n) =1(0)=f(n)=0 
. . f(v)=—}n....—n<x<d, 
, f(@) =tn..,.0<a<n. 


I take S, (x) for the sum of the first n terms: of this series, 80 that 
S,(2) =2. (sin æ+} sin 3 e+ «san +e sin (2n—1) x) ; 


A number of interesting properties of the turning points of y=S, (a) are ob- 
tained by quite simple methods; and all the features of Gibbs’ Phenomenon 
for. this series follow immediately from these properties. 

In the concluding article the extension to the general case of Fourier’s 
Series is given; but the method does not differ materially from that of Bécher. 

It is, of course, not an unusual thing that the curves y=S,(x) for a series, 
whose terms are continuous functions, differ considerably, even for large values 
of n, from the curve y = n - (8, (x))=S(a). . 


They certainly do so in in the neighborhood of a point where S(2), the. sum 
of the series, is discontinuous. And they also may- do so in the neighborhood 
_ of a point where (ay is continuous.t 





Ex. (i). If i ; ` 
- S= TAO 
we have a 
S(@) ==0, o>, - 
In this case §,(7) has a maximum value 5 at a=} - As n gets larger and larger, this summit 
is pushéd towards o=0 but its height remains equal tö >.- ` 
Ex. (ii). If 
BOTERE? a> 0, 
we have : : 
8 (w) ==0, w> 0. 


In this case S, (w) has a maximum value inh at =} . As n gets larger and larger, this summit 
a, : 


is pushed towards œ= 0 but ita height increases without limit. 





* It is more convenient for my purpose to take the interval —x Sos than Oses sin. ` This does 
not affect the argument to any extent. 
t Of. Osgood, Bulletin of the American Math. Sov. E, Vol. III (1897), p. 63; AMERICAN JOURNAL 


T oF MATHEMATICS, Vol. XIX (1897), p. 155; Hobson, “ Theory of Functions of a Real Variable,” p. 480; 


Bromwioh, ‘Theory of Infinite Series,” p. 110; Oarslaw, “Fourler’s Series and Integrals,” Ch. III. 
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The existence of maxima (or minima) of S,(a), the abscisse-of which 
.tend towards a (a being a value:of œ for which the sum of the series is dis- 
continuous), while their ordinates remain at a finite distance from. S(a+0) 
. and S(a—0), as n increases, is the chief feature of the Gibbs’ Phenomenon 
in Fourier’s Series. And it is most remarkable that its occurrence in Fogiier 8 
Series nee undiscovered till so recent a date.* 


Tae TRIGONOMETRIOAL Sum 





S,(#) =2 (sin ettsin3de+....+ ny sin (2n—1) x) : 
$3. If we define f(x) by-the equations | 


f(—n) =f (0) =f(%), 
f(x) =n.. eUSe en 
f(z) =—t7.. „e—a <8<0, 
the Fourier’s Series for F(a). in the interval HASTEN is 


Q(sina-+4 sin 3 s+4 sinőg+....). 


We denote by S, (x) this sum up to and including the term in sin(2n—1)z. l 


Then 
8,() =2f- (cosz-+cos32+.. _-beou(2n—1)a)de= f° 
fil : 


ein 2a 
“sing, 


Since S (2) is an odd function, we need only consider the interval 0 <aX<a. 
We proceed to obtain the properties of the maxima and minima of this 
function S,(2). 


I.. Since, for any integer m, sin (2—1) (inta) =sin (2 m—1) PEA 
. 1t follows from the series that S a(%) a8 Shs Ba about sv=ġ n, and when 
a=0 and z= it is zero. | 

Il. When O<a<n, S,(x) is positive: - . 

From, (I) we need only consider O0<a<jxn. We have 


sin 2 na . ane gin q 
a < 
8,(2y= f sin a da= 2n al * da, 0<2$ in. 
F 


The denominator in the integrand is. positive and continually increases in the 














* Of. also Weyl: (i) “Die Gibbs’sche Erscheinung in der Theorie der Kugel-Funktionen,” Rend. 


Ciro. Mat. d. Palermo, T. XXIX (1910); (ii) “Uber die Gibbs’sche Erscheinung und verwandte Konver- 
genrphžnomene,” ibid., T. XXX (1910). 
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interval of integration. By considering the successiye waves in the. graph of- 


sin a cose zs» , the last of which may. or may not be completed, iti is clear that 
the integral is positive. f T 


` IM. The turning points of y= =8, (2) are given by 


an 2n—1 








n 
y, = — = y cy ona = ——— maxi 
Ti In?’ Tg on? >» “2n—1 : on n ( ina 
n _2n ` nl ‘ 
te eg ot RG (minima), 
We have i 
: * gin 2na d sin2ng 
y=f da, and 2 = 
(3) 


sina de sing 


The ‘eanit follows at once. 


IV. As we proceed from a s=0 to s=4n, the heights of the mawima 
continually diminish, and the heights of the minima conma increase, 
n being kept fized. i l 


Consider two consecutive maxima in the interval 0< s< Soa, namely, l 
2 ' 

8, C ie z) an and &. at mts n) , m being a positive integer less than oy.equal 
. to4(n—1). We have —_ m 


i ase à Qm-1)T l ; 
l s (2 A aa N = sina jy 























2n 2n 2n Yem . a 
_ aii sin — 
2n 
1 tne sin « GntDr sing 5. 
on Qm-lr , Q mr -° & . 
BIN -— 81 =— 
2n 2n 


The denominator in both integrands is positive and it continually increases in 
the interval (2m—1)aSag (2m-+-1)7; also the numerator in the first is con- 
- tinually negative and in the second continually positive; the absolute values 
for elements at equal distances from (2m—1)x and 2mz being the same. 

. Thus the result follows. Similarly for the minima, we have to examine 


the sign of 
f s (== n) —5,(Z x) , 
n n 


where m is a positive integer less than or equal to $7. 
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V. The first maximum to the right of x=0 is at w= Z and its height 





2n 

. continually diminishes as n increases. When n tends to infinity, its limit is 
* sing 
f —— daz 
0 © 
We have . 
Z sin 2na, S (Ee a 
sz z) = f” ane =z; S sin a cosec x da, 
and 


n n zoo 1 ` a a \ 
2()-®alg)= f sin a(z cosec zz -7m see 5-5 t) da 


Since g/sin a continually increases from 1 to œ, as a passes from 0 to x, 
it is clear that in the interval with which we have to deal 


— cosec ial eee cosec renin > 
2n 2n 2n+2 On+2 
7 n 
Thus (z) -Saala a) > 0. 


But, from (I), S (x) is positive when 0<a<x. 
It follows that S (x a) tends to a limit as n tends to infinity. 


The value of this limit can be obtained by the method used by Bécher for 


the integral f Sui (8-3) 6 


ada da.* But it is readily obtained from the definition 


of the Definite Integral as the limit of a sum. 
For we have 


e m\ (Qn. n ln . 3n 2n ` Beet 
s= sin gy tgn Sgp Feot sin n} 











n 2n 3n 2n. (Qn—1)x Qn 
aR in. n Jay 
9s (= mh h) — > Gee h). 
mal mh mal mh : 


Therefore 





Lt. (5 A= Di ae OE tn fae, 


* Loc. oit., Annals of Mathomatios, p. 124. Also Hobson, loo. cit., p. 649, 
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VI. The result ébiniaeds in (V) for the first wave is a special case of the 
following: 
2r—1 
2n 
continually diminishes AS n increases, T being kept constant. When n tends to | 


(Qr—1)r 
infinity, its limit is sS sine da, which 48 greater than- in. : 


The r-th maximum to the right of ast) is at Ty =~ n, and its 


- ‘The rth minimum to the right of g= 0 ts at Ty =~ ~ m, and its TuM con- 


tinually increases as n incr eases, r betii kept oulad. When n tends to 


infinity, its limitis S T which is less than 4x. 


To prove these theorems we consider first- the integral 


Í sin a(z: cosec z- — an FE Ta =) da, 


` m being a positivo integer less than or r equal to 2n—I1, so that Ò< z <a 


in the interval -of integration. 
Then 


1 a 1 
iai gy £088 in Ine cosee =—— mF” >0 


in this interval. (Cf, (V)). 

Further, f os 
cose l l 

TF” Sn F : et a — n 8 on 


= a* §g? coso cosec? @ — ¥ cos) cossec}, ` 


P "a= j Cosc! z- Zn 


where p=a/(2n+2) and P= a/2n. 
But 


5 ($° cos } cosec’ p) = —$ cosec®  [@(1F cos @)* ie 2 dos $ ($ F sin $). ; 


And the right- hand side of the equation will be seen to bẹ negative, onig, 
the upper signs for 0<@<4$2 and the lower for in<o<n. 
` Therefore ¢* cos p cosec® > diminishes as @ increases from 0 to x. 
It follows, from the expression for F’(a), that F' (a) >0, and F (a) 
increases with a in the interval of integration. 


a 
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The curve - 


= sina (= cosec — cts cosec aa) ‘ 0 eee 
ee Sa aa Baa aap ay to"? ' 
thus consists of a succession of waves of length x, alternately above and below 
the axis, and the absolute values of the ordinates at points at the same distance 


from the beginning of each. wave continually increase. 


It follows that, when m is we to 2,4, . ., 2(n—1), the merai 
fe sin (E cosec =~ i > cosec wea) 
0 *\5 In 2n+2 ree 
is negative; and, when m is equal to.1,3,... ., 2n—I1, this integral is positive. 


Returning to the maxima and minima, we have, for the r-th maximum to 
the right of x=0, 


ar-ty sin 2n 2r—1 : sin 2 n 1 é 
Sy (ana) Basa (ara) a a i sin 2g f wane 


a ce 1 a a_\q 
=f sin a(z cosec ‘on Ondo = costes ra) a 


Therefore from the above argument, Ka (Zora) T (2); 
Also for the r-th minimum to the right of v=0, we have 


1 1 
S,,(%e,) —S nja (Bar) = i sin a(z; eosec — 7 Soad cose, * E) da, 


and S,, (Wer) < Entier) ° 
By an argument similar to that at the close of (V) we have 





_ (FME, a 
a S.a) = f Pe dx. 


It is clear that these limiting values are all greater than 47 for the maxima, 
and positive and less than 4 ~x for the minima. 


Tse Gipps’ PHENOMENON FOR THE SERIES 
2(sinz+4 sin 30+} sinSa+....). 
$4. From the Theorems (I)- (VI) of § 3 all the features of the Gibbs’ 
Phenomenon for the series 
2(sin#+4 sin 3044 sin 5 @-+....)....—-mg$USn 
follow immediately. E 





* For the values of f: yie Bee Bocher, loc. cit., Annals pr Ugshemstion p. 129. 
0 


25 
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-It is obvious that we-need only examine the interval 0<#%<z, and that 
the discontinuity occurs at c=0. 
For large values of n, the curve 


y=S, (a), 





i o : . 
on— 
Ini sin (2n 1)2) , Tises at a steep 


gradient from the origin to its first maximum, which is very near, but above, 


the point (0, S om aa) $3, V. The curve, then, falls at a steep gradient, 


. where S,(#) = 2(sin e+4sin3da+....+ 


without reaching the axis of v }§ 3, IT}, to its first minimum, which is very 


near, but below, the point (0, s sng dæ x) 4§3, VI}. It then oscillates above 
8 


and below the line y=} 7%, the ene (and depths) of the waves continually 
diminishing ‘as we proceed from x=0 to s=}% §§ 3, IV}; and from s= in 
to =x, the procedure is reversed, the curve in the interval OSasna being 

l symmetrical about a=42 $§ 3, I}. : 
The highest (or lowest) point of the r-th wave to the right of o—0 will, 


for large values of n, be at a point whose abscissa i is 5 an 1S 3, III} and whose 


ordinate is very nearly Jo e ae 19 8, VIL 


By increasing n the curve for 0<s <v can be brought as close as we please 
to the lines 


i T gin x 
2=0, 0<u< f —— da, 


We may state these results more definitely as follows: 
(i) If eis any positive number, as small as we please; there is a positive 
integer v such that 


|J ns, (s)| <e for nv, e<ac<tn. 
This follows from the uniform convergence of the Fourier’s Series for f(x) in. 


an interval which does not include a discontinuity: of f(x). , 
(ii) Since the height of the firet ; maximum to the right of 2=0 tends 


`> 
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from above tof de as n tends to infinity, there is a positive integer v” 
` such that E 
o< g {7 ) _ (7 sine >y", 
) < (2 f= Oe os (ba v 


` (iii) Let” be the integer next greater than Then the abscissa of 


the first maximum to the right of c=0, for n>»’”, is less than e. ` 
It follows from (i), (ii) and (iii) that, if » is the greatest of the positive 
integers v’, v” and v”, the curve y=S,(2), for n=, behaves as follows: 
It rises at a steep gradient from the origin to its first maximum, which is 


above J : — dx and within the rectangle . 
; * sin% 
O<a<e, 0<y< J, TT dete. 


After leaving this rectangle, in which there may be many oscillations about 
y=4 n, it remains within the rectangle ecx<a—e, n—e<y<ate. 
Finally, it enters the rectangle 


A—Ee<acan, O<y< S t iita 
and the procedure in the first region is repeated. * 


Tue Gress’ PHENOMENON FOR THE FOUBIER’S SERIES IN GENERAL. 


$5. Let f(x) be a function with an ordinary discontinuity when s=a, 
which can be expanded in a Fourier’s Series in the interval —n <8 Sn. 

Denote as usual by f(a+0) and f(a—0), the values towards which f(a) 
tends as æ approaches a from above or below. -It will be convenient to ĉon- 
sider f(a+0) as greater than f(a—0) in the description of the curve, but this 
restriction is in no way P . í 


Let ġ(£—a) = 25 Bin (2r—1) (&—a). Then 


1 = 
` ġ(x—a)= $n, when a<s<n+a, 
(x—a)=— 4n, when —n+a<aK<a, 
@(+0)= $m, o(—0)=—ta, 
ẹ(0)= 0 and (s) = (s+ 2n). 





* The cosine series 


wo F- i ` 
4 — [cos 2— 5 cos 30+ ge 5æ@ 4+... | 
which represents 0 in the interval O<@< 3 and 3 in the interval 5 <v <x can be treated in the same 


way as the series discussed in this article. 
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Now put 
Ņ(2) =f(2)—H1f(0-+0)-+F(0—0) |= Ef a+0)—f(a— “M1900, 


and let f(a), for x=a, be defined as Fff(a+0) +f(a— —0)}. 
Then ¥(a+0) =y(a—0) =4 (a) =0, and (x) is continuous at v=a 
The following distinct steps in the argument are numbered for the sake 
of clearness: 
(i) Since (s) ‘is continuous ‘at aa and Ņ(a)=0, if e is a positive 
number, as small as we please, a number ò exists such that 
I4@)| <3 for |w—a| <è. > 
Tf ò is not originally less than e, we can choose this part of ò for our interval. 
. (ii) (x) ean be expanded in a Fonrier’s Series, this series being uni- 
formly convergent in an interval a<æ<8 which inelndee no other discontinuity 
of f(x) and @(#—a) than =a: 
Let s (7), $,(“—a) and o,(x) be the sums of the terms up to and moude 
those in sin ng and cosng in the Fourier’s Series for f(z), ọ(z—a) and (2). - 


Then e being the positive number of (i), as small as we please, there exists a 
positive integer v’ such that 


. [o,(2) Tea a) | gi for n<v in mae? 
Also 
ixt2) |S loca) —¥¢a) [+ Wal < +3 <5 


ee a| oe if a<a— b<a<atb<B. 
(iii) Now if n is even, the first maximum in $,(%—a) to the right of © 


x=a is at a+? ; and if n is odd, it is at a+ ot In either case there 
exists a positive integer »” such that the height of the first maximum lies 
sin x NE . 
cece and RY, | ea a en ee > n 
between sA T da a oA EF TCT]. fae nav 


(iv) This first maximum will have its abscissa between a aC a+, 
provided that Z = ò. 
Let y” as xe first positive integer which satisfies this inequality. 


Gibbs’ Phenomenon in Fouries’s Series.- . 197 


(v) In the interval a+ d<a<B, 3,(x) converges uniformly to f(s). 
Therefore, there exists a positive integer v™ ‘such that for n>» 


f(x) —s,(2) | < e in this interval. 
Now from the equation defining (2) we have 


f(a-+0)—f(a—0) 


s (2) =4(f(a-+0) +f(a—0)) + - 


Pn (w—a) +o, (x) 5 


It follows from (i)- (v)- that if » is the first positive integer greater than 
y, y”, v" and ak the curve y=s,(%) in the interval a<w<ß, behaves as 
follows: 


When æ=, it passes Mirotek a point whose ordinate is within 5 of 


$(f(@+0)+f(a—0)), and ascends at a steep gradient to its first maximum, 
which is at a height within e of 


4 f(a-+0) + f(a—0) {+ 
This may be written 


(a+0)— 





SS T dx: 


7, 


Ha+9)—fo-0) sing 1, 
n Jr g ? 


and, from Bôcher’s table, referred to in §3, we have - 
T: HO ago. 2811, 


- It then oscillates about ja from g=a to a6, the character of the 
waves being determined by. the function ¢,(c—a), since the term o,(«) only 


adds a quantity less thas 5 to the ordinate. 


And on passing beyond = a-+8, the curve enters and remains vant h the 
strip of width 2e enclosing y=f(x) from s=a+é6 to s=. 

On the other side of the point a a similar set of ciroumstances can be 
established. _ 7 T 
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APPENDIX. 


The following diagrams are the approximation curves = 
y =S, (x) 


of $3 above, for n=1, 2,3 and 4. They illustrate the results (I-VI) of that 
section. — 2 a: a ae i 





Fia. 1, Fra, 2. 





Fie3 ‘` l “Fro. 4.7 


SYDNEY, AUSTRALIA, August, 1915. 


N 


On the Relation between Some Important Notions of 
Projective and Metrical Differential Geometry.” 


` - By F.. M. MORRISON. 


{. INTRODUCTION. 


In his papers on the “Projective Differential Geometry of Curved Sur-- 
faces” +t Professor E. J. Wilezynski has shown that the projective differential 


` geometry of a surface may be based upon the consideration of a completely 
integrable system of two linear partial differential equations of the second 


order, which may be reduced to what he calls the intermediate form 
Yur t 2ay,+2by,+cy=0, Yeot2a'yy+2b'y,+c'y=0. (1) 


Such a system of equations has just four linearly independent solutions, 
y', y”, y™®,y®. If these be taken as the homogeneous coordinates of a point P, 
in space, as u and v assume all of their values, the point P, will describe a 
surface S, an integral surface of equations (1). This surface will be non- 
degenerate and non-developable, and will have the curves u=const. and v= 
const. as asymptotic lines. The most general integral surface of equations (1) 
is a projective transformation of any particular one, so that the coefficients of 
equations (1), in so far as they are intrinsically connected with the surface’ 
at all, will involve only its projective properties. But these coefficients also 
depend upon certain accidental elements of the analytic representation of the 
surface. To eliminate these accidental elements the notions of invariants and 
covariants are introduced.t The projective properties of the surface are then 


expressed by invariant equations or system of equations. Other surfaces and 


other geometrical configurations which have a projective relation to it will be 
given’ by the covariants. 
The four fundamental semi-covariants of system (1) are 


Y, 2=y,tay, p=y,+b'y, C= Hurt Yt iy tt (a, Hbr t2ab')y. (2) 





* Presented to the American Mathematical Society, San Francisco Section, Seattle, Wash, , May, 1914, 
+ Transactions of the American Mathematical Soviety, Vols. VIT, IX and X. 
ł Transactions, Vol. VIII, p. 241, et seq. 
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Tf four linearly independent solutions y’, y”, y®, y® of (1) be put for y in 
the semi-covariants (2), three points P,, P,, P, will be obtained which are 
semi-covariantly connected with the point P,. 

_ By a properly chosen transformation of the form y=Ay equations (1) 
may be changed into the canonical form 


Yu tby tfY=0, Yot2a’ytgy=0. (3) 
The semi-covariants of (1) and (3) are connected with each other by the 
equations y=Ay, 2=4z, p=Ap, o=Ac. The semi-covariant points are the same 
for both (1) and (3). These points P,, P,, Pp, Pe form in general a non- 
degenerate tetrahedron which Professor Wilczynski has systematically used 
as tetrahedron of reference, for the purpose of studying the properties of a 
surface in the neighborhood of any one of its points.* 

If the Cartesian coordinates of the surface are regarded as known, we may 
identify them with y’, y”, y® and make y“ equal unity. In the resulting 
system of partial differential equations of form (1) we shall then have 
c=c’=0, and system (1) becomes 


Yuut 2ay,+2by,=0, Yoo 2a'y,+2b'y,=0. (4) 
Let us now consider the familiar Gauss’ equations of the metrical theory 
of surfaces, viz.: 


Tu = {i he+4'5 at DX, Zu s “he, a betD'x,] 
Seed oat) ee 


If D and D” are equal to zero, the curves w=const. and v=const. are asymp- 
“totic lines, and we observe that the first and third of these equations are now 
of exactly the same form as equations (4). We can therefore express directly 
the coefficients of equations (4) in terms of the Christoffel symbols occurring 
in (5). We shall then be able to change from the homogeneous coordinate 
system with a semi-covariant tetrahedron of reference to any suitable Cartesian 
system. The coefficients of these transformations will be functions of the 
quantities E, F, G and D’ and their derivatives with respect to u and v, 
quantities which are fundamental] in the metrical theory of surfaces. 

In this paper we shall determine these transformations and study some 
of the metrical properties of certain geometrical configurations associated 
with a point on a surface, which have been defined and investigated from a 
projective point of view by Professor Wilczynski, but which have not as yet 








* Transactions, Vol. IX, p. 79. 
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been studied metrically. We can define by means of these configurations some 
new classes of special points ona surface and some new kinds of surfaces. 
We shall also apply these notions to a well-known special surface, the Minimal 
Surface of Enneper. 


I. Tue FUNDAMENTAL TRANSFORMATIONS OF COORDINATES. 
The integrability conditions of system (4) are 


a, —b,=0, l 
Au — 20'a, — 20a, — (ar H200, —2ba, —4a'b,) =0 
bou —2bb, —2b’b,— (by wt 2ab,— 20" b,—4ba,) = 0. 


We shail assume that they are satisfied, so that (4) has four Aineneig inde- 
pendent solutions y’, y”, y®, 1, which we shall identify with the Cartesian 
coordinates of a point of a surface. 

Comparing equations (4) and the first and third of equations (5) we have 
the relations 


caf, en afl, af, v= 0) 


which express the values of the quantities a, b, a’, i in terms of the Christoffel 
symbols of the classical theory. 

The homogeneous Cartesian coordinates of the points P,, P,, P, and P, 
are obtained by substituting in -order y’, y”, y®, y® =1 in each of the ex- 
pressions (2). The non-homogeneous Cartesian coordinates of each of these 
points are the ratios of the corresponding four homogeneous coordinates con- 
‘cerned, The values obtained by this method for the Cartesian coordinates of. 
the four points P,, P,, P,, P, are given in the following table: 


Py y’, y”, y”; a: YH Yaa, Y" +ys/ 0 yO +yP/a; 
Pi: yY +y,/0’, y” ee y? +y¥P/d'; 
Pa: y+ (b'y+ays+yen)/R, y” + (bye +ay, +Yu)/B, 
y® + (by tay? +y®)/B, 
where j 
R=4 (a; Aab ). 

In speaking of y', y”, y® as the Cartesian coordinates of a point of the 
surface, we imply that some Cartesian system of coordinates, fixed in space, 
has been chosen as system of reference. Referred to this fixed Cartesian sys- 
tem, let the coordinates of a general polit. P of ‘space be Ë, 7, Č and let the 
coordinates of the same point with reference to the semi-covariant surface 

26 
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tetrahedron Pys Pa, Pps Po be x, %,%%,%. Then the relations between the 
two sets of coordinates of the point P are* l 


of = my +o (ye tay’) Hely tby) +e (Yt yatay tRy), 
OR = 0, y" +2alyn Hay" ) Hes lyy Ho'y") +2 (Yio b yu Hayy + Ry”), (7) 
Og = ay +25 (ys? Fay) tey? Hby”) +a (yee +b’ ys +ayy + Ry), 

o = ttt atab Ha R, 


where we have written these relations in homogeneous form by introducing a 
factor of proportionality, w. 

The determinant of the right members of equations (7), which will be 
designated by A, is different from zero for any non-developable surface. As 
we shall see presently, it is equal to —HD’ (see equations (10)). 

Let us write y =g, y” =y, y®=z in agreement with the usual notation 
for the Cartesian coordinates of a point. Then equations (7) become 


oË = m wta (2, +08) +a (8+ b 2) +24 (a,,+b'2,+00,+R2), 
ON = BY +H, (Yt ay) H2 (Yo tb y) H.Y tb Yatay t+HRy), 
af = %2-+2,(2, + az) +2 (2, + b'2) + 2, (2u Hb 2, Haz, HRe), 
o = mtn atib + aR : 


` If there be substituted in equations (8) the values of £us, Yu») Zus a8 given 
by the second Gauss equation 


12 12 ; 
T 1 bat 2 be+D X, 


which holds also if y,2 and F, Z be substituted for 2 and X, respectively, 
` these equations become 


(8) 


oË = m +m (2u Hax) +a (2,+b'2) 
+%[ (b'—2c) x,+ (4—2d)a,+Ra+D' X], 
oñ = Dy y+ Xe (y,+ ay) +a (y,+b'y) l 
i ` +a (b'—2c)y,+ (a—2d)y,+Ry+D'¥], + (9) 
Of = a, 2 +a (2, taz) +2 letbe) 
+a, (b'—2c)2,+ (a—2d)2,+Re+D'Z], 
o = t +H t a +a b +a R, : 
where l 


=H}, i=l}, ae a | (10) 








* Transactions, Vol. IX, p. 80. 
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and where X, Y, Z, H are the „quantities taniy denoted by yuasa letters 
in the metrical theory of surfaces. ` 
Solving equations (9) for 2, 2%, %, L4, we find 


ot = o [ T 2,— (aF—b'E) »,) | (E—a) oF 
+ {SHY +D'|(aG—b'F)y,— (aF —b’E) y,] | (@—y) o 
+1SB°Z+D'[(aG—b'F)z,— (aF—b'E) z,] } (@—2) “E, 
OL = | (b’—2c) #X— D’ (Ga,—Fx,) | (E—2) 
on (b'—2c) H*Y¥Y—D' (Gy,—Fy,) | (n—y) 
+{(b'—20) BÆ Z—D' (Gz, —Fz,) | (¢—2), 
ozr, = |(a—2d)H°*X+D’ (Fx,—Exz,) } (E—z) 
+} (a—2d) HY +D' (Fy,—Ey,) } (a—y) 
+4 (@—2d)H*Z+D' (Fz, —Ez,) | (f—z), 
wa, = —H?X (E—2) —H°Y (7—y) —H* Z (X — —2), 


(11) 


where we have put 


S=4(a,+b,—2ab’) +2(ac+bd). 


In equations (9) and (11) we have transformations of the kind desired 
for the purposes of this paper, but we shall find it of advantage to make use 
also of the moving Cartesian system made up of the surface normal and the 
lines of curvature tangents of a general point on the surface. We shall speak 
of this system of coordinate axes as the surface trihedral. i 

The direction cosines of the tangents to the asymptotic curves v=const. 
and w=const. are 


z,/ VE, y/ VĒ, 2,/VE and 2,/ VG, y/ VG, z/ Vā, 


respectively. “‘Pherefore, the direction cosines of the npeute to the lines of 
curvature are 


(ay VE+2,VG@) /2BVEG, (y.VE+y.V@) /28VEG, (2, VE +2, VG) /2B VEG 
and E — | 
(2, VE—a, VG) /2a VEG, (y,VE—y,VG@)/2aVEG, (2, VE—z, VG) /2a VEG, 


where 





a = (VEG—F) /2VEG, B =N (VEG+F)/2VEG. (12) 


Let the coordinates of any point referred to the surface trihedral be &, 7, ¢. 
We select the positive directions of: these axes in such a way that the trans- 
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formation of coordinates from the fixed Cartesian system to the. surface tri- 
hedral is given by the following equations: 


_%VE+a,VG,  «VE—x, “VG 











Ta Soave savage 
VE +y.VG y,VE—y.VG g 
a Ws a, oe (13) 


Applying equations (13) to (11) we adai 
Ot = ab’ (aVG-+b'VE)£—BD'(aVG— b' VE)n+HS%—HD', 


-ot = —aD' VGE+ BD'VGn+H (b'—20)Z,. POE (4) 
@% = —aD’ VEE— ‘BD VEn+H (a—24)é, 
aX, = —He. 


These equations express the relations between the homogeneous coordinates 
Lı, Ty, Z3, V Of a point, referred to the surface tetrahedron P,, P,; P,, P, and 
the Cartesian coordinates E, n, X of the same point, referred to the surface 
trihedral composed of the surface normal and the lines of curvature tangents. 


II. Tae Osounarine LINEAR COMPLEXES or THE AsyMPToTIc CURVES. 


The osculating linear complexes of the asymptotic curves were first defined 
and discussed in detail from the standpoint of projective geometry by Professor 
Wilezynski.* If we denote by C’ and C” the osculating linear complexes of the 
asymptotic curves v=const. and u=const. , Tespectively, he found the Paon 
of these complexes to be ! 
—b, Wy—b Du Hb Og = 0 l ` (15) 
and 7 = 
— 0, Oy +4’ Oy +4! O=), l i (16) 


respectively, where the quantities Op, the Plückerian homogeneous line coordi- 
_ nates, are connected with the homogeneous point coordinates of the system 
P, P, P, Pe in the usual way. We wish to investigate some of the metrical 
properties of these complexes. and shall use the special surface coordinate 
system which has been defined. 





* Transaotions, Vol. IX, p. 90, et seg. 
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From equations (14). the transformations for the line coordinates are 
found to be , 
Uy =— aH D’ VĒon +BHD'VĒöa, 
e= aHD'VGon+BHD' Vlos, i 
Oy= aHD'(aVG+bVE)on+8BAD (aVG—b' VE) toog—H?D' ws, $ (17) 
= HD o.—aHD' | (b’—2c) VE—(a—2d) V@ Jon 
+ BHD’ [(b’—2¢) VE+ (a—2d) Vālon, 
where the EE Oa are defined by the relations 
u= On = M, Ou = — őz» } ~ (18) 
Wes=11$a—1951) Os = Erbi bbs, Or =E nekem; 
čim, & and £, %2, % being two points of the line. 


By transformations (17) the equation- of complex C’, agnation (15), 


becomes 


e inos ail ant Bie ae = es, Jer A a9) 
“where 


M,=M'VE+2bdVG, M,=M' VE—2bdVG, M’=2bb'—2be—b,. (20) 
If we use the quantities a, às given in (18), the equation of any linear 
complex may be written in the form l 
ra Oya F ar (gi F Ari Org F Gs Oss F Ay (a4 F Bos O24 = 0, 


where we have used the homogeneous notation for the coefficients also. The 
equations of the axis of the complex will then be*. 


pe Qay lhe — u Oe “g — ts eau lh g — a4 Ga. 0u Og 
ais + a3, +03, = ai, + a3, + a%, = Gs + a3, + a3, $ ; (21) 
sg ; sy , Ay, 





Therefore, from (21) the equations of the axis of the.complex C’ are 


E—(abHM,/V") _n—(B8bHM,/V") _ ¢ 
BM, . f —aM, TID 





(22) 
where o 
A V"? = a Mi+ BM} +D? =M" E—4bdFM' +4 PGD". (23) 
We shall call the plane through the surface point perpendicular to the axis 
of the complex the principal plane, and its intersection with the tangent plane 
the principal line. The equation of the principal plane with respect to the 
complex C’ is found to be f . 
BM, E—aM,n+bD'=0, “(24) 





* Pliicker, “Neue Geometrie dea Raumes,” p. 32. 


i 
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‘and, therefore, the equations of the principal line are 
 BM,E—aMyn=0, [=0. (25) 


The point on the principal. line where the axis of the complex intersects the 
tangent plane is at a distance 0’ from the surface point, where 


Y = bHU'/V" and U? = a M?+8? MÈ. . (26) 


In order to find the parameter of the complex we change from the surface 
trihedral to another rectangular system, &’, 7’, ¢', whose origin is the point of 
intersection of the axis of the complex with the tangent plane, the &’ axis coin- 
ciding with the principal line and the ¢’ axis with the axis of the complex. 

From equations (25) and (22) the direction cosines of the &’ and 2’ axes are 


@Mf,/U', BM./U', 0, and 8M,/V’', —aM,/V’, bD'/V’, 
respectively. Consequently, the direction cosines of the 7’ axis are 
— BoD M /U'V', abD’M,/U'V', U'/y', 
the matter of the positive direction of the lines being left arbitrary. There- 


fore, the equations of transformation from the surface trihedral to the speral 
coordinate system just defined are 


E = (aM,/U')& — (BbD'M,/U'V")n' + (BM2/V')0' + (abHM,/V"), 
n= (GM,/U')E’ + (abD'M,/U'V')n’ — (aM,/ V°) X + (BbHM./V"),. 
C= (U'/V')n + (D'Y). 

The corresponding transformations for the line coordinates are found to be 
yp = (bD'/V') a+ (0'/V") og — (BP HD'U'/V) coos + (BHU? /V") ou, | 
Weg = (8M,/V") ore — (BbD'M,/U'V") 0+ (aM/U') aes 

— (BOHMU'/V") on — (B HD M/V”), | (27) 
dg, = (U'/V") 044+ (0D'/V’ ogu, 
og = — (aM,/V' Jort (abD! My/U'V') 0, + (8M./U’) ) agg 
+ (abHM,0'/V") a+ (ab HD'M,/V"*) oy, . J 
Substituting the values (27) in equation (19) we have as the transformed 
equation of the complex the equation 
ort (0° HD'/V") as, = 0. 
Therefore, the parameter of complex C” is 


P = bHD'/V". (28) 
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We now consider the corresponding properties of- the complex cn The 
equation of this complex referred to the surface trihedral is 
a’ D! on +-aN,0n+8 N, 0 —0 H ou = 0, ; (29) 
where . l 
l Ni=N'VG+2a'cVE, Ne=N’VG—20’ VE, N’=2aa’—2a’d—ai,, (30) 
; and the equations of its axis are l 
g— (aa HNV") _ n+ (BuENyV") _ f 
BN, a a aD : 





where 
l V"? = & N+ EN +D” = NAG—AdeFN 44a Epa D.. (82) 
The principal plane with respect to the complex C” is given by 
BN,E+aNn+a'D'S=0, 
and, therefore, the principal line with respect to C” has the equations 
| BN.E+aNin=0, ¢=0. 
The distance from the surface point to the point in which the axis of this 
complex intersects the tangent plane is given by , . 
8” =a’ HU” /V"?, where U"?=a"N?+6?N3. (33) 
We make a similar change of coordinate. system in order to find the 
parameter of complex - -C” as in the case of’ complex C’. The transformed 
equation of the complex is 
onr— (a"HD'/V"*)a3.=0, 
so that the parameter has the value 2 = 
Pies La HD'/V" z ' (34) 
capedae the parameters P’ and P” of the two complexes we see that 
their values are opposite in sign, if the surface and the two asymptotic curves 
concerned are real. Therefore, the linear complexes which osculate two real 
asymptotic curves of a real surface at their point of intersection are oppositely - 


>. twisted. 


If » is the angle between ‘the axes of the complexes C’ and C” and if K 
denotes the perpendicular distance between them, we find from equations (22) | 
and (31) that these quantities are given by l , - 

cos 9 = Q?/V' V”, (35) 
. K = HD' (a? Vb V") R/V V" VVE VEA, ' (86) 

where ! 
= EM, Ny—a? M, Niba D”. © (87) 
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IV.. ‘Ta Penc oF LIŅEAR COMPLEXES “DETERMINED BY THE. COMPLEXES 
C’ ann C”. f 
l The equation of any complex G of the sai determined by C’ and C” is 
a linear combination of equations (19) and (29) and is, therefore, of the form 


. D'(b+2a)oy—a(My—2N,) on + B (My AN) yg +H (b —Aa')@4=0. (38) 


The equation of the principal plane with respect: to any complex C, of the’ 
pencil is 


"B(M, FAN.) E—a(My—AN,) n-+D'(b+20')L =0, 
and, therefore, the- equations of the principal line with respect to C, are 
B(M,+aN,)E—a(M,—AN,)n=0, ¢=0. < (39) 
The line ‘conjupate to the surface more with respect to ©, is given ig the / 


equations ` s 
l a (My—AN,)E+B (My-+AN,)n= 0, $=0. ` -7 (40) 


a All of these’ lines form a pencil in the tangent plane whose eres is the point 
E=6P,/A, n=—aQ,/-A, [=0, 


-where we kave put -- l m i 
z i A=Ħ'N'—4ba'cd, ` bg (41). 
and ` pe ee | ON as oe omi ae 
. nye ae eee arn 


=a’ VE (M’—2bce) —b VG(N'—2a'd). aa 


-Corresponding lines of the pencils given by equations (39) and (40) are 
perpendicular to each other. Therefore, the locus of their points of inter- 
section is a circle. Its equations are Sexe : 


Etr (BPJ A)E+ (aQ4/A)n= 0, ¢=0. 

We may. state the theorem: ; 

~ The line which corresponds to the surface normal in any one of the com-' l 

plexes C, of the pencil is in the tangent plane of the corresponding surface 
- point and perpendicular to the principal line with respect to that complea. 

The special complexes of thé pencil (38) are given by the values of à 

which satisfy the equation of the form > à . s 
l Ay, lg F ay tat tu s= 0. 


These values are —b/a' and b/a!. We shall call the TR special 
complexes the special complexes of the first and second kind, respectively. 
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If we put A=—b/a’ in equation (38) we obtain the equation of the special 
complex of the first kind. It is i 
l a Pion—bQ on—2ba' H ou == 0, (43) 
where l 
P =a VE(M'+2bc) +0VG(N'+2a'd), } (44) 
Q,=a' VE (M +2bc) —bVG(N'+2a'd). 
The equations of the axis of this complex, or of the directrix of the first kind, 
are found to be Ea , 
E—(2aba'HP,/Vi) _ 1—(20ba'HQ,/V') 





80; = a 
where 
i Vi = a PHO Q? = a? VHV” 2b Q. (46) ‘ 
The equation of the special complex of the second kind is - 
2ba’ D’ Oy—a4Q_0n+8 Py wos = 0, (47) 
and the equations of its axis, or of the directrix of the second kind, are 
E/BP,=n/—aQs=6/2ba' D', (48) 
in connection with which equations we introduce the quantity V, defined by 
V = 0 Q+ 8? Pi+40'% a? D” = a® V+ V"*4 2ba’ Q. (49) 


Equations (45) and (48) enable us to compute a number of important 
quantities. Let be the angle between the two directrices, J the perpendicular 
distance between them, l, m, n the direction cosines of their common perpen- 
dicular, &, n, g the coordinates of the middle point of the congruence. Then 
we shall have 

cosy) = (a? V"—B'V"")/V,V,, I[=2ba' HD’/V,, 
l=aD'P/V,, m=6D'Q/V,, n=—HA/V,, : 
& =H (aba D"P,+BHAP,)/Vi, 1 =H (Bba' D*Q,—aHAQ)/Vi, T OO 
c= ba’ H* D’ A/V}, 
where 
y3 = Pi DP-E A’. 


V. Tue CYLINDROD FORMED BY THE Axes or THE LINEAR COMPLEXES 
OF THE PENOU DETERMINED BY THE COMPLEXES C’ anp C". 


The ruled surface formed by the axes of a pencil of linear complexes 
is a special ruled surface of the third degree, usually known as a cylindroid. 
In order to obtain a simple form for the equation of the cylindroid, which 
belongs to the pencil of linear complexes C,, we introduce a new rectangular 
system of coordinates, whose origin is the middle point of the congruence, 

27 
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whose č” axis is the common perpendicular of the two directrices, and whose 
’ E” and y” axes bisect the angles made ‘by the lines parallel to the directrices 
through the origin. 
_ From equations (45) and (48) we ‘find the RA cosines. of the ” and 
n” axes to be 
BS/Wi, —aB,/W,; 2ba'D'V,/W, and i BSW, aR, /Wa, oba D'V,/W,, 
respectively, where . 
Ve = a Pi Qa + OPQ; f 
K= = =), + PV, K= Qı Va — P: V1, 
Ri = Pi Ve +Q Va, R= Pi Va — QV, 
Wi = 2V, V, (ViVa + V3), W= 2 VV, (Vi V: — V2). 
The direction cosines of the ¢’” axis were. given among the relations (50). 
The positive directions in regard to these new coordinate axes are left arbi- 
trary.. Then the necessary transformations of the point coordinates from the 
surface trihedral to this new system of coordinates are given by | 
= (LIAW) E” + (BS, /Ws) ile (aD’P,/Vs)0'" +H (aba’D"P, 4 BHAP,)/¥3, 
“n= (—aBy/ W1)" —(aBs/W3) 0" + (BD'Q:/ VNC" +H (aba’D"Q,—8HAQ,)/V2, 
[= (2ba'D'V,/W,)E"— (2ba'D'V1/ Ws) 0" — (HA/V,) 6" + ba' HD’ A/V3. l 
- We shall not write down the corresponds transformations of the line 
coordinates. 
We find the equations of the complexes CG’ and C”, palend to this new 
system of coordinates, to be | 
[ba'D’'H(V,+V1)/Wilou+ [ba'D'H(V,—V,)/Wrlon  - a 
+ L (Pa +7) Waou P V3) V./W,)ox=0, 2 o (81) 


and 
[ba'D’H (V,— —V,)/W,Joy4+ [ba D'H (V.+-01)/Welou a 
+ L, a Pi) V / Walon — (P+) Won =, i (52) 
respec.ively. 2? = 
According to the general theory of a pencil of linear complexes, ‘when: the 
equations of the fundamental complexes are in the form of equations (51) and 


(52), the equation of the cylindroid formed by the axes of the somplexes ofthe - 


pencil is of the form* 
PE 90" = (tly taf) Pg Mar . 
Gu, Qg, Gu, A, being taken from the equation of either of the fundamental 
complexes. We find from a (51) or (52) that i 
at = ba DEWY, W, and = bo D'HW,/ V, Wi > 


31 





* Plitcker, “Neue Geometria des Raumes,” p. 97. 


he 
t 
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Therefore, the equation of the cylindroid in this case is 
(+n) ge = (4ba'D'HV? Vi/W, W, V,) gr y". (53) 
If we let 
T = 2ba'D' HV V/W W: V4, 
then the cylindroid lies between the two planes 
mT and MeT 
that is, these planes are the tangent planes at the pinch points, 
rn =0, y” — 0, gen =T ; gr == 0, y” = 0, g" = aT". 


VI. Tas» Direcrerx Curves. 


Professor Wilezynski has shown* that there exist, in general, two one- 
parameter families of curves on the surface S such that, if the point P describes 
_one of these curves, both of its directrices will simultaneously describe develop- 
able surfaces. He called these curves directrix curves. The quadratic equation 
which determines the tangents of the two directrix curves which pass through 
the point P he found to bet l - 

bLSw?+2Msudv—a'/Nov?'=0, 
where aes 
L = —2a' (2ba'f + 2abb, + bam) +ba;3, 
M = 2ba' (a’b,,—ba,,) +2b%a,a,—2a”b,D, , (54) 
N = —2b(2ba'g+2ba’a,+a'b,,) +a’b?, 


the surface S having been defined by equations (3). We wish to find the corre- 
. sponding equation when the surface is defined by equations (1). 
Equations (1) may be changed into equations (3) by a transformation of 
the form y=Ay. Then the quantities f and g in equations (3) have the values} 
, f=c—a,—a’—2bb',  g=c'—bi—b"*—~2aa’. 
If in these expressions we make c=c’=0 and substitute the resulting values 
of f and g in the quantities (54), the corresponding equation of the directrix 
curves can be put in the form 
b?(C?+2a’C,+4a"B) bu?—2 [a (bB,—Bb,) —b*(a'C,—Ca}) ]dudv | 
—a’?(B?+2bB,+4b°C)dv?=0, (55) 
in which the quantities B and C have the values 
B=M’'+2be, C=N’+2a’d. 





* Transactions, Vol. IX, p. 114, ct seq. + Transactions, Vol. IX, p. 116. 
t Transacttons, Vol, VIII, p. 246. 
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VII. Srecran Points. 


Since the pencil of linear complexes formed from the osculating linear 
complexes of the asymptotic lines plays an important part in the study made 
in this paper, and since these complexes are indeterminate if a’ or b is equal 
to zero, it is clear that we have tacitly assumed that neither a’ nor b shall 
` vanish. Therefore, if the surface contains straight lines, all points upon such , 
straight lines are to be excluded and, of course, all ruled surfaces are also 
excluded from consideration. 

We wish to discuss the values of K, cos and says in (86), (35) and (50), 
respectively. These quantities are seen to be indeterminate in value when 
either a’ or b is zero. If there are other values of the parameters different 
from those that make either a’ or b zero, for which these quantities become 
indeterminate, the corresponding. points must also be excluded: Thus, the 
developments of this chapter apply only to such points for which the quantity 
Q? or a? V?7— bey is equal to zero while ‘neither Vv’, nor V” nor V?V"?—Q 
is equal to Zero. ; 


a) Points for Which the Axes of the Complexes C’ and C” Intersect. 


The axes of these complexes intersect when K is zero. This quantity is 
zero under the two separate conditions, l 


M0 0) 


and ; l aoe? AE l 
a'? ye — Ey” =o0. Š (57) 


We observe that equation (56) makes the quantity cos ọ also zero’ and that 
cosy is zero under the condition (57 ). Therefore, we can state the following 
theorems: i i 


If the azes of the ea linear complexes of the asymptotic lines are 
determinate and intersect, either these axes are perpendicular to each other 
or the directrices of the first and second kind are perpendicular to each other, 
or both conditions may be fulfilled at the same time. 

If the axes of the osculating linear complexes of the Pe ads are 
determinate and perpendicular to each other, they intersect. 

` If the directrices of the first and second kind are perpendicular to each 
other, the axes of the osculating linear complexes of the asymptotic lines 
intersect if they are determinate, 
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b) Points for Which the Directrices of the First and Second Kind 
Are Perpendicular to Each Other. 


Such points were defined by equation (57). They are of particular 
interest on account of the further specialization which exists in the geometrical 
configuration to which the directrices belong and whose metrical properties 
we have developed. l 

If we.consider the condition that the parameters P’ and P” of the com- 

` plexes C’ and C” be numerically equal, we find from (28) and (34) that it is 
exactly equation (57). We have, therefore, the theorem: 


‘If the asymptotic tangents of a point of a surface are real and if its 
directrices are perpendicular to each other, the parameters of the osculating 
linear complexes of the corresponding asymptotic lines are numerically equal 
and opposite im sign, and conversely, f 


The equation of the cylindroid reduces to 
(E28 +4") Ei = (2ba’ D'/V 9E" g". 


We see that the directrices are in this case the singular tangents to the 
cylindroid. Therefore, when the directrices of the first and second kind are 
perpendicular to each other, they are the singular tangents to the cylindroid. 

Since the directrix of the first kind is in the tangent plane and in this case 
the two directrices are perpendicular to each other, the plane of the directrix 
of the second kind and the axis of the cylindroid must be perpendicular to the 
tangent plane. It is found to bisect the angle the axes of the complexes C’ 
and C” make with each other. Consequently, these axes must meet the tangent 
plane in points which are at the same distance from the surface point; that is, 
8’ and 6” in (26) and (33), respectively, must be equal, which fact may easily 
be verified. We may state the theorem: 


_ When the axes of the complexes C’ and C” intersect each other and the 
directrices of-the first and second kind are perpendicular to each other, the 
aces make the same angle with the tangent plane and meet it in points 
equidistant from the surface point. 


Let us write equation (57) in the form 
(a?®M"E—b°N"G) —4ba' F (a'dM'—beN’) +40"? (?G—e?H) =0. 
Evidently, it may be satisfied by means of the three separate equations 


(a M'VE—bN' VG) (a M’VE+bN'VG) =0, a’dM’—beN’=0, | (58) 
(dVG—cVE) (dVG+eVE) =0. 
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These may be divided into two sets, each of three separate equations, any two 
of which imply the third. They are 


aM’ VE—bN'VG=0, dVG—cVE=0, a’dM’—beN'=0, (59) 
and 
a’M’VE+bN'VG=0, dVG+cVE=0, a’dM’—bcN’=0. (60) 
We observe that in the case given by equations (59) the directrix of the first 
kind is perpendicular to one of the principal normal planes, that consequently 
the directrix of the second kind and the axis of the cylindroid are in this plane, | 
and that in the case of equations (60) a similar position exists with Fetsrence 
to the other principal norma] plane. 


c) Points for Which the Directrix of the Second Kind Coincides with the 
Normal to the Surface. 

According to equation (48) the directrix of the second kind coincides with 
the normal to the surface if and only if P, and Q, separately are equal to zero; 
that is, if and only if et 
M'=2be, N’ = 2a'd, (61) 
Since for these points the directrices must be perpendicular to each other, these 
points must be included among the special points which were detined by 
equation (57). The fact that equation (57) is satisfied by equations en 
may easily be verified. 

If in addition to equations (61) the equation. 


daVG—cVE =0 l 
is satisfied, the directrix of the first kind is perpendicular to one of the principal 
normal planes, while if the additional equation which is satisfied is 


dVG+cVE=0, 
the same fact holds in regard to the other principal normal plane. 
If the relations (61) be substituted in the quantities B and C which occur 
in equation (55), that equation of the directrix curves reduces to the form 
Eu’ —G àv =0, l 


so that at these points the directrix curves coincide with the lines of curvature, 
as they obviously should: 

By introducing in equations (61) the values of M’ and N’ from (20) and 
(30), respectively, we may write them in the form | 


b,—2bb’+4be=0, .a,—2aa’+4a’d=0. (62) 
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If in the two general relations 


H, {11 12) H, f12 22 
Pea a E) 
_we replace the Christoffel symbols by their values in a, b, c, d we obtain 
c=—b'—H,/2H, d=—a—H,/2H. (63). 
By means of these relations then, equations (62) become 
Hb,—2bH,—6H6bb’=0, Ha,—2a’H,—6Haa'=0. 

The conditions developed in this chapter characterize certain special kinds 
of special points on a surface if they are merely satisfied by special values of 
the parameters. They characterize special classes of surfaces if they can be 
satisfied identically. The existence, in general, of real points or surfaces of 
these several kinds will not be discussed in this paper. In the next chapter 
we shall show however by means of a particular surface that points of the 
several different kinds which have been defined actually exist. 


VOI. Tue MINIMAL SURFACE or Enneper. 


In order that the significance of the preceding developments may appear 
more clearly we proceed to apply them to a well-known surface, the Minimal 
Surface of Enneper. We shall obtain, in this way, some new properties of 
this surface. 

The Minimal Surface of Enneper is represented by the equations 
g=} (u+ v) (@—4uv+v'?+6), y=} (u—v) (W+tduvtey®+6), z=3wv, (64) 
where the curves w--const. and v=const. are the asymptotic lines, the lines of 
curvature being given by the equations w+v=const. and u—v=const. 

The fundamental quantities E, F, G, H, D’ and the quantities a, 8, defined 
in (12), are found to have the values, 


Ip pH -2y g-IJw p= -t gnl 
E=- W’, F=0, G= -y W’, H= -z W, D'=—3, a= Vig B= fai 
where 


Wau +v'+2. 
The quantities a, a’, b, b’ c, d which occur in (6) and (10) are, 
a=—u/W, a=u/W, b=v/W, b'=—v/W, c=—v/W, d=—u/W, 
We see from the values just given that the condition that neither a’ nor b 
shall be zero implies for this surface that neither u nor v shall be equal to zero. 


The zero values of the parameters give the intersection of the surface with the 
XY-plane, which is made up of the two strałght lines, 7+y=0, v—y=0. 
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Therefore, every point upon these two straight lines is excluded from our 
considerations. i - 

By easy substitutions we obtain the following equations- and results in 
connection with the complexes C and O”, the surface coordinate system 
being used: 

Equation of onmis Cs 


8o —2 (W— — 2v? #2u0)on t2 (17-208 — -2u jos 30 Mon = 0; 
Equation of complex 0”, 


8uor H2 (W — 2w? ae 2u* 210) ag + BU 05 


Equations of axis of complex C’, 


Ebi W420(u—v)] _nttolW—20(ut0)] _ foggy 


—(W—2v(utv)] ~ [W+2v(u—v)y] 40’ 
Equations of axis of complex C”, 
- E+ 2u[W—2u(u—v)] _ n—Ful[W—2u(u+v)] -Š , (66) 


[W—2Qu(utv)]°  [W—2i(u—v)] 4u’ 
The parameters P and P” are given by l 
P'=—3v%, PP" =3u'. 


We find that the expression Q* in (56) is identically zero except when the . 
‘parameters have the value zero and that each of the two quantities V’ and V” 
has the value 9/8. No points then are excluded by the limitation that, was 
placed upon the quantities V’, V” and Q?. Therefore, every general point on 
the surface is of the type defined by equation (56), that is, for every such . 
point the axes of the osculating linear complexes of the asymptotic lines inter- 
sect and are perpendicular to each other. : 

The equations of the special complexes of the first and second kind and of 
the two directrices are as follows: - 

Equation of special complex of first kind, 


(u+v)osg— (U—V) @4+3uv Wos =0 : 
Equation of special complex of second kind, 
Buvog— (u—v) (W +4uv) og + (u+v) (W—4uv) o3=0; 
Equations of directrix of first kind, 


| E+ (Bun (uo) W/2(utt0")) _ n+ (Buv(u—v) W/2(u+6*)) _ on a 
UV. 5 : ey ak 0” ) 
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Equations of directrix of second kind, 
E 7 n S 
(u+ v) (W—4uv) ~~ —(u—v) (W+4uv)  8uv` 
The expressions for the several quantities in (50) and (54) are given by, 
cos P= (u—v) (utv)/(W+v*), I=6w, l=2(u+v)/W, 
m=2(u—v)/W, n=(W—4)/W, 
E=3(u-+v) [(u—v)*—4(u'e? +1) 1/4, (69) 
—3 (u—v) [(utv)*—4 (uv? +1) 1/40, 
Buv(W—4)/W, T=—3(u?+0*)/2. 
Equation (57) here assumes the form _ - 
(u—v) (u+v)=0. 
Therefore, the directrices are perpendicular to each other at the points given 
by the two conditions, u=v #0 and u=—v#0. But the condition u=v Æ 0 
satisfies equations (59) for this surface and the condition u= —v Æ 0 equations 
(60). Therefore, the points given by these two conditions are of the more 
special types defined by equations (59) and (60). 
The curves defined on the surface by the two conditions u=v +0 and 
u=—v #0 are found from (64) to be given by 


2 
= (9-2), y=0, (70) 





(68) 


ie 
¿= 


and l l 
ue 2_ Z 2 


respectively. Every point of these two plane cubic curves, except the origin, 
is of the special kind described. 
For this surface the two equations (61) reduce to 
w—3vt+2=—0, 3u’—v'—2=0, 
which have the solutions u= +1 andv=+1. These values of the parameters 
give four points of this very special type, for which the directrix of the second 
kind coincides with the normal to the surface. The points are 
.@=2, w=—2, w=0, x=0, 
y=0, y=0, y=2 y=—2, 
4538, #8, e=—3, 2=—3. 
Of course these points are on the curves given in (70) and (71) and are found 
to be the maximum and minimum points on the ovals of those curves with 
reference to their axes of symmetry. 


218 “ Morzisow: On the Relation between Some Important 


Equation (55), the differential equation of the directrix curves, becomes 
6u?/w—sv*/v?=0, so that these curves are given by uv=c, and u/v=c,. They 
‘may be represented parametrically by l 

g= (+c) [utt (6—4¢,) w+ 02] /48, 
y= (u — c) [u+ (6+4¢,) u? vale 


z=38¢,, 
. and 2 
i a=u(1+c) [u (1—4ca+ cz) +60] /4c%, 
~ y=u(1—c) [u (1+4 + 03) +60]/4c3, 
gz=8u/ c, z 


respectively. 

- We observe that the directrix curve directions are conjugate, that along a 
curve given by uwv =c, a plane curve, the two directrices are a constant distance 
apart and that for the points on the two curves (70) and (71) the directrix 
curve directions are the same as those of the lines of curvature. 

It has been found that in general the axes of the two complexes C’ and C”, 
_whose equations were given in (72) and (73) intersect. Their point of inter- 
section proves to be the middle point of the congruence, the point &,7,¢ given 
in (69), which we will call the point C. 

The two directrices whose equations were given in (67) and (68) intersect 
the axis of the cylindroid, the line which goes through the point £, y, ¢ and has 
‘the direction cosines J, m, n, as given in (69), in the points Cı and: C, which 
are as follows: 


Point C,, 
E=3(u-+v)(W—4(w+1)], n=—2(u—v)[W+4(uv—1)], č=0, 
Rote Cis © E=3(u+v) (W—4) (W—4un) /4W, 


n=— 83 (u—v) (W —4) (W +4uv)/4W, 
6=6uv(W—4)/W. 


As the point P traces the surface each of the three points C, Ci, C, traces 
a surface which is covariant with the original surface. 

From equations (13) the equations of transformation from the surface 
trihedral to the fixed tribedral, with reference to which the equations of the 
surface are given, are found to be 

= —2(uv—1) (12—v) 
(u — r’) E a a nt Te 
e W +y, 


p= ated a le OMe, 


sr!) dy 





+g, 








Notions of Projective and Metrical Differential Geometry. 219 


By means of these equations we find that the coordinates of the points C, C,, Cs, 
referred to the fixed coordinate system, have the following form: 


C. e=v+0'%, Ci. s=, C,. v=u8+0%, 
y=", y=, y= w—v', 
2z=0, ` g=—3uy, g==3uv. 


These expressions for the coordinates of these points show several 
important relations: That the axis of the cylindroid is always perpen- 
dicular to the XY¥-plane, and consequently the axes of the complexes and 
the directrices are always parallel to this plane; that the middle point of the 
congruence is in the X¥-plane and, therefore, the axes of the complexes are in. 
this plane; that the covariant surfaces of the points C, and C, are exactly like 
in character, being reciprocally symmetrical surfaces with references to the 
XY-plane. 

The covariant surfaces of the points C, and C, are the simple cubic surfaces 


y= Fe, PEE E a ae, 


respectively. These surfaces have in common the lines x+y=0 and z—y=0 
in the XY-plane, lines which are upon the Surface of Enneper itself and the 
points of which were excluded from our considerations. 

It is easy to show that if the point P moves along a line of curvature, an 
asymptotic line or a directrix curve of the Enneper Surface, the three points 
C, Cı, Ce, which correspond to P in every case trace a plane curve. 

We have studied in this paper the metrical properties of certain geomet- 
rical configurations which have been built up in connection with a ‘point on a 
surface. We have made a study of these configurations for all the points of 
- the Surface of Enneper to which the developments apply and have found the 
following properties of this surface: 


a) The axis of the cylindroid is always perpendicular to the X¥-plane, 
with the middle point of the congruence always in this plane. Consequently, 
the axes of the osculating linear complexes of the asymptotic lines and the 
two directrices are always parallel to the X¥-plane. 

b) The axes of these complexes intersect and are E ET to each 
other. Their point of intersection is the middle point of the congruence and 
consequently they are in the XY-plane. 

c) The surface contains two plane curves, the intersections of the surface 
by the XZ- and YZ-planes, at all of whose points, excepting the origin, the 
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directrices of the first and second kind are perpendicnlar to each other, the ` 
axis of the cylindroid in each case lying in the plane of the curve. For all 
these points the ‘parameters of the complexes are numerically equal and 
opposite in sign. l E . 

= d) There are four points for which the directria of the second kind 
coincides with the normal to the surface. Two of these points are upon each 
of the curves in the XZ- and YZ-planes and are the imaximun and minimum 
points on the oval of these curves with reference to the azes of symmetry. 


By means of the consideration of this special Surface of Enneper we have 
verified the results of the paper and have established the existence of ‘real 
points of all of the special types that have been defined; points for which the 
axes of the osculating linear complexes of the asymptotic lines intersect and 
are perpendicular to each other, other points for which these axes intersect 
while the directrices of the two kinds are perpendicular to each other, and 
points for which the directrix of the second kind coincides with the normal to 
the surface. In the absence of any general existence theorems the fact that. 
such points are shown to exist has an important bearing. 
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A Comitant Curve of the Plane Quartic. 


Korag By Teresa COHEN. 


Iy ‘THE EER (ON: A Lure AND THE woes TANGENTS AT ITS INTERSECTIONS 
WITH: 4 PLANE Quarto. ' 


Ie i a ee curve be cut by; a line E and the tangents to the quartic at the 
intersections: be drawn, the four. _tangents together with & itself determine a. 


* ‘conic. This conic is to be expressed i in terms of known comitants of the quartic. i 
as 


` Fot this itis necessary to know the. degree of- the conie both in & and in 


l “the coefficients of the quartic. While not known. directly, it’ may be obtained s 
indirectly by finding the contact of g with. the conic.’ A line coni. may: -be con- `> 
: sidered. as. the locus of lines cutting ‘four fixed. lines in a given double ratio. 
Now suppose two lines: 3 and Ei to cut the quartié in A, B, 0; D ee 4’, Bi; a, D’, T 

rospechively;; s0 that i l 


x 


k Then the lines AA’, BB’, CC’, DD’, £, E touch a conió. Now allow g to > approach 


&, (A’B’/C’D’) being kept constantly equal to (AB/CD). AA’, BB’, CC’; DD’ 


approach: the tangents to the quartic at 4, B, C, D, réspectively, the conic 


approaches the required conic, and the intersection of § and p approaches the 


contact of £. with the latter.. But E and &, cutting the quartic.in a constant — 


_ double ratio, are lines of a known locus. ‘Therefore,. the ‘contact of £. with the 


or, more briefly, 


_ tequired conic is the same as its contact with a known Curve. | 


A quartic (ax) hag-two contravariants, (s&)* and (t&)°, the- loci of lines 
cut by the quartic ïn a self-apolar set and in harmonic pairs, respectively.t 


` The'locus of lines cutting the quartic in a given double ratio is 


(së) (s ee (s"&)*—a(te)° (e)°= 
ats 0, 


, * Presented to.the: American -Mathematical. Society, Deoamber 28, “1916.” 
j + These are understood, tobe taken as given in ‘Salmon, “Higher Plane Curves" 80 that i in symbolic 
notation (96) = lapt]? and #a'= Havel Iragle lapel?" a ; 
_ 29” a eee 


: . x : ta Ry og og 
a aiae Š . nh, an - : oe wt 





iy 


wo 
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where A is a constant depending on the given double Tatio. The polar point 


_ of ë with respect to this curve is 


(8&)* (sn) (s'E)*(8"E)4—A(tE)* (tn) (UE)°=0, 
or s*3,—Att,=0. 
If & is on the curve, we may eliminate à between these Ge equations. 
Throwing out the factor s*t, since & is in general on neither s nor t, we obtain 
for the polar point, or point of contact, of & 


(sé) (8n) (#8)°— (sE) UE) (tn) =0, or s,¢—st=0. 

This is of degree 5 in the coefficients of the quartic and 9 in £; therefore, 
the conic itself should be of degree 5 in the coefficients of the quartic and 
8 in £, which may be stated symbolically by saying that the conic is an A®£*y’. 

Under certain circumstances the degree in ë will be lowered. The fact 
that the polar of Ẹ is s,f—st, indicates that if (s&)‘ or (t&)*° has a repeated 
factor, this factor appears in the A*£*y*. Also suppose the curve to have a 
double point and & to be a line through it. Then & intersects the quartic in 
points whose double ratio is 0,1, © according to the order in which they are 
taken. But since any line through the double point can be regarded as an 


_improper sort of tangent, the question arises, What lines should be taken as 


the two tangents here? Since with this choice of £ in equation (1) A=B, 
then A’=B’. Then 44’ is the same line as BB’ and since the tangents at A 
and B are the limiting positions of these as &’ approaches č, then the two 
tangents at the double point are to be taken as coincident. But then any line y 
cuts the four tangents where ¥ meets the quartic in the same double ratio as £ 
does and the conic becomes arbitrary. Therefore, the double points factor 
out of the A°éy’ at least once. The degree in £ is not high enough for them 
to occur more than once. 

‘There are only five independent forms of proper order to make up the’ 
A" E"n? Therefore, 


A'E n? =A (8) (sn)? (tE) +u (8E)* (sn) (tE) (tn) +r (8E) (tE) (tn) 
+p (së)? (sa) (s'E)* (s'a) |an |*+0 (8Ẹ)* (sE)? (s'a) | aën|", (2) 


_ where 2, u, v, p, o are constant coefficients, the value of which is to be deter- 
. mined. Since the conic is on &, 


A (8%) (tE)"+u(s%)‘ (tE) +v (8Ẹ)*(tE)°=0, 
Atutv=0. . (I) 
This is one relation on the coefficients. For further relations special quartics 
for which the conic is known must be used, 
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ae Special Cases. 

A. The simplest quartic for which the conic is known is 4r (8-4-2) —0, 
representing four lines, three of which pass through the point (1,0,0). The 
conic for any line ë is made up of this point and the point where E cuts the 
fourth line, 2,;=0. Its equation is 

. a no (m E:— na E1) =0. 
The double points of the quartic and the repeated factors of (sẸë)* and (t£)° 
account for an outstanding factor of degree 7 in ë. Therefore, 
AEn? = Eo (Ei—Es) (nomike — nonk). 
By substitution in equation (2), ` 
APE = 5 (EEIE + EOE ES) (8A+ 12u+ Fv + 36p+ 480) 
2 i A 
+ 2nons LEak (164+ 18+ "sv —54p—96o) +E: (162 -+6u—18p) ] 
2 
PE ni Eeka (Gut "52 +-18p +480) +n (EI+ Ese) (84+ 64 +189). 
From this come the relations - 


4A+3u+9p=0, (IT) 
and Say : 


8 ; 
etsy +3p+8o=0. (HI) l 


B. The- same relations would have been obtained by use of the four 
general lines , 
oo Biaitat+ai— 2a aiaa] =0, 
for which the conic is evidently 
na ni ng 
Eo ki ki 
‘111 
By including the six double points 


ABE? = (EE) (E}—ER) (EE) Sn (EE) 
=S (EHER E | pape parece papers 4 pare rere Eiei party, 


C. The lemniscate 








| 6 (aa Hata + aiat) =0 
is another case for which the conic can be found. Since it has three double 
points, oik, and (sf)*=3(&*)*, where (¢) = £¢+4i+é3, the A°g*y? has the 
factor £)£,&(#) and the conic reduces to the third degree in Ë. 

That the.conic can be found in this case is due to the property of the 


lemniscate :that a line satisfying the equation (#)=0 cuts the lemniscate so 
com Co : 
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that the four tangents at the intersections meet in the point (7/£)=0, or 
(mb:&) =0. The conic, then, breaks up into two points, of which this is one; 
the other, found from s,t—st,, is (fy) =0. Therefore, for such lines as obey 
the relation (°) =0 the conic is . 


(En) (7o č č) =0 


But the conic in general can differ from. this only by terms containing (E), 
and must be of the form 


(En) (oEsEe) +æ (E*) (mağ) = 0. 
Since it must be on £, x=—1. Therefore, the conic is 


(En) (mobsE2) — (E) (nanako) =0, or okaka (n°) — (mko) = 0 
It can furthermore be shown by direct proof that this conic touches the 
four tangents at the intersections of & with the quartic. Let y be one of these 


points. Then 
(y)=0, (<2) =0. 


The tangent at y is (w/y*)=—0; that is, its coordinates are 1/y3,-1/y%, 1/y3. 
Substituting these values in the equation of the conic and remembering that if 
a+b+c=0, then a’+b°+=3abe, we find 
Der (=) — £) ee SF obs ke _ (ey) _ 3 Fob bs YotrYa—3 bobs Ee YYY: o, 
AY PAY PA - WAY 
Therefore, the tangent to the quartic at y is a line of the conic. 
To obtain the A®'£*y* the conic must be multiplied by the enreranding 


factor (£) EE fe. 
ae 
AS yt = Sno (EERE + ELE + ERERES) + 5 manatee (EEE EAE) . 
The relations on A, u, v, p, 0, given by this special qnartte, however, are all 
more simply found from the following case. 
D. The type of the conic for the quartic, 2}-+-2{+-%}=—0 can be obtained 
from consideration of 


8yb—sty = bokka [ (En) Fok Es —4 (Et) (nob) ]. 


To give such a polar as to & (the repeated factor £££, of (t&)°® being a 
the conic must be of the form 
LE *) Ekka +m (En) (nokike) +n (E+) (minke); 
where J, m, n are to be determined. Since the conic is on ë, 
1+3m+3n=0. : 
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For further relations on J, m,n take a special line, say through the 
reference point &,=—0. The line is then of the form xz,+2,=0, and it meets 
the curve in four points given by 


w+ (1+x*)aj=0 
Let a be any one of the fourth roots of (Spx)? Then the four points are 
(a, 1, —x), (—a, 1, —x), (ta, 1, —x), (—ta, 1, —x) ; 
the four tangents to the curve at these points are 
attt rn), —aba,t+a,—x5a,=0, — tay + — n=O, iato Hirn = 0. 
These are all satisfied by the point (0, x*,1);.for the line xm + m= 0, 
$,t—st,=7,. Then for the line (0, x, 1) 


m(x°n-+79) * xno+n(xi+1) (nm +n) =n (x m Hm). 
“. n=0, m=—1, l=3. 
The conic is 


3 (Ba) Boke (E°n) (mobiks) = 


By a method similar i that for the lemniscate it can be shown satisfied by 
(zy*)=0, the tangent at y, when (y')=0, (y)=0. To obtain the A®°£y? 
multiply by &£,&, the repeated factor of (¢&)° 


Are 2—5. EEE + Sminka (— boki — oks). 
Substituting in (2), 
A'E n= Emlek (A+ fut ey t 20) + (EGS + Exes) (Ger t+ p+ 20) J 
8 
+HEmmk kl (EE + EE) (utir) +E lG —2p—20)]. 
Then rv +p+H20=0. ; (IV) 
This equation together with (I), (II) and (III) is sufficient to determine 
a, t, v, p, 0 (or rather their ratios). 
A=0, w=15, v= —15, poy o=3. 
- E. The formula 
A® E"n? = 15 (sE)? (sn) (t&)° (in) —15 (s6)' (t)*(tn)°?—5 (86 )*(sa) (s’E)*(s'a) |an]? 
+8 (s&)*(s'&)?(s’a)* jae 
may be tested on the general quartic 


anh + tawa Aant + Chapa; + 12lajpaya, + 6g apne + 40 th + l2mayariey 
Hlne ast 4era + brit tbii + 6 faring tH tenang tce (3) 
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for a special] reference triangle and line &. Let the line £ be =O and let two 

-of the tangents at its intersections be 7,=0 and 2=0. This requires that 
b=c=),=¢,=—0. 


Then beside the two reference points (0,1,0) and (0,0,1) the line 2=0 cuts 
the quartic in two points given by 


4b,a2-+ 6fa,%%-+4¢,03 = 0. (4) 
Let these two points be (0,4,1) and (0,B,1). Then the tangent at (0,4,1) is 
a(3mA?+3nA) +a, (3b,4?+3fA +6) +a (b145 +3f4 +364) =0, 
or, making use of the fact that (0,4,1) must satisfy (4), 


ay (3mA +3n) +a (20,4 +37) +% ($74 + 2e)) =0.. (5) 
Similarly, the tangent at (0, B, 1) is 
ay (3mMB+3n) +-2,(2b,B + 3f) +2,(8fB+4+2c,)=0. (6) 


The conic, being on the reference lines, must be of the form 


Aone Fanano Hamm =O. ; 


Requiring it to be satisfied by the lines (5) and (6) gives two homogeneous 
equations in a), €r, a,, which can be solved for them in terms of A and B. 
But A and B enter symmetrically, so that they can be gotten rid of by use of 
symmetric functions of the roots of (4). The conic is obtained in the form 


noms (—4b.en + 3¢,fm) + norz(—4b.¢,m + 3b,fn) +2 (6b,n? + 6e,m?—9fmn) = 0, 
- when the factor —16b,c,+9f* has been dropped. 
By use of equation (2)* 
AS Ent = ni Dick (—8u—8y==0) 
+b f (102 +100=50) 
+f?(—34u—3r=0) ] 
+524 [błon (4u-+ Sr —20) 
+bcifm (5u+4ve15) 
+b f'n (—6u—6r=0) 
+af m (—3u—3ve=0) 
+f'n(3u+3v=0)] 


* For the coefficients of s and ¢ see the note at the end of the article. - 
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+ En} [biclg (— 8v + 16p +2400) 
+ b,cth (2 ae ee) 
+ bfi (— 24, —80=0) . 
+b,c?mn (—  ou—t$v—6p—160=0) 
+b f'g (v —24p—34o=0) 
+ cfPh (—i8»—60=0) 
+ bye, fn} (Qu-+ #y + 69-+160=0) 
+ cfm? (—3u—9p=0) 
+ oyf*l (18 + 60==0) 
+o f?mn (6u-+ y+ 18p+ 1200) 
+f'9(—20+9p-+120e=0). 
+fin® (—3u—#v —9p—120=0) ] 
+2n 7, age e p aa 
+ (bieyfg-+bsctfh) (—13»—4o==0) 
+ (ben + bacim) (si 4y+15p+320==30) 
+ becyf?l (28 y+ 249-+520=0) 
+bcıfmn (—u+t3v—309—560= —45) 
+ (baf'g-+ef*h) ($v+30=0) 
+ (baf n+ o,f m?) (3u-+i8»—9p—24a=30) 
+ ftl(—8»—9p— 210) 
: +f?mn(—3u—$1+18p+42c0=0) ] 
= 5D 90, [ 22m (— 40,00 +-3e,fm) +2mmn (6ben* + 6eym*?—9fmn) J. 


Therefore, the conic on a line & and the tangents at its four intersections with 
a quartic is given by 


15 (8%) (sn) (tE) (tn) —15 (8&)*(t&)*(tn)’—5 (sE)* (sa) (s a |an |? 
+3 (s&)*(s’E)?(s’a)* lakn|*. 


I. Tm» Locus or Lines MEETING THE Quartic so THAT THREE OF THE 
TANGENTS AT THE INTERSECTIONS ARE on a Porn. 


For certain lines & the conic breaks up. These are the lines such that 
three of the tangents at the intersections with the quartic are on a point. The 
discriminant of the A°£»’?, an AE", is therefore the locus of such lines. The 
line equation of the quartic does not enter into this A” g", as may be seen 
from case E above, where 16b,c,—9 f, the condition that s, =0 be tangent to 
the quartic, is not a factor in the discriminant of the conic. 
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The expression obtained for the A’ £%y? is of the form 
(azot bia + 6,024 2f 22+ 291M 9%) + ZhyayX ) 
+ (aa + byw -+ c0 + 2f a218 + 2JL Ly + 2hyXy% ) 
+ (atit bat + egw + Qf ga, t+ 2 GalL + ZhgX pA) 
T (ait bait 003 + 2f aya, + 2g tata a)» 


Therefore, if 


























o (hig: s a, hig; a | Ue 
An = | hi bi fil, Ay =% hb; fj], Ap= È hib fel, — 
Ji fii ILLS Ji fi cr 
then ; 

artar tts +t, Aythytheth, Gt+9st9st+% 

A” EH = | hithe t hs + hu bi+be+bs tb, fi+fetfs the 
DtGetosto. fi+fitfetfs abet oto 

= S Any +E Aust Am, 
- where 


Ay = 0, Azs =0, Aus =0, 
A = — F (sE) (SE (rE GE E EE tet 5 
Ane = Hf (sE) (SE (rE E (PE (tE) ttt” |* 

: i —3 (sE) (SE) (sE) (tE) (HE) (UE) (aie peer] £ 
Ares = PE (LE rE (1E)* (PE E irt” |, 
Ans = E (8f)? (sa) (s’E)*(s’a) | (8" E) (sa) (sE)? (sa) (EE E)’ 

—2 (s" E) (sE) (sa) (tE) (tE) (ta) 
+ (87E) (sE) (tE) (ta) (E) (ta) }, 

= HE (8f) t(s)? (s'a) (8E) (s"a) (sE) (8a )(S"E)" (a) ao E ECES, 


, an = —15:5(s£)4(s'£)*(s’a)?{ (sE)? (sa) (sE) (8a) E)E)’ 


—2 (s” E) (8E) (9a) HE) EEE (ta) . 
+ (8E) (sE) E) (ta) (WE) (Ca) f, 


| Ais = (sE) (8E) s" E) (8E)? (sa) (8"E)? (sa)? | aak |*(tE)°, 


Ans = —15*.5 (sb) *(s°)*(8"E)*(s"a) (sE)? (s'a) 
[GEE Wa)’ — (E) (ta) (WE (Pa) h, 
A = 15 (8E) (E)? (s'a) (8E)? (s"a)(8 E) (sa )(E)? (s7a') |aa'E | *(H8)’ 
Am = 15*.3 (sf) *(s'E)*(s”E)*(s°"E)*(8""a)* 
(eee) Co +— (tE) (ta) (PE) (t'a) F, 
Apu = E (8E) (8E) (8r E (E) (8a) (S E) (sa) aa (8) 
ram SuD, 
= 158.5 (8E) (S'E) (8" E) (s"a) (8E) (sa) 
| (46)*(E)*(Ha)*— (E) (to) PE Ha) h, 
Am = —15%.3 (8E) (E) (8"E) (8E)? (8a) | 
{CEWE (a)? — (tE) la) (WEP a) h, 





Comen: A Comitant Curve of the Plane Quartic. 229 


Asi = —1I5? (8E) (8'E) (8" E) (s"a) (E) (s'a) (7E)? (s*a)? | aa’ |° (E5, 
Am = 15° (8E) (8'E) (8" E)? (s"a) (8E)? (s'a) (31E)? (s"u)? aa’ |*(4E)*. 


9 


.Then for convenience dropping the factor =, 
A'S E = 5 (SE) (S'E) (sE) OE (PE GE) fie” |? 
—15 (8E) (SE) (s E) (EE (EE rE spe”) Jste" | 
—2 15 (s) (sa) (s'¥)? (s'a) —3 (sE)*(s'E)*(s’a.)* 
1 (s"&)°(s"a) (s E)* (s'a) (tE) (tE)® 
—2 (sE) (sE) (sa) (tE) (VEV (a) 
o F (SE) (sE) (6E) (ta) (E) (a) t. 
Special Cases. ` 
The correctness of this formula may be tested on the special cases given 
before for which the conic is known. 


A. For the quartic 4x, (2}+2§) =0 
AE ==), 
B. For the four lines 3[a!+a!+ a}—2a2a2—2a2¢3—2a%a?] =0 
AN EM = (Ei—E8)*(E8—£5) * (EGE) *. 
C. For the lemniscate 6 [ra -+ a2a2-+ aa] =0 
A” EH = 180 - 162? (E*) EEIE (B*)?—3 (E33) 1. 
D. For the quartic aj+ai+ai=0 
AEM = Tp Ekta (Et) (EES) —9E6EIEE 
In each case the result obtained by the formula agrees with that obtaizes 
directly from the A®g*x° ' i 
It should be noted that the double points and repeated factors of s and t, 
which occur once in the 45%? and therefore would be expected to enter the 
A} E" three times, actually occur four times. l 


Singular Lines of the Locus. . 
Of special interest in connection with the A'°&™ are the lines E such that 
(s&)*(sn) (t&)°— (sE)* (48)? (tn) =0; 

that is, the contact of E with the 4’ £n? is indeterminate. This occurs 1) if s 
or ¢ has a repeated factor; 2) for the common lines of s and t, the stationary 
lines of the quartic; 3) for the lines having the same polar point as to s and t. 

1) For the general quartic neither s nor ¢ has repeated factors. There- 
fore, this case need not be discussed here. 


2) It is evident that the common lines of s and J are double lines of the 
30 i 
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AE", for every term of the latter contains either s, st, ox 2, Furthermore, 
the polar conic when s=t=0 becomes 


(8%)? (8%) (s'E)*(s'n) < —3(8”E)°(s"a) (sE) (sa) (tE) (ta) ('E)’ (ta) 
+ (8%)? (s7) (#&)° (tn) [20 (9E)? (s'a) (8”E)? (sa) (sE)? (8a) (E) (ta) 
- —15 (SE (SE CEEE te" | sret] 
+ (tE) (tn) (E) (tn) < —15 (s)? (sa) (sE)? (s'a) (8”E)* (8a) (sE) (sa). 
But (s” £)? (sa) (sE? (sa) (t&)5(ta) (E) (t'a) =0 is the condition that the 
point (së)? (sn) lie on the polar conic as to the quartic of (të)’ (tn), a condition 
known to be fulfilled when & is a stationary line of the quartic, since (tE)? (tn) 
is the flex itself. Therefore, the coefficient of (s£)*(sy) (9'E) (s'n) vanishes, 
showing that (t&)°(t7) is one of the points of contact of E with the 4g% 
Therefore £ is not only a double line of both the 4” £” and the quartic (az)*, 
but also has one point of contact the same in each case, so that the stationary 
lines account for 24(2-2-+1)=120 of the common lines of the two curves. 
3) For a line & to have the same polar point as to s and t requires that 
(sE)? so __ (s&)* s, M (s&)* se 
(tE) to (tE) h (EE) ty 
These equations have 25+9-+15=49 solutions. Among these must be in- 
cluded the twenty-eight double lines of the quartic, for both s,t—st,=0 and 
s°s,— 27 tty==0 hold if s*—27#=—0, which is true for the double lines. The 
remaining twenty-one lines are those which meet the quartic so that all four 
7 tangents at the intersections are on a point; they correspond to the twenty-one 
double points of the Steinerian, which are points whose polar cubic is a conic 
and a line. For all of these lines the A°#'y’ is degenerate, so that they are at 
least lines of the A” £”, But presumably they are more than this, and indeed 
the twenty-one lines are at least triple lines, for they cause the A'E»? to vanish 
identically. If these lines are double lines, their polar points as to the 4" £% 
should vanish. But the polar point of E when s,¢—st,==0 becomes 
a(S E) (S ELE EE GE ttt” |? CsE)? (sn) 
— (SE) (EE G" E) ttt” POE)? (tm) J, 
„and it is not evident that this vanishes. Furthermore, though it can be shown 
that (t’&)*(¢”&)*|¢’t”a|? is a numerical multiple of 


9 (s£)? (sa)? (aa)? (t&)°—"P (sE)*(4E)* (ta)? (aa)? 
+10 (s£)*(sa) (s'E)*(s’a) |aa’é | (a'w)? —$ (sE) (8'E)? (s'a)? |ua'ë |? (ax)? 
+ (#&) [—18 (s£)? (sa)? (#2) °(ta) (am) +7 (sE) (tE)? (ta)? (ax) ] 
+ (af)? [7g (sa) *(t8)°—F (sE)* (sa)? (tE) (ta) +P (sE)*(sa) (tE)? (ta)? 
. — 4E (sE) (tE)? (ta) “1, 
the substitution of this value does not give an expression that vanishes on 
its face. i 
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Let us first consider the double lines for the general quartic (3) with a 
convenient reference triangle. Let a =0 be a double line with contacts 
(0,1,0) and (0,0,1), and let (1,0,0) be the polar point of z as to both s and ¢.* 
This reference scheme requires that in the equation of the quartic 

b=c=—b,=¢,=m=n=0. 
Then (giving only the highest powers of £,) l 
A'E n? = ni [2TObocof Ekke +. .] +n 90d cof + +--+] 
+Haal—90bicof Ekt... ] i 
+2mn[—45bocof kot 1350f hkk + 135bof*g kobe + . ..] 
+2 | —45boc f Ek t. ] + 2non [—45bocof kok + wereld, 


A E” = —90 dof PEPE,E, + lower powers in £. 
Therefore, the double lines of the quartic are also double lines of the A” ^ 
with the same contacts. They then account for 28(2-2+2)=—168 common 
lines of the two curves, and since it has already been shown that the stationary 
lines account for 120, all of the 2412—288 common lines of the 4”? E” and 
the quartic (in lines an A°£”) are accounted for. 

For the twenty-one lines giving four tangents meeting in a point (which 
point is the common polar point of. the line as to's and t) choose a reference 
scheme where x,=0 is one of these lines with two of its intersections as (0,1,0) 
and (0,0,1) and let the tangents at these two points be 2,=0 and 2,=0, 
respectively, so that (1,0,0) is the meeting point of the four tangents. Then 


so that 


b=c=b=0=m=n=0. 
AE n? = 2 [terms beginning with £57] 
+ nf LESE E, (120 b3c? g —360b,ckgh— Mies 
- +E (240b2c,g1—90b2f9?—90b,c,fgh) +....] 
+5 [obs (2406, c7hl—90b,¢,fgh—90c;fh*) 
-HESE E (—360b2c,gh +120b,c2h? —180b.¢,fhl+270b f%gh) +....] 
2q [ESE (B0B3c,9°—120bacigh +90 Ahk +1206, ci? —90b,¢,f gl 
| —18002fhl-+135¢,f2gh) 
HESE E (—120b2c,gl —120b,c?hl —90b? fg? +540b,c,fgh 
—90 efh? — 180b:c,f?+270b:fgl + 27 ef hl 
—261f8gh—168f°l") 
+ ESE? (90b$g°—120bic,gh-+30b,c?h? +120 bic, —180bif gl 
—90b,c,fhl+135b.fgh) +....] 
+ one [EOE Nea aie 156, cif) 
ETE, (—60 bie, + 20b302h—30b20,fl +45b4"9) +. 
+ Sen CEE Obg 60b,cjh—-30b,cifl + 45e;P°h) 
-HEak (40bzil— 15b fg —1db,cifh) +....]. 











* It is evident that this polar point can not lie on the double line itself, for then the latter would 
have to be a line of both s and ft, all of whose common lines are accounted for by the stationary lines of 
the quartic. . 
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From this it is evident that £ is the highest power of £, that can enter into 
‘the A“ g”. Therefore, the twenty-one linés are quadruple lines of the locus. 
There is no reason for supposing that the A” £* has any. more singular lines. 


Note. 


(s8)t= = Akt DEt OE +4 Abie +44 0b FAB Ga + ABest ACE, + ACRE, 


ever 


where 


+6 FEE + 6G + 6H bob + LLE FLOME SEES + LN EOE ES 


A =be—4b +83. _ ; j 

A= —¢by + brco +3am—3 fn, a = See EE T 
F = af—2an—2a,m+ gh+2F, 
L = by, —beg—e,h+2fl—man. . 


| 8 _ 8 ` © > 8 -3 
(tE)? = EA soko t+ 62 Anoto +152 A sob SEi + 802A bah bo + 202 Aso hse} 

` - ’ 8 t 
HOO Amk +0 44a 8 


- Aaw = bef —bei—cb} + 2h. f—f’, 
Agi = 4 [—ben-+-bese,—2cbef +3cbym-+ byc -baf Bboy —Beafn-4 Bn] ; 
A Ne So 6cb,l + 6cfh— Sem? —8b96)¢,-+ 2b,¢,9 —6cth i 
+4bcon+6cfm+66fl+12omn—3fg—12fr], 
Aas = fl 2bel—8be,9—Bebgh bom- cbant Ibar — 10b,cyn—10B,c5m ‘ 
o 4 +4b,61-+3bsf9 +3efh+ 6b +6em'?—6f'l—3fmn], 
Assy = 16 C4gb2—2ca,f— —2ch.g—6chn+9elm + 2a,¢4-+2bp —aye,f — betog 
i +6ccıh—3ofl—3cgm—bceomn—boln+6fgn+4n"], 
- Ao = 36[—bea,+3ca,b, +beg— Sobol +3chm—2a,b; ¢,—8ayef + 11b.eg 
BUCS a oe 15eofh+12hn—Ibagn-+ 12cm? —18elm _ 
—3fgm+15fin—6mn*], 
Ase = = Alabo 2abye,+ 2aye)+2cqb)—3af?— —83bg”—3ch’—20m bco i 
—20ab + 240cm +- Aasbam -+ 24b,¢,1 —6a,fn—bagfm— —6b.gn 
—6b,gl—6eshm—6e,hl+-48fgh— —30f?—30gm?—30hn’? +481mn]. 


All the other coefficients can be found by symmetry from those given here. 


JOHNS Hopkins University, October, 1916. ‘ 


On Two Related Transformations of Space Curves." 


By WILLIAM CASPAR GRAUSTEIN 


The Transformation C. 


1. Two curves, corresponding point for point so that the tangents ir 
corresponding points are parallel, are said to be related by a trausformatior 
of Combescure.t The general curve in 1—1 correspondence with a giver 
space curve, s=2%(s), may be given by y=2+fa+o6+4dy, where f, >, are 
functions of s. The conditions that the tangents in corresponding points be 
parallel are 


2 fo ae dẹ _ 
er Ge ae 
2 2 
If there is set P a , then ¢=— Be £0 f=— 2 (c+4 i TE), and 
ds dSa Sy 
N _ aC aC dC 
y=a2+o, where b= (6+ 5 az)? ee ds, 7 (1) 


This y-curve is the general curve in Combescurian correspondence with the 
x-curve. Since it is determined, when the function C (except for an additive 
constant) is given, and conversely, one may speak of-the correspondence, 01 
transformation, C. If C=R, the y-curve is the second polar curve of the 
x-curve (the first polar curve of a curve is the edge of regression of the pola 
developable, the second is the polar curve of the first, etc.). Now 


oy _ Poy) aa (e Toy &C 
a 1+ È a, where P(C) = 73 Ot ae TP ages 








* Read before the American Mathematical Society, December 28, 1916. 

+ Aoust discusses this transformation in his “ Analyse infinitesimale des ogourbes dans Peapace 
1876, Gh. XVI. It comes by its present title, the writer believes, from its similarity with the Combes 
curian transformation of triply orthogonal systems of surfaces. Salkowski gives a geometrical treatmen 
of it in the Mathematische Annalen, Vol. LXVI (1909), and Sannia gives an analytical one, by means o 

. the moving trihedral, in the Rendtoonti del Circolo Alatemattioo di Palermo, Vol. XX (1905), pp. 83-92. 

$ In this paper o,, a, Ø, are the coordinates of a point æ; œ, =w, (8), De= w, (8), Ca = (8) ia th 
parametric representation, in terms of tlie arc 8, of the curve @=@(8) 5; di, Gey Ga, Bi» Bas Ba» Yis Yao Va 
are the direction cosines of the directions a, 8, y of the tangent, principal normal and binormal; R anı 
T are the radii of curvature and torsion; 8a and sy are the ares of the tangent and binormal indicatrices 

Plane curves are excluded and the work is for the real domain. 
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Thus a,=-:a, and hence B, = +6; if the choices a,=a, B,=8 are made, it 
follows that y,—y. Further 
ds, R, T, P(C) 


Rr Tr ae 8 





Thus the rectifying lines in corresponding points are parallel also. 

The surface, z=g+ròð, generaled by the line ay, is a developable. Its 
edge of regression, if its exists, is given by n=s—R/P (C) è 

2. The v- and y-curves are congruent * only if P(C)=0. Now 


fas, y (22 | : 
EIS ( ds, 5 ds,/’ a 
where I'(y)=0 is the result of elimination of a and 8 from the nA 


formulae. The general solution of T (y) =0 is then rely), t where (e|c) = 
and r>0; hence the general solution of P(C) =0 is 





C=—rf(cly)ds,, or = =—r(ely). (4) 


Substitution of this value of C in (1) yields y=g+4 re. 

' Thus the general transformation C, carrying a given curve into a con- 
gruent curve, is defined by (4) and is equivalent to á translation in the direction 
c through the distance r. On the other hand, if the transformation C is given, 
(4) becomes the defining relation for the curves congruent to their transforms 
under it. A parametric representation of these curves, as the curves defined 
by (4) and in Combescurian correspondence with an arbitrarily given curve, the 
£-curve, may be found by a method of Salkowskit Since y= Ye Oe (dsy)¢, 
the first of the formulae (4) may be written 


l C=—rf(cly,) (dsy)¢. ; (5) 
If C involves s, R and T, (5) and the last of the equations 


ds R T - . 
: (as), R > Ty me 





may be solved for R and T as functions of.s and the parameter of the £-curve, 


*In the Bulletin de la Société Mathématique, Vol. VII (1878), pp. 143~154, Aouat set up a differ- 
ential equation of the curves congruent to iheir second polar curves, which Hoppe recognized later, Arohiv 
der Mathematik und Physik, Vol. LXVI (1881), pp. 386-396, as that which the direction cosines of the 
binormal of a space curve satisfy, and thus easily integrated, It is this idea of Hoppe that is being used 
here in the case of the general transformation C. 

+N. B. (ol y)== ern + Cryst osya (0| c) = 0} + 03 +0}. 

_ ptteungsberiohte der Berliner Mathematischen Gesellschaft, Vol. IV (1905), pp. 04-89: 
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and thus either of the remaining equations of (6) may be solved for s as a 
function of the parameter of the -curve. Hence 


ds R a nae 
s= Say. dé,. or s= fT dë, or s= f- dé 
yields a parametric representation of the required curves. If, in particular, 
C=RF (2), this method results in the representation 
_, (Sel ye) (ds) 
A EE Je dë. 

For C=R this becomes the parametric representation of the curves congruent 
to their second polar curves, 


The y-curve is similar to the #-curve,* if R, and T, are constant multiples 
of R and 7’; that is, by (2), if P(C) =kR, where k is a constant, not —1. By 


(3) this condition becomes 
dC\ _ eS) 
: (=) a dsy/ ` 


The general solution of this equation is - 





dC 
ds, =1(cly)—k(a|y). (7) 
_ For this value of C (1) may be written (#0) 


Thus the general transformation C, carrying a given curve into a similar 
- curve, is defined by (7) and is equivalent to a stretching from the point rc/k 
with coefficient of enlargement 1+. Work similar to that leading to this 
Tesult yields a new representation of the general y-curve: The general trans- 
formation C, carrying a given z-curve into a y-curve such that R, and T, are 
given multiples of R and T—R,/R=T,/T=1-+K, where K is a given function, 
3—1-——is defined by dC/ds,=r(c|y)—(y|fKda), and the most general such 
y-curve is then y=a+ fKda—re. 

The curves similar to their transforms under a given transformation C 
are defined by (7). The problem of setting up a parametric representation 
for these curves is, in general, incapable of explicit solution.t 











* Salkowski discusses this problem for a curve and its second polar curve, Archiv der Mathematik 
und Physik, Vol. XIV (1908), pp. 231-239. 

{t For the transformation O = R, it depends on the solution of three simultaneous linear differential 
equations of the second order. 
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3. If the z- and y-curves are congruent, the distance zy=d is constant. 
The converse, however, is not true;* differentation of d’= (8\6) with respect 
to s yields the product of 2P(C) and 

d fn, OO l 
n (C+ T) | (8) 

Thus the transformation C=c)+c sin (s,+k), c #0, applied to any given 
x-curve, yields a non-congruent y-curve at a constant distance. The repre- 
sentation of the curves, which transform into non-congruent curves at constant 
distances under a given transformation C, may be found by Salkowski’s method. 
Thus the curves, which are at constant distances from their second polar curves 
but not congruent to them, are those whose first polar curves are of constant 
curvature, while they themselves are not. . 

Whereas constant length of vy is not a sufficient condition for the con- 
gruence of the x; and y-curves, constant direction of æy is. This may be shown 
by differentiating the direction cosines 6/d of zy. i 

The direction zy is relatively fixed with respect to the tribedral in # only 
if the factors of combination of a, B, y in ¢/d are constant. This is true only 
if the wcurve is a helix and C is such that dC/ds,=ke™. If m=1, the 
two curves are congruent helices on the same cylinder. P 

4. The transformations C, such that the point tracing one of the curves 
lies always in the corresponding rectifying plane of the other, are given by 
dC'/ds,==a, a constant; then (1) becomes y=a2+a(aR/T—y). Thus the two 
curves are parallel geodesics on the developable z; conversely, two parallel 
geodesics on an arbitrary developable are related by such a transformation C. 

The curves whose rectifying planes contain the corresponding points of 
their second polar curves are those for which the distance from the center of 
curvature to the center of the osculating sphere is constant. The only such 
curves, which, further, are congruent to their second polar curves are helices 
for which P= bs; these helices lie on cylinders with involutes of circles as 
directrices, ` l 

The transformations C, such that the normal plane of one curve contains 
always the corresponding point of the other, are given by (8), set equal to zero. 
The two curves are orthogonal trajectories of the rulings of the developable z; 
conversely, two orthogonal trajectories of the rulings of an arbitrary devel- 
opable are ‘related by such a transformation C. The curves whose normal 





; * Salkowski supposes the converse true in his geometric determination of the curves congruent to 
their second polar curves, Sitzungsberichte der Berliner Alathematisohen Gesellschaft, Vol. VI (1907), 
pp. 54-59. 


x 
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planes contain the corresponding points of their second polar curves are those 
whose first polar curves are of constant curvature. 

The only y-curve in correspondence C with an -curve such that y always 
lies in the osculating plane of œ is the a-curve itself. 


The Transformation A, 


5. The transformation of Combescure finds an analytic parallel in the 
point-to-point correspondence of two curves, in which the tangents in corre- 
sponding points have as their common perpendicular direction that of the 
principal norma] of the given curve and make with one another an angle whose 
cosine equals the ratio of the corresponding elements of arc—so that the 
element of are of the given curve is the projection of that of the transformed 
curve. The y-curve is the transform of a given a-curve by this transforma- 
tion, if (a,|8)=0, (a,|a)ds,=ds; hence it has the general form 
ea Oa tae 
When the function A (except for an additive constant) is given, this y-curve is 
determined, and, conversely. Thus one ) may speak of the correspondence, or 
transformation, A. 

A comparison of (9) with (1) shows that analytically the transformation 
A becomes the transformation C if « and y, ds, and ds,, R and T, are inter- 
changed. This relationship between the two transformations subsists to a 
great extent throughout. Thus, from (9), 


y=a2+6, where d=— 


dy 2a ) d ( PA 74) GA 
“ds” a =a-+ Y, where Q(4)= 45 dst A+ ds? + dÈ ’ (10) 
Q(A) becomes P(C) = replacing 4 by C and interchanging ds, and ds. 
If 6, where tan 0=Q(4)/T, is introduced, then for the y-curve 
_a,=co0s ĵ a +sin Oy, 
VFI, = M8B+¥ (cos 0 y—sin 0 a), 
V0"+ My, =— 0B + M(cos 0 y—sin 6a), 
= =cos 6V6?-+ M?, ce 
y k 
1 = o 0 — Mb" — NO" — MIN 
a S 
where -,, ¢os@ sinb _ sin @ cos é 
ťa hoa ne Be = ap 


_ and the primes denote differentiation with respect to s. 
31 


238 Graustein: On Two Related Transformations of Space Curves. 


The ruled surface, z=2-+r6, generated by the line EY, is a developable 
only when Q(A)=0 or A=as,+b. The-common perpendicular direction to 
two neighboring rulings of the surface is parallel always to the normal plane 
of the z-curve. The z-curve is the line of striction on the surface only if 
#A/ds.+A=const. 

6. If the. s- and y-curves are to be, further, in Combescurian corre- 
spondence, it is evident from (10), that Q@(4)=0; but then the curves are 
obviously congruent. Now 


> {ds l (55) A l 
=(—=} A 
e= (e) aE) (12) 
where A(a)=0 is the differential equation of the direction cosines of the 


direction « and thus has, as its general solution, —r(a|a), where (a|a) =1,r>0. 
Hence the general solution of Q(4A)=0 is 





dA 


ds, Seale: (13) 





Substitution of this value in (9) gives y=g+ ra. 

The general transformation A, carrying a given curve into a congruent 
curve, is defined by (13) and is equivalent to a translation in the direction a 
through the distance r. On the other hand, if the transformation -4 is given, 
(13) becomes the defining relation for the curves congruent to their transforms 
under it. A parametric representation of these curves may be obtained by 
Salkowski’s method. 

7. The ratio of the elements of arc of the z- and y-curves is constant, or, 
what is equivalent, the angle 0 formed by the directions of their tangents is 
constant, only if Q (4)/T(=tan ô) is constant. By (12) this condition becomes 


(aA )= (See | ‘ 
a( re =tan T ie) 
The general solution of this equation is 


då 
ds, 











=r(ala)—tanO(fyds|a). © ` (14) 


For this value of dA/ds,, (9) reduces to y=a-+tan O0fyds—ra. 

The corresponding elements of are of the w-curve and its transform by A 
are in constant ratio, or the directions of their corresponding tangents form a 
constant angle 0, only when A is given by (14), Work similar to that leading 
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to this result yields a new means of representing the general y-curve: The 
general transformation A, carrying a given z-curve into a y-curve whose 
element of arc is a given multiple of that of the 2-curve——ds,=sec 6ds, where 
6 is a given function—is defined by dA/ds,=r(a|a) — (f tan ô yds |a), and the 
most general such y-curve is then y=a-+f tan 0 yds—ra, 

If 6 is constant, the formulae (11) become 


a,=cos6a+sinéy, B,=8, y,=cos 0 y—sin ô aq, 
seo J _ con sini sec 0 cos@_ sinô oh a 
Re eR Ee a Oe oe eee 


y 





Thus, if the y-curve results from the -curve by a transformation A 
preserving the ratio of the elements of arc, then the principal normals of the 
two curves are parallel, and conversely; their rectifying lines are parallel and 
the elements of arc of their principal normal indicatrices are in constant ratio. 
Further, if the given curve is a curve of constant curvature or torsion, the 
transformed curve is a curve of Bertrand; conversely, a curve of Bertrand 
may be carried over by a suitable such transformation A into a curve of con- 
stant curvature or torsion. (Thus the determination of the curves of Bertrand 
is reduced to the determination of the curves of constant curvature or torsion.) 
Finally, under such a transformation A, a helix goes into a helix and a circular 
helix into a circular helix. 

` The surface z is, for constant 0, z= AE 6fyds—ra). The curve p=1 
on it is the transform of the z-curve by (14). Evidently an arbitrary curve 
p=const. is also such a transform. Thus the curves p=const. have their prin- 
cipal normals along a ruling of the surface parallel. Conversely, if a ruled 
non-developable surface contains a family of curves having parallel principal 
normals along each ruling, these curves are the transforms of one of their 
‘number by transformations of the type (14). 

8. The transformations A, such that the point tracing the y-curve lies 
always in the corresponding rectifying plane of the w-curve, are given by 
dA/ds,=a,a constant; the y-curve is then y=ax—a(a—T/Ry). Evidently 
the surface z is the rectifying developable of the a-curve and thus the 2-curve 
is a geodesic on it. Conversely, a geodesic on a developable may be carried 
into any second curve on the developable, whose tangent is perpendicular to the 
corresponding principal normal of the geodesic, by such a transformation 4. 
The y-curve is also a geodesic on the developable only when the «-curve is a 
helix; the two curves are then congruent. 
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The transformations A, such that the osculating plane of the y-curve con- 

tains always the corresponding point of the z-curve, are given by 

dA 

ds, 
The y-curve is then y=2+6, where 8=—c[cos (s,+k)a—sin(s,+k)8]. The 
w-curve is an asymptotic line and also the line of striction on the surface 
z=a+r6. -The curves r=const. on the surface are the curves at constant 
distances, along the rulings, from the z-curve and each of them is a transform 
of it by a suitable transformation (15). Conversely, if the line of striction of 
a ruled surface is asymptotic, the curves at constant distances from it are its 
transforms by transformations A of the form (15). If these curves are to be 
asymptotic also, the line of striction must be a curve of the category defined 
by d7'/ds,=c cos (8,+k). 

The only y-curve in correspondence A with an g-curve so that y always lies 
in the normal plane of v is the z-curve itself. 

9. Here again, as in the case of the transformation C, a constant distance 
xy =d is not sufficient for the congruence of the s- and y-curves. In fact, the 
distance d is constant, and the v- and y-curves are still not congruent, in case 
of the special transformation (15). 

On the other hand, and again as in the case of the transformation C, 
constant direction of zy is a sufficient condition for congruence of the s- and 





= c cos (stk). (15) 


` $ 


y-curves. 

If the direction zy is relatively fixed with respect to the trihedral in 2, 
the z-curve is a helix and the transformation is given by dA/ds,=ke™s, and 
conversely. 
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The Space Problem of the Calculus of Voviatoie in 
Terms of Angle. 


By Pavut R. Riper. 


Introduction. 


In her Gottingen thesis * Gernet treated the problem of the calculus of 
variations for three dimensions, considering an integral of the form 


= dy =) 
1=sf(2 T, Y, era, ’ dz dx. 
Bliss and Mason + have developed the theory for the integral 


I= Sf (2, Y, 2, £i, Ye, Z) at, 
where the arguments of f are functions of a parameter ż. 

It is the object of this paper to develop the theory for an integral in a 
different form from either of these, and to use the results in considering cer- 
tain generalized definitions of angle and of solid angle. The first six sections 
treat the general theory.. In § 1 the Euler equations are derived and the form 
of the equations of the extremals is shown. By means of the family of 
extremals through`a given point the Jacobi necessary condition is derived 
in §2. The Hilbert invariant integral and the Weierstrass H-function are 
taken up in §3, and the necessary conditions of Weierstrass and Legendre are 
given in this section and in §4. As the F,-function, which first appears in $1, 
is a definite expression instead of a factor of proportionality, the Legendre 
condition is more easily developed and is simpler than in the Weierstrass form 
of the problem in three-dimensional space as developed by Bliss and Mason. 
However, sufficient conditions are obtained for a weak extremum only—$ 5. 
The so-called transversality condition that must hold when one end-point is 
allowed to vary along a curve is given in§6. In §7 a transversal surface is 

studied and two generalized definitions of angle are made. Incidentally the 

differential equations of geodesics on the transversal surface are obtained: 
Finally, §8 deals with a generalization of the notion of solid angle. 

*“ Untersuchungen zur Variationsrechnung,” Dissertation, Göttingen (1902). 


t“ The Properties of Curves in Space Which Minimize a Definite Integral,” Transactions of the 
American Mathematical Society, Vol. IX (1908), p. 440. 
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§1. The Euler Equations. 


Suppose that there is a curve defined by the functions 


“=(t), y=V(t), z=y%(t). (C) 
The integral to be studied ïs 
I= ff (x, Y, 2, T, VEFAT, (1) 
where v and o are defined by the equations 
2 coso cost 
Vait yi +e 
Y: . . 
— m =cos 0 BIN T 2 
Vat ata : a 
A : 
— Sse. 
Vat yi te 


The geometric significance of r and ø is evident from equations (2). If at 
any point on the curve C the positive tangent to the curve is constructed, then 
c is the angle that this tangent makes with its own projection in the xy-plane, 
and ¢ is the angle that this projection makes with the z-axis.* -It is assumed 
that the function f(x, y, 2, t, €) is of class C'’+ with respect to each of its five 
arguments in a region R(x, y,2,¢7,0), and throughout the discussion the 
variables will be confined to this region. The curves considered will be repre- 
sented in the parametric form (C), where ¢, ¥, y are functions of class C" 
defining values (2, y, g, T, 6) interior to the region R for all values of t in the 
interval #4 <t<t. Since r and o are to be definitely determinate for every 
value of ¢ in this interval, it is assumed that ,, y,, 2; do not all vanish simul- 
taneously, i. e., that the curves under consideration are without singular points. 
If the integral J is taken along a curve of the family | 


r= H(t, a), y= V(t, a), z=% (t, a), (Ca) 
where ẹ(t, a), (t, a), y(t, a) are of class C” in the region 
l tStsh, |a|<k>0, 


and for a=0 define, the curve C, then the value of J becomes a function I(a), 
which for a=0 reduces to the value of J taken along C. Hence the der ivatiye 
of I with respect to a must vanish for a=0. 


* Bliss has developed the theory for the integral /f(a, y, 7) Vai+yidt. See “A New Form of the 
Simplest Problem of the Calculus of Variations,” Transactions of the American Mathematical Society, 
Vol. VIII (1907), p. 405. 

{For definitions of terms and notations used in this paper see Bolza, “ Vorlesungen über Varia- 
tionsrechnung.” 
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This derivative is found to be 


a h 
da =Í (fat five theta fotat fesa 


Libia FYtYta T 2 Pra 
Pi ple lee a-+ytedt. (3) 


If the values of +,,¢, are obtained from (2) and substituted in (3), after 
some reductions i 











dI ¢* A 
ES Mettiti Zt Phe + Yat a)ds, (4) 
where he 
=f cos g cos T— f sis Tf gin g COS T 
Bork "cosa 7 : 
=f cos o sin t+ f D eij sin o sin T. (9) 
q= T cos 0 o ? 
r =f sin o+ fe cosa, 
and where ¢ has been replaced by s, the Euclidean length of are. 
The usual integration by parts gives 
al s 
5 = J (Prt Qut Be.) 48+ [prh gyt] (6) 
in which 
= dp dq p dr ai 
P=f,— ds’ =f Fz R= = dz" (7) 


It follows at once that the Euler equations are 
P=0, Q=0, R=0. (8) 
These equations are not independent, however, for. the relation 
P cos o cos t+Q cos o sin t+R sin os=0 i (9) 
is readily verijied. a 
When the differentiation indicated in (7) is carried out, equations (8) 


become ; 
dt do . ; 
tg TO +¢,=0, 1=1, 2, 3, (10) 


where the a’s, b’s and c’s are defined as follows: 


: : : . sin T ; 
a,=f cos o sin T+ f, sino tan o cos r—f, sing sin TH sag + fre BİNG COST, 
sin c.sin T sin T : 
b =f sino cost c —— sin o cos T 
iS + CO8? o thre vogg thee i 


¢,=f,(1—cos* o cos? T) —f, cos’ o sin T cos T—f, Sin o Cos o Cos T 
+ fer SÌN 7 cos t-+f,, sin’ T- fyr tan o sin tT 
+f. BIN O cos g + fyo BIN O cos o sin T cos T+f,, SIN? o COS T, 


244 Rwer: The Space Problem of the Calculus 


COS T 


a= —f cosa cos T+ f, sing tano sint-+ f, sino cos Tfr ore = + fre Bino sin, 
ee Sin 6 CO8 T cos T 
b,==-f sin o sin t—f, ——_, ——- — sin g sin 7, 
2 f f- cos? o Ty eogg bie 


C= —f, cos? o sin T cos t+ f, (1—cos’ o sin? t) —f, sin o cos o sin v 
—f,, cos’ T— fyr sin T COS T—f,r tan O COS T 
+ fzo SÌN O COB © sin T CO8 T+ fyo BiN o cosa sin’ T+ frs Bin? 0 sin T, 
a= —f, SiN o—f,, COB O, ef 
b,=—f cosa —f,, CO8 O, 
¢,=—f, Bin o cos o cos t—f, sin o cos o sin T+ f, cos’ o 
— fzr COB? O cos r—f,, cos’ O sin T—f,, BIN O COS O. 


The three equations (10) are linear and non-homogeneous. in , and are 


Ot ee 
i ds’ ds 
consistent because of the identity (9). If any two-rowed determinant of the 
matrix 


a, b 
a, b o . (1) 
ag bs as 
is different from zero, equations (10) can be solved tor 3 a The values 
of these determinants are found to be 
a, bs |_ Jeol . * le 
oe =F cost, | as =f, sinr, fı tano, (12) 











where 


fi= (f cos? o—f, sin o cos o+ frr) (f+ foe) — (fr tano+fre)’ © (48) 


If f,:£0, not all the determinants in (12) can be zero, and (10) can be solved, 
giving 


dr do : 
g TAC, Y, 2, T, 0), ds TES Y, 2, T, 6). (14) 
From. (2), ; 
i dz dy dz 
oe T, Pe mop SELEN dg 730 6. (15) 


- By reason of known existence theorems for differential equations, it may 
be stated that in the region R, through the point £o, yo, Zo, and in the direction 
defined by %, 6, one and only one extremal can be drawn. The equations of 
these extremals are found by integrating (14) and (15). They have the form 


L= (S, Los Yos Zos Tos Go), | f š 
y=} (S, Zo, Yor Zo, To, Fo), . (16) 
z=% (s, Tos Yor Zos Tos Oo). i 
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It may further be stated that the following initial conditions are satisfied: 
$ (0, Loy Yos Eos To, Co) =y; %,(0, Do, Yos Zo, To, %) = CO8 Co COS To, 
(0, Loy Yos Zos To, Co) =Yo, 4, (0, Loy Yor Zos Ty Co) = COB Oy SiN Tos (17) 
(9, Loy Yo, Zos To, Co) = Zo, x;(9, To, Yor Zo, To Co) =8iIN Oy. 


$2. The Jacobi Necessary Condition. 
If in equations (16) the constants 2, Yo, 2 are made equal to the coor- ` 
dinates of the point 0, and the constants To, C, are replaced ‘by functions 
T(u, V), (u,v), which for u=, v=v, reduce to the angles defining the 
direction of C at the point 0, these equations take the form 
L=(s8,u,v), y=rb(s, u,v), 2=7(S, u, v). (18) 
Equations (18) represent the extremal Cy, (i. e., the extremal from the 
point 0 to the point 1) for u=u,, v=v, and satisfy the identities 
L=G(0, u, v), yurd(0,u,v), za=x(0, u, v), (19) 
which express the fact that all of the extremals pass through the point 0 
for s=0. 
The functional determinant of equations (18) is 
P. Pu Pe 
te Ve Vo 
Xs Xu Xo 
and it can be shown in the usual way that if an extremal C,, makes the integral 
I either a maximum or a minimum, it can not have on it a point 2 at which the 
determinant A vanishes, 4. e., a point conjugate to the initial point 0, provided 
that at least one of the three-rowed determinants of the matrix 
A, ALA, | 
Pe Pu Po 
4, be vo 
Xs Xu Xo 
is different from zero at the point 2. ` 


A(s, u, v) == 


3 








$3. The Hilbert Invariant Integral, the Weierstrass E-function, and the 
Necessary Condition of Weierstrass. 


An extremal arc Ca that does not have on it a point 2 conjugate to the 
initial point 0, can be imbedded in a two-parameter family of extremals through 
a point 0’ in the neighborhood of 0 and in the order 0'01, whose determinant 
A is different from zero at every point of Ca. The family of extremals thus 

32 
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forms a field about the extremal C, which is given by the parameter values 
U=, V=V,. Through each point of the region 
ju—u{<b, |v—v|<6, (20) 

provided 6, which is a positive constant, is sufficiently small, there passes one, 
and but one, extremal of the set. Furthermore, ô can be so restricted that in 
the region (20) A is different from zero, and the equations 

a= (8,u,v), y=(s, u,v), Z=% (S, u, v) - (21) 
have unique solutions 


s=s(",y,2), u=u(a,y,2), v=v(a, Y, 2) (22) 
of class C’. Consider a curve l 
s=7(a), y=y(a), z=z(a) (Č) 


that lies entirely within the region (20). -Equations (22) and ( C) determine 
u and v as functions of a. Substitution of these functions in (21) gives a one- 
parameter family of extremals 


L=(S, a), y=(s, a), z=% (5,4), (23) 
all of which are of course members of the two-parameter family (21). 

The value of the integral J taken along an extremal of the set (23) from 
the point 0, where s=0 to the point 4, where the extremal intersects the curve 
C is obviously a function of a. By the method used in deriving the Euler 
equations it is found that 


d as|* | 
EUO =f 5) + (pdt avet lt (24) 


p, q, r being defined by (5). The terms in the brackets all vanish at the point 
0’, for all of the extremals pass through that point, and consequently pa, Yas Xa 
are zero there. At the point 4, 


ðs = ds we; ðs Fs 
Pegy Pa Ta, hiag tVe= Vas Xi 5g TXT 2a 


and, furthermore, 9, 4, 7, 7,0 of (23) are equal, respectively, to , 4, % T, 0 
.of (21) where the arguments s, u,v of the latter are expressed as functions 
of a by means of equations (22) and (C). Since 


Po.tab,tru=f, 


equation (24) may be written 
d Moar ces totes 
dat (Cos) = [pa +H 4a trza] |‘, 


the arguments ẹ(s, a), $(s, 4), x(s, a), T(s, a), o(s, a) of f, fr, fe in (24) 
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having been replaced by $(s, u, v), (s, t, V), x(s, u,v), (8, u, V), (8, 4, v) 
considered as functions of a. l 

Let a, be the value of a that gives the extremal Co, and a; the value of a 
that gives the extremal Cos, where 5 as well as 4 is a point of the curve Č. 
Then 


I(Cos)—1 (Cou) = f (Piat Wat 1%.) da 
“o - sin T ; z i 
=f [( cos ¢ cos t—f, — — fe Sin ¢ cos =) COS T COS T 
ay ; COS G , 


COS T : ; POER 
~ —f, Bin g sin tT) cos ¢ sin 7 
Cos c 





+ (f cos a sin c+, 

+ (f sin o+ f, cos c) sing | VAF H Zda 

* = = lank DA COST . 
=f {flc0s «eos cos (@—1) +sino sin] +/,-—— sin (7—1) 

—f, [sino cos Zcos (t—7t) —cos c sin a1) T +y +da, 


where 7, ¢ are the angles defining the direction of the curve C. 


Since I(Cys)—I(Cy,) does not depend on the form of the curve C, but 
merely on the points.4 and 5, it is seen that the integral 


COsSG . 
sin (t—7) 
cos c 


—f,[sin c cos F eas (t—7t) —cos o sin al Vz +7 + Zda, 





1° = f{ feos o cos F cos (T—T) + sin c sin F] +f, 


taken along a curve C in the field of extremals does not depend on the path of 

integration, but is a function of the end points only. It is Hilbert’s invariant 

integral and along an extremal reduces to the integral J, as is seen at once if 

. 4, F are set equal to t, c, respectively. 

The Weierstrass E-function is the function 

e(z, Y, Z; 1, 3 T, €) =f (a, Y, 2, T, F) 
i cos F 

cos ¢ 





~ —f [cos ¢ cos F cos (t—7t) +sin o sin F] —f, sin (t—t) 
+/f,[sin ¢ cos F cos (tT—7t) —cos o sin F] 
occurring in the integrand of the difference 


1(G)—1* (G) =feV Fyt ada. 


Weierstrass’s necessary condition follows at once: If the arc Cy is a 
solution of the Euler equations that minimizes the integral I with respect to 
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admissible curves Oy lying entirely within the field of extremals surrounding 


Cu, then the condition 
€(2, Y, 2; T, T; T, g)20 


must be satisfied at every point of Cy and for every direction 7,¢. If Cy 
maximizes I, e must be <0. 


$4. The Necessary Condition of Legendre. 


In order to deduce the necessary condition of Legendre, the connection 
between the e-function of the last section and the function f, defined in § 1 must 
- be established. To do this, expand by Taylor’s series with a remainder, each 
term of e considered as a function of tT ands, It is found that 


f (æ, y, 2, 7, E) =f-+ (Fs) f+ (3-0) fe l 
+4 [ (7—7)*f,,+2 (t—*) (¢—a) fret (E—0) foo] +h, 
_ f[cos ¢ cos F cos(7—T) +sin o sin G] 
E =f44[— (7—1) cost o— (¢—c)*f] + hf, 
sin (t=) = (=) — (*—7) (g—c)f, tan o+hsf,, 


fe [sin o cos F cos (T—7) —cos c sin G] 
=— (¢—c)f,—4(tT—1t)*f, sin c cos o+ hfe. 


The remainder h, is homogeneous of degree 3 in T—+t,¢—c, and contains 
third partial derivatives of f with mean value arguments +*, o°. Since it has 
been assumed that f is of class C with respect to all of its arguments, these 
partial derivatives are finite, and h, vanishes as T—rt, ¢—o both approach zero. 
The expressions h,, hy, h, are also homogeneous of degree 3 in t—t, ¢—<¢, and, 


consequently, converge to zero with these two quantities. Thus, 





e(&, Y, 2; t,o; T, T) =F(t—t)*(f cos’ o—f, sin a cos o+ frr) 
+ (%—7) (F—c) (f, tan o+ fre) +4(F—2)? (f+ fee) +h, 
where h is a finite expression that is homogeneous of degree 3 in T—7t, —c. © 
Consider now the quadratic form 


_ K=Ẹ (f cos’ o—f, sin o cosa+f,,) +2&m(f, tan o+ fro) +0" (f+ fea) 


in the real variables £, 7. If the arc Cy, furnishes a minimum (either strong 
or weak) for the integral J, then K must be 20 at all points of the are Cu and 
for all values of & and y. . 

For if Ey were a pair of values making K negative at some point of Cy, 
7 and ¢ could be chosen so that t—t=et, ¢—oc—ey, and for sufficiently small 
values of ¢ the e-function would be negative. But it was seen in the preceding 
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section that e must be >0 for a minimum. Similarly, for a maximum, K must 
be <0. 


A necessary and sufficient condition that K be definite is that 


(f; tano+f,,)’— (f cos? c—f, sin o coso+f,,) (f+f,,) <0, 


i. e„ that fy>0. Therefore, for a so-called regular problem (one in which 
ALEO), fi must be positive if the extremal Cy furnishes either a minimum or a 
maximum for the integral I. , 


The relations 


(F+ fe) K =f [Cf tan ot fr) E+ (f+fec)nl’, , 
(f cost a—f, sino cos o+ fr) K (25) 
=[(f cos? ¢—f, sin o cosa+f,,)E+ (f, tan o+ fr)n] + fit 


are easily verified. If it is assumed that f,>0, it follows that 
K, f+foe, f cos? o—f, sin ¢ cos otf 


must all have the same sign. But if f, is positive, neither f+/,, nor feos? c 
—f,sincgcosc+f,, can be equal to zero. Consequently, they must be greater 
than zero for a minimum and less than zero for a maximum. 


$5. Sufficient Conditions for a Weak Extremum. 


The e-function can be expressed in forms similar to (25) of the preceding 
section: 


2(f+fec)e =f,(7—t)?+ [(f, tan o+ fre) (F—t) + (f+ fee) (6—0) P +2 (f+ foe) h 
2(f cos*c—f, sin o cos o-+f,,)e E 
= (f cos? a—f, sin o COS o+ frr) (7—t) + (fr tan o+ fre) (¢—c) il : 
+f,(@—c)?+2(f cos? c—f, sine coso+f,,)h 


where h, as previously stated, is homogeneous of degree 3 in T—7t, F—o, 

For a regular problem, f+/,, and f cos*c—/f, sing cosc-+f,, are either 
both positive or else both negative. Assume them positive, i. e., assume that 
Legendre’s necessary condition for a minimum is fulfilled. Then, at least if 
|7—7| and |¢—c| are less than some positive constant y, the e-function is 
positive except when t=7, T=c, in which case it vanishes. 

‘It follows that if along the extremal arc Cy); Jacobi’s necessary condition 
for an extremum and Legendre’s necessary condition for a minimum are satis- 
fied, Cu will furnish at least a weak minimum for the integral I. <A similar 
theorem of course holds for a weak maximum. l 
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§ 6. The Transversality Condition. 


It can easily be proved that if one end point of the extremal C is allowed 
to vary along a curve C, then the condition 
.f [eos o cos & cos (tT —7) +sin g sin 5] + fee’ sin (T—T) 
sien c cos F cos (T—t)—cos c sin F| =0 


must be satisfied at the point of intersection of C and C. 
When f=1 this condition reduces to the condition for perpendicularity as 
is to be expected. T 
When ¢=c=0 it reduces to the condition as given by Bliss for the problem 
in two dimensions, 


$7. A Generalized Notion of Angle. 

Consider the two-parameter family of extremals (18) that pass through 
the point 0. On each of the extremals take an extremal arc such that the value 
of the integral I taken along the arc from the point 0 to the other end of the 
- are shall be equal to a constant p. The value of s determining the end-point 
of this arc is defined by the equation 


p=Si (dh m2) Verret ads, gt dit gel. (26) 


The locus of the terminal points of these arcs is a so-called transversal surface. 
Since p may be considered as the generalized distance from the point 0 to this _ 
surface, the surface itself may be thought of as a generalized sphere whose 
center is the point 0 and whose radius is p. 


Assuming that f is greater than zero, op =f is different from zero at the 


point 0, and (26) can be solved for s_in terms of P, To, Co, and the solution 
will have continuous first derivatives with respect to all three arguments in a 
properly chosen region. Since 


in the vicinity of the point 0, the value of s will increase from zero with p, 
The equations of the transversal surface are found by substituting in equations 
(16) the value of s obtained from (26). The parameters of the surface are 
To and c. It is convenient to introduce here the followane functions of the 
theory of surfaces: i 


E= tynt , F=, Eo, Yr Yo t Ertan Gat, tte, . 
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Consider any curve Ọ on the transversal surface, and suppose that +, and 
a, are functions of a single parameter a. Then the value of the integral I, 
. taken over this curve from the point A)(a=a,) to the point A,(a=a,) is 


A= fef (E, J, 2, 7, €) VEdP +P shai + Goeda, (27) 


respect to a. The quantity à may be thought of as the generalized length of 
` the curve Ọ from the point A, to the point A;. 

Let the angle through which the extremal.O.A, has passed in moving to its 
position from the position O4, be defined as the limit, as p approaches zero, of 


the ratio 2 : 


The process of calculating this limit is somewhat lengthy, but can be 
accomplished in a perfectly straightforward manner. By partial differentia- 
tion with respect to t) and o,, from (26) are obtained the two equations: 


oe ds td Shae 
O= 10, h a 2) 5 +f EDs tm o) VOT FH ds, 
0=f(9, vy, X 7,7) = ie [f (9, ap, % T, T) V G++ dds, 
To 0 Oo 
which reduce, when integrated by parts, to 


0 = 2 +per t i a Z 
o (28) 


f] 
0=f aad + PO,+ OP F Xans 
dc, 


Now 


ds l Js ` 
Dr = Fr +$,,= oe G COB T OT +9,,5 


and there are similar expressions for y,,, Bn. 
2 obtained from (28), and making some reductions, the values of 2,,, Yn) 2 
0 ; 


are found to be 


= n [P (]—f cos? a cos? t+f, sin t cos t-+f, sin ¢ cos a cos’ T) 


By using the expression fol 


Dr 


G 


+,,(—f cos? o sin t cos t—f, cos? t+, sin ¢ cos o sin 7 cos T) 
-Xn (— f sin o cos o cos t—f, cos? ocos 7) ] 


=F [q(,, COS 0 sin +—),, COS g COS T) 1 (Xr cos c cos T—@,, sin c) |, 
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1 : f ‘ ; 
Yn = = [n (—F cos’ a sin? t-f, sin? t+, sin oa cos o sin t ceos T) 
+a), (f—f cos? o sin? t—f, sin T eos t+f, sin o cos osin? T) 
+y4,,(—f sin o cos c sin t—f, cos’ o sin t) | 


= = [r (4, sin a—%r cos o Sin T) —p (r, COB o sin T—1},, cos ¢ cos T)], 


pp = z [,,(—f sin ¢ cos ¢ cos T+f, tan a sin t+f, Sin? ¢ cos T) 
+ ,,(—f sin o cos o sin t—f, tan g cos t+/, Bin? o sin 7) 
+4,,(f—f sin? o—f, sin o cos o) ] 


= — [P (Xr CO8 o cos T—®,, Bin c) —g (4, BiN g—y,, cos o sin T) J. 


f 


The values of £e, Yes Zo, are obtained by replacing the subscript T, by o>) in 
the right-hand members of the last three equations. 


Some limits which are needed in finding the value of the limit of Ze are 


now to be calculated. Since 


ds 1 
dp f(9, 4, X T: €) b 
it follows that p 1 


ps OS eee, (29 
p=0 P F(Z, Yos Zos To, To) a 


By the law of the mean 
$,,(S, Tos T0) =P (0, To, To) HSPs (0S8, Tos o), 0<0<1, 
. =5,,, (98, Tos So); 
since from (17) $,,(0, To, So) is identically zero. Thus, 
COS Gp SIN To 
F (205 Yor Zos Toy To)’ 





lim Lg, (8, To, So) =lim — 89,,, (0s, Tos %) =— 
p=0 P p=0 P 


_ using (29) and (17). Similarly, 
COS dy COS To 
Ff (To, Yos Zos Tay To)’ 


1 
— h, (S, Tos %) = 
op 


| iz 
. l- 
lim — Xn (S, Voy Ty) =0, 
pao P | 
SiN c) COB To 
(205 Yor Zos Tos So): 
Bin oy SIN To 
f (2o, Yos Zo, Tos Ty) ? 


tim 2 y, (8 ¢ To) = ri 
cea A = . 
pod poe 7? i f (Tos Yor Zos Tos So) 


mol 
lim — $,,(8, To, %) = 
pad P 


. 1 
Tima oo (8; Toy To) = 


p=0 
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From these limits may be computed 
zoil 1 i s 
lim — g, = — (q cos? o,+r sin a, COS a, sin To) 
p=0 P F ' 


= a cos oo(f sin totf, cos To), 


eee | : 
lim — y,,= a (p 008° o)-+1 sin a COS oy COS To) 
p=0 pP P 
= F008 Go (f cos To—f, sin T9), 

im Za = =z (P sin 9, COS oy Sin To—g SİN Gy COS Sy COB To) = re BIN oy, : 
p=0 P oF i F 
tim | » r COST peat pete te COS dy) 
ner p (a P = F 0 0 o 073 

to nT ene en eee COS cp) 
pa Yo, F o= F 0 ole 0)» 


im Zo, = F (p cos Totg sin Ta) = a (f cos co—fe sin ay), 


p=0 P 


from which it follows that 


_ E 2 FO G 
Pe ø =% (F cos? stf), ia F = F Lig Er = i ( 


Going back to (27), it ts found en 


P+F). 








tim = f tts Mon Zon OY) Vi costa, FPP LaF PAP sede, (30) 


p=0 P f (Zos Yos Zos Tos Co) 
which is the generalized expression for angle. 

In the case of Euclidean geometry, f=1, the extremals are straight lines, 
. and the transversal surface is the sphere 


E= p COB Go COS To, Y=P COS Cp BİN To, Z=p BİN ag, 
for which EH=p*cos*a,, F=0, G=p*. Since f, and f, both vanish, the 
expression (30) reduces to 


üj a eine 
Í Vecos? ott +otda, - - (31) 


which is the ordinary definition of the angle through which the line OA has 
moved in passing from the position OA, to the position OA,, the point A 
traversing any curve on the sphere. 
A slightly less general definition of angle in Euclidean geometry is the 
value of (31) when the point 4 is restricted to move along a great circle of 
33 
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the sphere, 4. e., when the line moves from OA, to OA, keeping always in the 
same plane. It will be shown that a curve Ọ on the transversal surface (or in 
fact on any surface) that minimizes the integral (27) with respect to neigh- 
boring curves on the surface, must satisfy Euler equations, which for f=1 
reduce to the differential equations of geodesics. Since the geodesics of a 
sphere are great circles, the value of the integral.in (30) taken over such a 
curve as G, which may be called a generalized geodesic, obviously reduces for 
Euclidean geometry to the length of the circular are A,A, divided by the radius 
of the sphere, which is the definition of the plane angle-that OA, makes with 
OA,. For simplicity write ee j 

i A= “J sere 


where 


It is readily found that the curve G mentioned above must satisfy the two 
equations i 





z.,| 7. r+ 4 AEA an gin F cos z) | 
` Ue ; = eon —f, sin F gin z)| 


cos & 
eae E Bie a ke J 
ia p oi cos F |+/T,,— T +.=0 (32) 
A i: +4 (7, sine . +f, sin 7 cos z) | 

Ld ao cost 5... ] 
+¥e| IE a aaa —f, sin F sin =) | 

Z d = d 
+2,| Ar- dale cos @|+70.— gg E=, (33) 


where 7 and 7, the angles determining direction on the curve Ọ, are defined - 
Payee by the equations 


COS G Cos T= AA 
a VZ+ y +a” ~ T , 
it 0g sat R 
| cosg sint= Jo sing=—+. 
When f=1 equations (32) and (33) reduce to 
d y od 
Langl n= Pa g e=. 


These are the differential equations of geodesics on e surface whose 
parameters are to, To. . 
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Multiply (32) by to and (33) by of and add, remembering that 


Tr To +7 La, =f’. 
The result is the single equation 


#|7r+ Es (7. ain PaT bai sin F'cos z) | 


cos o 
= d ENE EE 2 3 = 
+ y|7r- aia P, sin F sin z) | +7 Es ap cos a| 
f , t d Fi t d F f - - 
F Tol", + Gols, —T0 97 FP. — 90 7 E=. (34) 


Since T satisfies the Weierstrass homogeneity condition, the last four terms of 
(34) may be written 


; , sd 
(1—f) (TEn + o0'.,) —T 5 f=0. 


Dividing (34) by T, which is assumed to be different from zero, the equation 
becomes 


nen d /z sin? 
cos a 008 #| r+ alte cane tie sin cos =) | 
CEN = CO8 7 Se OE 
+cosa sin 7|}, r— 5 (hee sin F sin =) | 


tein a [Ar £70083 |+ T (er, betle,) g=. 


If a is replaced by 8, ‘the Euclidean length of are, P=1, and the last 
equation reduces to 


cos F cos | 7+ 4 (7. an ua +f, sin cos z) | 


cos o` 


+eos # sin a| all COB z sing sin) | 


lia a 


-+-sin ¢ [7.- oF, Cos a| as $F=0. 


§8. A Generalization of -the Definition of Solid Angle. 

The definition of the measure of a solid angle is the area cut out on a 
unit sphere by the cone which makes the solid angle (the vertex of the cone of 
course being at-the center of the sphere), or what is the same thing, the ratio’ 
of the area cut out on any sphere to the square of the radius of that sphere. 
In the present section is given a generalized definition of solid angle, which 
for Euclidean geometry reduces to the ordinary definition. 
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If on the transversal surface considered in the preceding section there is 
a closed curve Q, the area § enclosed by Ø is 


S= ff VEG—F*dz,do,, 
8 


where S is the.image, in the t), co plane of 8. A more general definition of 
` of such area is obtained by setting 


S= S$ (so, Co, To, 0) VEG—F*dt doy. 
. Solid angle may then be defined by 


The values of 


have already been found; from these values can be obtained 


lim lim 3, (BG —F*) = p UP cos atO PHD- EP, 


from which it ion that 


tim E VF coer tA PTE) PBA. 





It is obvious that for Euclidean ‘geometry, when f=g=1 and the trans- 
versal surface is a sphere, this last expression reduces to the usual definition 
of solid angle as given above. 


YALE UNIVERSITY. 


Derivation of the Complementary Theorem from the 
Riemann-Roch Theorem. 


By Samuerx BEATTY. 


In his book” and subsequent memoirs ł on the “Theory of the Algebraic 
Functions of a Complex Variable,” Dr. J. C. Fields gives several proofs of 
the complementary theorem, of which theorem the well-known Riemann-Roch 
theorem is a particular case. The purpose of the present paper is not to give 
an independent proof of the complementary theorem, but rather to derive the 
same from the Riemann-Roch theorem. 

As a preliminary we shall state the complementary theorem in its most 
general form. We shall suppose that the fundamental equation is 

F (2, u) =u f(z) +.... +9, (2) =0, (1) 
‘in which each /,(z) is a rational function of z. The only limitation on f(z, u) 
is that it may not possess a repeated factor. The n expansions of u in the 


vicinity of a value z=a, group themselves into r, cycles of orders 
e, BL eRe ag we, 


respectively. The expansions of a eycle of order yo proceed according to 
ascending integral powers of 
(2—a,) 78" 


The n expansions of u in the vicinity of the value z= group themselves into 


To cycles of orders 


yp), 1, eet yo, 


respectively. The expansions of a cycle of order v* proceed according to 
ascending integral powers of . - 
( 1 ae 
= ; 


* Mayer and Muller, “Theory of the Algebraic Functions of a Complex Variable,” Berlin (1916). 

` +One of the most recent and complete bears the title “On the Foundations of the Theory of Alge- 
braic Functions of one Variable.” Phil. Trans. of the Royal Soo. of London, Series A, Vol. CCXII, pp. 
339-373. 
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Let us imagine we have a set of numbers, one to a cycle, in connection with all 
values of z. The nature of these numbers we require to be such that the number 
relating to a cycle of order v in connection with a value z=a, is a multiple 
of 1/7, while the number relating to a cycle of order v{* in connection with 
. the s z=% is a multiple of 1/7; ; moreover, only a finite number of such - 
numbers may be different from zero. These numbers we agree to denote by 
<®, ¢@, respectively, and the set by (T). Such a set (7) is called a basis and 
the numbers 7, t® are called elements of the basis. Those elements of (7) 
relative to finite values of z and to the value z=oo constitute the partial bases 
(t)’ and (t)”, respectively. The'order of coincidence of G(z, u), a rational 
‘function of (z, u), relative to a cycle of order v® in connection with a value 
. 2=4, is defined to be the least number appearing as a power of the element of 
expansion z—a, in the expression obtained on replacing u in G (z, u) by any of 
the expansions of u relative to such cycle. The order of coincidence of G(z, u) 
relative to a cycle in connection with the value z=% is defined in a corre- 
sponding manner, where, of course, the element of expansion is 1/z. . Suppose 
now that G (z, u) is a specific rational function of (z,u) not identically zero for 
_ any of the branches. Then its orders of coincidence form a basis (y). The 
partial bases l 


n 1 + i 1 oa; 

| (+714) » (+++ 4) 

constitute a basis (7) complementary’ adjoint io the basis (t) to the level 
furnished by the function G (z, u). A rational function of (z, u) is built on a 
basis (T) if each of its orders of coincidence is equal to or greater than the 
corresponding element of the basis (t). Denoting the general rational function 
of (z, u) built on a basis (t) by R,(z, u) and the number of arbitrary constants 
appearing therein by N,, the noo pleman iiy theorem consists in the formula 
-N rti z ty —N>+45 Š THay (2) 


kb gel 

Aoséover: for the purpose of “the present paper this formula will be regarded 
as affording a statement of the Riemann-Roch theorem, where for such purpose, 
however, equation (1) must be irreducible, the specific rational function of 
(2, u) used as a level in determining a basis (T) complementary adjoint to (+) 
must be f; (2, u) and all the elements in one of the bases (T), (7) must be zero 
or negative. This statement of the Riemann-Roch theorem does not differ 
essentially from the usual one. 

We now propose to derive the complementary theorem from the Riemann- 
Roch theorem. For the present we shall suppose that equation (1) is irredu- 
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cible and that (7), (7) are complementary adjoint to the level furnished by the 
function f,(z,u). It may happen that not both N,, N; are zero; in that case 
we suppose that N, is different from zero. Then R,(z,u) does not vanish 
_ identically, and, consequently, particular values can be ascribed to the N, 
arbitrary constants appearing therein, in such a way as to insure that the 
resulting specific function R(z,u) is not zero identically. But the orders of 
coincidence of R (z, u) form a basis (p). The bases (t—p), (t+p) are comple- 
mentary adjoint to the level furnished by the function f,(z, u) and all the 
elements in the former of these are zero or negative. The Riemann-Roch 
theorem is, therefore, applicable and hence we may write 


Ny $4E È (PpP) Natt È EPH). > (8) 
k sal k s=l 


The general rational functions of (g, u) built on the bases (t—p), (T+ọp) are 
evidently R,(z,u)/R(z,u), Rz(z,u)R(z,u), respectively, and consequently, 


N,=N,, Nap = N7. (4) 
Moreover, the elements of the basis (p) are connected by the relation 
= 3 pa? =o. . (5) 
k s=1 


On utilizing formulae (4), (5) to effect a simplification of formula (3), the 
result is the complementary formula (2). 

Still supposing. that equation (1) is irreducible and that (t), (7) are 
complementary adjoint to the level furnished by the function f; (z, u) it remains 
to treat the case in which N,, N; are both zero. Suppose that (¢) is a basis 
each element of which is equal to or less than the corresponding element of 
the basis (t) and suppose, moreover, that N, is different from zero. Denote 
by (£) the basis complementary adjoint to (¢) to the level furnished by the 
function f(z, u). We may, therefore, utilize the result of the previous para- 
graph in its application to the bases (t), (E) to arrive at the formula 


N, +43 S tOr O= NHS I O. (6) 
. l È i=l k s=1 

But since in all cases 7 
14 FO = _ M41 A (7) 


and because each element 7‘ is equal to or less than the corresponding element . 
«®, it follows that each element 7 is equal to or greater than the corre- 
sponding element 7 and, consequently, 


Ni=0. | l (8) 
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By utilizing formulae (7), (8) we can give to formula (6) the form 


43 F (PF) WM S (eM) MM, (9) 
k aml i k s=1 


Now, the number of conditions to be applied to R, (z, u) to reduce it to R, (e, u) 
is certainly not more than 

EE (2PM yo 

k sx] 


Since, however, the number of these conditions is N,, it follows that the right 
side of (9) is not negative. That is, 


43S cy O—4E EF (10) 


k s=] k e=l 


is not negative. By interchanging the rôles of the bases (T), (7), it follows in 
a similar manner that the expression in (10) is not positive. Therefore, 


Ty Ty : 
45 E PyM I TOW, l (11) 
ksl k 121 


This is, however, the complementary formula for the case under discussion, 
since N,, N; are both zero. ‘This completes the derivation of the complementary 
theorem from the Riemann-Roch theorem for the case in which equation (1) is 
irreducible, and in which (7) is complementary adjoint to (+) to the level 
furnished by the function f, (2, u). 


We shall denote by (T) a a basis, the elements of which with a single 
exception are all equal to the corresponding elements of a basis (+) and for 
the excepted cycle of order v the element is = less than the corresponding | 
element of (t). Substituting in the above sentence for the word less the word 
greater we have the definition of a basis denoted by (Tt) + = If (t), (7) are 
complementary adjoint to the level furnished by a specific rational function of 


(2, u) not identically zero for any of the branches, it is evident that (t)— =, 


m+ are complementary adjoint to the same level. If equation (1) is 


irreducible, and if the specific rational function of (z, u) used as level in 
determining a basis (7) complementary-gdjoint to a given basis (t) is f(z, u), 
then from the complementary formulae as already established relative to the 
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complementary bases (+), (7) and (+) — = , (T) + + ; it readily follows that 
(No1 —N,) + (NNa) EL . (12) 


This formula is equivalent to the statement that of the two functions Ry (2,%), 


R;(2, u) one and only one possesses relative to the single cycle of order v the 
precise order of the basis on which it is built. 

Still supposing that equation (1) is irreducible, if any specific rational 
function of (g, u) not identically zero is used as level in determining a basis 
(7) complementary adjoint to a given basis (t) it is plain that formula (12) 
holds good, since the quotient of R;(z, u) by the specific rational function used 
as level in determining (7), is the same whatever be the function employed as 
level, or in other words N; is the same for all such bases (T). . 

Finally, we shall prove that formula (12) is true, should equation (1) 
happen to be reducible. In that case suppose that (q), (T) are complementary 
adjoint to the level furnished by a specific rational function G(z,u) not 
identically zero for any of the branches. Now, 


(No1 —N,) + (NNa ) (13) 
must possess one of the values 0, 1 or 2. Suppose that the single cycle of 
order v for which (7) —+ differs from (7) relates to the equation f,(z, u) =0, 


which is any one of the irreducible equations comprised under equation (1). 
Denote by RY (z, u) the general rational function of (z, u) conditioned by that 
part of a basis (t) relating to the irreducible equation f,(z,u)=0. We may 
then employ formula (12) as already arrived at, to conclude that one of the 
functions R® 1 1 (z,.u), RY (z,u) possesses for the single cycle of order v the 


precise order of the basis on which it is built. Writing f(z, u) in the form 
f, (2, u) Q; (2, u) and denoting the reduced form, relative to f,(z,u)=0 of 
RO (z, wu) /Q.(2, u) by H(z, u), it is plain that AY 1 (z, u) Qi (2, u), ` 


H® (z, u) Q(z, u) are built on the bases (+)— = , (7), respectively, relative to 


f(2, u) =0, and one of these functions possesses for the single cycle of order 
v the precise order of the basis on which it is built.’ The same is, therefore, 
true for at least one of R,_1°(z,u), Rz(z,u). In other words, expression (13) 


must equal 1 or 2. It is, however, not possible that it should possess the value 
` 2 for then R, (2, u) Ri (z, u)/G (2, uy would be a function with the sum of its 


34 


4 
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a) 


residues equal to v times an arbitrary constant. Consequently, expression (13) 
equals 1'in all cases, l 

Just in passing, the writer wishes to remark that this result may be 
employed even more conveniently than the complementary, theorem, of which . 
it is a corollary, to demonstrate the existence of Abelian integrals of the third ’ 
kind; also if equation (1) is irreducible, formula (12) may be employed to 
prove that the general -function is either zero identically or possesses for any 
cycle the order of coincidence required by the $-basis; finally, if equation (1) 
is irreducible, it follows readily from formula (12) that a rational function of 
(2,4) can be constructed with exactly one pole, when and only when the general 
-function is identically zero. 

We now proceed to derive the general complementary theorem fom the 
_ generalized theorem contained in formula (12). Before doing so we shall - 
~ state formula (12) in the form -> 


(N,-1—Ny4).= (N,—N;) +1. . = (14) 
The bases (t), (7) may be written in the forms -i 
(7) =(t)—(h) + (9), (1) = (7) +(h)—(9), (15) 


in which (h), (g) are bases, all the elements of which are zero or positive. By 
repeated application of formula (13) to the proper complementary bases and 
by addition of the results, we get the formulae . 


(N,+—Noyn) = (N, —N3) +E 2 HO, 


2 (16). 
(N; F- Nrs) = = (N;—N, ) +2 z gu A i 
The left sides of these two equations are, however, equal. Hence, 
2(N,—N;) == 3 gv? —% Š hP, (17) 


k s=1 k =l 
f Replacing the right side of equation (17) by its- equivalent value 
= S TPyO—> BS ty, 
: k =] i j k 1=1 ý 
and dividing by 2 throughout, the result is the complementary formula, arrived 
_ at under the most general conditions. 
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On the Equivalence of Relations f EA 


By E. W. CHITTENDEN. 


I wirota 


T. H. Hildebrandt * has developed the theory of systems (Q; K) where K 
is a relation Kaan- t In terms of a relation K a relation L (limit) is defined. 
This leads, through the conditioning of the K relation, to a basis system - 
(Q; K") which is found to be an adequate substitute for the system (Q; F) 
of Fréchet, where V denotes a voisinage.t Ina system (Q; K) 9 the relation 
K may be. unsymmetric in the arguments qı, qa; and the identical sequence 
consisting of a single repeated element g may not have q asa limit. _ This 
constitutes a reduction in the hypothesis. of Fréchet. 

It is shown in the present paper ($6) that from any system (Q; K) a 
system (Q; i ) may be defined such that K is symmetric and the identical 
sequence for q always has q fora limit. If K, every continuous function in 
the system (Q5 K) is continuous in the derived system (Q; K ). The systems 
(2; K), (Q; K ) are said to be equivalent with respect to continuity. ; 

The form of equivalence holding between K and K follows from the rela- 
tion between L and Ú derived from K and K, respectively. The general theory 
of equivalences of systems determined by limit relations is important, and is 
developed, together with some of its consequences, in $$ 1,2. Two systems 
S, = containing a class Q and defining limit in O may have one of three types 
of equivalence, denoted by (4), (B), (C). For example (Q; K), (Q; KX") 
are equivalent (B). Hach of the three types of equivalence implies its 
predecessor. f - 











*« A Contribution to the Foundations of Fréchet’s Calcul Fonctionnel,” AMERIOAN JOURNAL OF 
MATHEMATIOS, Vol. XXXIV (1912), pp. 237-200. 

t This is a relation K,, introduced by E. H. Moore, “Introduction to a Form. of General Analysis.” 
The New Haven Mathematical Colloquium, New Haven (1910), p. 126. 

$ Rendiconti del Oiroulo di Palermo, Vol. XXII, pp. 1-64. . 

§ Hight properties of a K relation are defined by Hildebrandt, loo. cit. +) pp. 243-244. The presence 
of property i is denoted by K+. The notation and-results of Hildebrandt’s memoirs are presupposed in 
the present paper. 
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In $4 necessary and sufficient conditions for equivalence (B) or (C) of 
systems (Q; K'), (Q; K') are obtained. These conditions are applied in $5 
to show that a relation K’” (unsymmetric) is equivalent (C) to a relation 
K™ (symmetric), and also in §6 to show that a relation K is equivalent 
(B) toa relation K “et therefore equivalent (B) toa voisinage. Extensions of 
theorems of Fréchet obtained by Hildebrandt, which involve the hypotheses 
Kk, are immediate consequences of this theory of equivalence.* 

1. Denote by S={q,} an infinite sequence of elements of a class Q. We 
shall understand by the notation gZS that q is a limit of S. If S consists of 
a single repeated element g, © is the identical sequence Iq for g. We consider 
systems > containing a class Q relative to which, for every element q and 
sequence 9, it is determined, whether or not gLS, L being defined in some 
manner in the system >. 

(A) Two systems Š, Í are equivalent with respect to limiting element tf 
the derived class W of any subclass R of O is the same in Š as in È. 

(B) 5, Š are equivalent with respect to continuity if for every sequence S. 
and element q, such that Iq is not a subsequence of S, q is a limit of S in either 
. system tf it is a limit of S in the other. 

(C) Š; 5 are equivalent with respect to limit of à sequence if every limit 
in one system is a limit in the other. - 

The significance of the notation; Š, $ are equivalent (B) oer (C)], 
is evident. Equivalence (B) implies equivalence: (A) and is in turn implied 
by equivalence (C). While it is desired to call attention to the large body of 
theorems which equivalence (A) will carry over from a system Š to a system . 
È, nevertheless the principal results of this paper relate to equivalences (B) 
and (C). 

If Š, Š are equivalent (B) and the respective limit relations L, È are of 
Š the type L? t then gi implies gS’, if S’ is any subsequence of S which does 
“not contain Ig. A similar statement holds for gÊS. 

Two sequences S’, ©” are complementary subsequences of S if every 
element of S not in S’ isin 8”, A relation L is a relation L’ if gLS’, gLS” 
imply qgZS, i l 

If 3,3 are equivalent with respect to continuity and L*, L; then L, È 
are identical. 





* For example, the theorems of Hildebrandt, loc. cit.,.§ 22, pp. 288-200. 
{A relation L is of type L3 in case gLS implies gL8’, where &’ is any Ra of 8. Properties 
1~6 of a relation L are defined by Hildebrandt, loo. ott., pp. 281-282. 


~ 


£ sé 
Cuirrenpen: On the Equivalence of Relations Kyon- 265 


We must show that, given qLS, qÊS follows. If S does not contain Iq, 
qLS is implied by the definition of equivalence with respect to continuity.. If, 
except for a finite set of elements, S coincides with Ig, we have from LT, gLlq, 
and from LS, qLIq. Hence from Ê‘, giS. Otherwise S contains Iq and an 
“infinite . complementary sequence S’ which does not contain Ig. Therefore 
qllq, qiS8’; and it follows from E that qiS. A repetition of the argument 
with L, È interchanged completes the proof. 

-If Í, $ are equivalent with respect to continuity and I”, EA, every function 
u continuous on © in either system is continuous in the other.* 

We have to show, for example, that if u is continuous on © in $ and qLS, 
(Sz={q,{) then Luu, =u,. HS differs from Ig only in a finite number of 
. elements, the result is immediate. Otherwise S will contain S’ complementary 
to lg. From £?, qi8’; and from equivalence qLS’. Therefore L ty =u, and 
we have immediately Liu, =y,- i , 

. 2. The following properties of classes are definable in terms of limiting | 
element: compact, closed, interior, perfect, separable. Hence, 

If Š, S are equivalent (A) [with respect to limiting element] the proper- 
ties compact, closed, etc, of classes have the same significance in one system 
as in the other. — 

That is, for example, if R is compact in Š it is compact in $, 

If Š, Š are equivalent (B) [with respect to continuity] and Ïe, £3 then in 
addition to the preceding proposition every function continuous in one system 
is continuous in the other. 

If 5, Š are equivalent (C) [with respect to limit of a sequence] and L*, L? 
we have the results above and the further result that L and L are identical 
relations. 

3. In terms of a relation K we define a relation L (limit) as follows:t 
given a sequence {q,} and an element g such that for every integer m there ` 
exists an integer n,, such that n=m.,, implies 


Ka ams 
q is said to be a limit of the sequence }q,}, and we write 


q=Lq,. 





*The relation (B) between È and ZL derives its name from the fact expressed in this proposition. 
+ Cf. Hildebrandt, loo. ctt., p. 249. This definition differs from that of Fréchet in terms of voisinage 
only in non-essentials. ; 


Gl * 
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The relation L. so defined is a relation LE (dependent on K), and is a 
relation L¥**’.* Unless K is conditioned limit is not necessarily unique. It is 
evident that from different relations K, distinct relations L may be defined for 
a single class Q. : 

It will be noticed that in case the relation K is sunerimo, the relations 
Kra and Eni may have different significance, and that if we replace K, gm 
by Kam in the definition above a different relation L may result. A number 
of relations L may be defined for K unsymmetric which reduce to the same 
relation under the hypothesis of symmetry. The following example will serve 
to make clear the significance of these remarks. Let Q denote the interval 


0<q<il. The relation Ky, holds if g; S ga and |q;—q.| = se Then q= Lg, 


implies that the elements qa all lie to the left of q, if n is aa large; 
i. e. q is a right-hand limit of the sequence {g}. The relation K ga m WAY hold 
for every m and n>n,,, but g will not be a limit of {g,} in this sense. 

If we denote by Ke a relation such that 

Kas Did : 

we call K the conjugate of K. The limit relation L will be the conjugate of 
the relation L defined in terms of K. In the example above the relations L, L 
are distinct, since K am implies q;<q,, and therefore q= Ld, implies qisa 
left-hand limit. . 

4. Denote by $(q, m) any integral-valued daeta function of two 
arguments q, m such that for every g 


L(g, m) =, 


In. terms of these functions we state the theorem: 


implies. K 


24291m F 


_Turormm I. A necessary and sufficient condition that two systems 
(9; K),t (Q; K') be equivalent with respect to limit of a sequence is that 
~ there exist a function o, and for every element q, an m,, such that for every 
MZM, A PA : ó 

i 'K aam implies Kaptas m)s ~ (a) 
ere implies È ais m) 3 : (b) 


Furiherm more, ifi in each case gq, is supposed to be distinct from qz, okoka (a) 
and (b) become necessary and suficient for equivalence of (Q; RK’) (9; É) 
_ with respect to continuity. 











* Cf. Hildebrandt, loc. oit., p. 249. That L7 is an immediate consequence of the definition of limit. 
+A relation K is a relation K1 if Ko.o.m implies Kg g,m', where m’ is any integer less than m. 
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A proof of the first part of the theorem follows. A slight modification of . 
this proof serves to establish the second part of the theorem. 

We will establish the sufficiency of the condition by showing that Ê and Ê 
are identical relations. From the symmetrical nature of the situation it will 
be sufficient to show that if q=Lq, then q=Lyg,. 


By definition, from q= iq, we have for every integer m, an integer na, 


a 


Ipa" 


such that n Z nm, implies 


Condition (a) gives for mZ m (dependent on q) 


~ 


K 


pP C, mo)” 
Since Lọ (4, m) =% we have for every m an m, such that (4, m)Zm. If we 


choose nm (nas Nm) We have for every nZ np, because of K` and the pre- 
ceding relation, . l 


~ 


K 


apam * 
Therefore g=Jgq,, as was to be proved. 


We complete the proof by showing that conditions (a) and (b) are neces- 
sary consequences of the definition of equivalence for systems (Q; K). Denote 
by one the class of all elements g, m the relation K,,,,. but not in the relation 
K uam. Denote by M, the greatest value of m for which the relation E am 
holds, in case such greatest value exists. 

We now define ¢(q, m) as follows: If among the values Mm, for elements 
qı of Daum there is a least, take @(q.,m) equal to this m,,. If there is no least 
m,, there is either no m, or there is a q, such that m, <1. If there is no m,, 
take (qa, m)=m. In the remaining case $(q, m)=mi,,<1. It is desired 
to prove that for every Qe) L$ (qe, m)=oo. Suppose there exists m such . 
that for every m, (qa, M) <m. Consider first the values of m for which 
(go; M) = Man for some din in ae From &' it follows that either 
every m is of this type, or else there is a least m for which there exists a gim 
in Daim which possesses an m,,. In the first case Q= Ldn. From. the 


equivalence assumed in the hypothesis, qa=Lqım. This contradicts the assump- 


tion that all the m,,, are less than m. In the second case there exists an me 
such that for every m >m, Ò (qa, m) =m, and therefore Lọ (q, m) =œ. The 


assumption Ẹ(g:, m) <T is therefore contradicted in every case. 
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dam * 


We define a number m, as follows: Hither $(q,,m)=m,.» for every m, 
or there exists m, such that for m’2 m, $(q,, m) =m’. In the first case take 
Me such that @(q2,m)21; in the second case take m,=my). Then it is only 
necessary to take account of K?, and the definitions of Me, My, (dz, m) to see 
that for every m= m, condition (a) is satisfied. | 

By means of a similar choice of m,, È (qs, m) we may satisfy condition (b): 
Choosing m,>(m,, mz) and @(q, m) equal to the lesser of $(q,, m), È (qa, M) 
we have m and (dependent on q) as required. This completes the proof of 
the first part of Theorem I. 

The hypothesis of equivalence with respect to limit of sequence of K’ and 
Kk" (conjugate of K) therefore leads to the existence of the function » of 
Theorem I. We show in $5 that if K' and K' are equivalent (C) they are 
equivalent (C) to a symmetric relation K’ derived from K*. In view of the 
fact that L and L may be distinct for unsymmetric relations K, while their 
identity implies equivalence (C) to a symmetric K it would seem desirable to 
confine attention to the symmetric relations in applications of K relations to 
the study of classes and functions. Especially when the resulting simplifica- 
tion of the treatment is considered. - 

There may exist a function ĝ, effective in Theorem I whose values are 
independent of g,. We thus obtain a corollary to this theorem: 

Corotnary: A sufficient condition that two systems (Q; K'Y (Q; K*) be 
equivalent (C) is that there exists a function $, such that for every m and qi, Q 

K 

k 
That these conditions are not necessary will be seen if we suppose Q represents 
the open interval 0<q<1 and define Ê, K as follows: 

For m<1, every pair of elements g,g, is in the relations Ê 
For m21, we take : 


nim implies K pupas i (a) 


implies E papim: (b) 


NIM 


~ 


K 


Wom I Gam ° 


a A 

K pam = | dı 4d | í Qn" 

If (k—1)/k=k/(k+1) then 

~ 1 o 
Keam=|% — 91S Taye 


From the definitions K, K are symmetric. They are easily seen to be 
equivalent (C), but the hypothesis of existence of a function ¢, leads to a 
contradiction. Ae 





- - 
* That is, the relation Kq q,m is defined by this inequality for every pair of elements q;, a 
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5. Given an unsymmetric relation K we may define a ernie relation 
K as follows: l 

A pair of elements q,, ga are in the eolbtion Eyam 
óne of the relations K; Saami K nia 

It is easy to see that if K“ (i=1, 2, 3, 4) then KX‘ also. 


Theorem Il. K™® implies K™™°®,* 


The properties (6), (7), (8) are each equivalent to 5 because of K*. We 
have to show that there exists a function @ such that 


Kaam: £, 


lm ? 9293s™ 


if and only if they are in 


imply Kyns- 
Now Zn KE ngm» DY definition of K, imply that one of the following four 
pairs of relations is holding: 


K pam ? K pam ; 
Kaam Konm 
K pom ? E pam ; 
K K 


qadi™ 9 Yada ° 


If we choose a function > effective in each of the four instances 5, 6, 7, 8, 
as is possible when K`, and recall that K™ implies K™,t we obtain 


Kiam) 7 
This, because of the definition of K, implies 


K, 


930 (m) * 
The following proposition is now evident: 


K™ implies that there exists a function @ such that Kam implies K upin) 
and K ungin) . 


We have shown that from an unsymmetric relation K* a symmetric rela- 
tion K’ may always be defined. The converse is not true. Suppose that for 
every m and qı, qa the relation Kam holds. Kis symmetric. It is evident x 
that a relation K’ can be made unsymmetric only by adding new relations © 
Kan to those already established. But this is impossible in the case cited. 

Assuming that for at least one pair %, Ẹ there is an m, such that for 
m>m, the relation K; zm, does not hold, we define K unsymmetric by assuming 
that the relation K am implies K am and in addition Kya m,+1), but not 
Kimmy. Then K’ implies K‘ where i denotes any of the properties (1), (2), 
(3), (4), (5), (6), (7), (8). 


* For definitions of the properties 1-8 of a K relation see Hildebrandt, loc. ot, pp..244-246, 
+ Hildebrandt, loc. ott., p. 246. 
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In §4 it was remarked that if K' and K* (conjugate) were equivalent (C) 
they would be together equivalent (C) to a symmetric relation K. This rela- 
tion is in fact K. Since K, K are equivalent (C) we have (Theorem I) for 
every g: aN m, and a function Ẹ, such that for every m2 m, 


K pam implies K ots (aa) which implies Kya m)> - (a) : 
Kaan implies Ka asia) Which implies Kunotas m): _ (db) 


` To demonstrate the equivalence (C) of K and K, we choose m, so that 
(a) and (b) are satisfied, and $(q,, m) = (lesser of m, (g9, m)). Then the 
relations: 
K amn implies K gotan 


Epam implies. K cb as, n)! 


are easily seen to hold for all m> m,. The equivalence (C) of K and K is 
similarly established. 

Tasorem II. Any system (Q; K") is equivalent to a system (Q; K»), 

This theorem is a consequence of Theorems I and I. To demonstrate 
the application of Theorem I we must show that conditions (a), (b) are ful- 
filled. It is sufficient to remark that n< (m, $,), where ẹ is effective in the 
proposition of § 5, and m,=1, are effective in this instance. 

In view of this theorem and $2, it follows that the theorems of Hilde- 
brandt,* which involve the hypothesis K are not more general than the 
corresponding theorems with hypothesis K™, that is the hypothesis of an 
unsymmetrical K does not in this instance lead to more general results. 

6. .From K we obtain K* as follows: 


Kaam vmplies K gagn(™) ; - (a) 
for every q and m we have K un- (b) 


_ Then Éan implies either Kyam Or =. It is easy to see that K' 
. implies K‘ where i is any of the properties (1),-(2),...., (8). Furthermore, 
K' and K’ are equivalent (B). In fact (qi, m) = is effective in conditions 
(a), (b) of Theorem I. * z 
“Turorum IV. Any system (Q; K) is equivalent (B) to a system 
(OK), 
From Theorem III, K” is equivalent (C) to K™. But K™ is equivalent ~ 
(B) to Æ, Hence K is equivalent (B) to K=, > 3 


zi 





* Loo. cit., pp. 273-290. 


CHITTENDEN: On the Equivalence of Relations K 271 


Glan * 


Hildebrandt has. shown ° that the concepts K™ and voisinage (V) are 
- equivalent. Therefore, we have: l 

Tueorem V. Any system, (Q; K) is equivalent (B) to a system (Q; V) 
of Fréchet, and furthermore, any system (Q; K) is equivalent (C) to a 
system (Q; V). o’ 
As an application of this theorem we call attention to the theorem: t 
In a system (Q; K™) a necessary and sufficient condition that every con- 
_ tinuous function on R be bounded on R ts that R be extremal, 


which may be obtained from Hahn’s ¢ extension of a theorem of Fréchet in the - 
following manner. The condition is necessary in a system (Q; V). A system ` 
(Q; K) is equivalent (B) to a system (&; V). Therefore every function 
continuous on R in (Q; V) is continuous on R in (Q; K). If every function 
continuous on N in (Q; K) is bounded on R then R is extremal in (Q; F). 
From § 2 R is extremal in (Q; K), which was to be proved. The condition is 
sufficient: since R extremal in a system (Q; K) is extremal in any system 
equivalent (B) to (Q; K), that is in (Q; V).. 


URBANA, ILLIKOIS, Ootober 14, 1916. 





* Loo, oit., p. 248. 
+Cf£. Hildebrandt, loc. cit., pp. 288-290. 
} Ct. Monatshefte fir Math. u. Physik, Vol. XIX, p. 251 f. 


Some Properties of Certain Finite Algebras." 


By Epwarp Kirouer. 


‘The object of this paper is to study some of the properties of a finite 
algebra 2 whose elements combine by addition and multiplication, subject to 
the commutative, associative, and distributive laws. The elements also form a 
group when combined by addition, so that subtraction is always possible in %, 
but division, the inverse of multiplication, is not always possible and when 
possible is not necessarily unique. The unit element of the additive group 
we denote by 0. We also assume the existence of a unit U in M, i. e, an 
element such that the equation UX=0 in X admits only the solution X=0, 
Division by a unit is always possible in Y and is uniquely determined.t Again 
X contains a sub-algebra of elements simply isomorphic to the set of integers 
0,1,...., m—1; taken modulo m.{ The elements in N corresponding to 0 and 1 
-are denoted. by these symbols. Papers closely related to the subject in hand 
have been written by Vandiver, t Dickson, § and Fraenkel. || The last of these 
papers has many results analogous to those of the following pages, but restricts 
itself to algebras 2 all of whose elements satisfy the unique factorization law.. 


I. The Finite Algebra A As a System of Residue Classes. 


In a previous paper{ the writer discussed the group properties of. the 
residue classes belonging to a modular system Yt—(m,,...., N1, M), where m 
_is an ideal of the algebraic field Q of degree k, while 


| m= (HP, oy Ys ney WP), . 
where each ¥f is a rational integral function of x; with coefficients that 
are in turn rational integral functions of xi, Xs, ....,; %;1, With coefficients 


* Presented to the American Mathematical Society, December 27, 1915. 

t H. 8. Vandiver, Transactions of the Amertoan Mathematical Sootety, Vol. XIII (1912), pp. 293-304. 

L. E. Dickson, “ Linear Groups,” p. 9. 

§ L. E. Dickson, Transactions of the American Mathematical Society, Vol. VI (1905), pp. 344-348. 

|| A. Fraenkel, “ Ueber die Teiler der Null und die Zerlegung von Ringen,” Orelle’s Journal, Vol. 
CXLV (1915), pp. 180-175. 

T Kircher, “ Group Properties of the Residue Classes of Certain Kronecker Modular Systems,” etc., 
Transactions of the American Mathematioal Sooiety, Vol. XVI (1915), pp. 413-434. This reference will 
be cited as K in the following pages. i i 
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that are integers in Q. We assume the number of residue classes to be finite, 
which is always true if the following conditions are fulfilled: 
(a) Every 4f is of finite degree in x; 
(b) Every m; contains at least one 1 whose highest power of x; has a 
coefficient a relatively prime to the modular system 


(M1, Mya, ies ) Mi, m), i. é., (a, M,;—1, Mi— e; aaie | Mi, m) = (1).* 
(c) For all values of i we have j;>0 and finite. 


The residue classes are formed by all rational integral functions in x,,...., Xas 
with coefficients that are integers in Q, taken modulo M. Such a set of residue 
classes evidently forms a finite algebra of the type under consideration. We 
shall now show that every finite algebra X satisfying the conditions laid down 
can be represented by the residue classes of a modular system M. The 
existence and proof of this correspondence was first brought to the writer’s 
attention by H. S. Vandiver. . 

We know that N contains a sub-algebra of integral marks which we may 
denote by 0, 1, ...., m—Il1. If there exists another element x, of X not 
contained in the above set, it follows that N contains the marks 


AXHA. ee ayy” 

where the a’s range over 0,1, 2,...., m—1. Since M is finite it follows that 
in the set x, #?,...., xf, .... there must exist an element xë such that there 
exists a relation of the type x*=@x''+6,.'?°+....+8,, which can be 
written in the form 

ahah tye Ft vee +y,=90, B=—-%, (I) 
where the y’s are integral marks. Let kbe the smallest integer for which a 
power of x, will satisfy a relation of this type. Then all polynomials in x, are 
included in the set B,xf-'+ 8,*8?+....+,, the 6’s being integral marks. 
This does not preclude the existence of relations of lower degree between the 
powers of x, provided the coefficient of the highest power of x, in this relation 
is not prime to m. Such a relation is of the form 


Oyxk t+ Sette. +8, = 0. (II) 
For brevity denote relation (I) by 4®, and the various relations (II) by 
YO, a.nn, 9M, ...., 0. If there exists in A another element x, that cannot 


be written as a polynomial in x, alone, we can show in a similar manner that 
all elements of N that can be obtained from x,, xs, and the integral marks, are 
of the form exi+ex'+....+¢,, where the e’s range over all distinct elements 
of the form (,«f'+6,t°+....+8,. Similarly, there exists a relation 





*K, see ‘theorem, p. 425. 
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PP =xeP+toxpi+....+60,=0, and possibly some relations of lower degree in 
x, which we may designate by Y,...., ¥. The coefficients of the highest 
powers of x, in these last relations are not relatively prime to the modular 
system (f{,,...., df, ...., YP, m). This process may be repeated until all 
elements of X have been exhausted. .By referring to a theorem previously 
proved * we see that the totality of relations 4 =0 so obtained together with 
m=0 defines a modular system .whose residue classes correspond to the 
elements of X. We therefore have the 


Turorem: The elements of the finite algebra U may be eee by the 


residue classes of a modular system EP m, — is peg Why. aah agli M), 
where m is a rational integer and m= (9, ...., Hf, ...., 4), where each 
VP is a rational integral function of xı, x2, ...., xi with coefficients that are 


rational integers, at least one ẹ}® im each m, having a term of form xf repre- 
senting the highest power of x; in that 4$. 

We are now able to study the properties of the abstract elements of 
our algebra by studying the concrete residue classes of a modular system. 
representing that algebra. This fact will often prove to be of help in the 
following pages. 

For the necessary definitions mal properties of modular systems we refer 
the reader to the reference K previously cited.t There he will find the 
definition of such terms as: M contains the modular system W’, Mt is divisible 
by 2’, Mis an irreducible, an absolute prime, or a simple system. In Fraenkel’s 
paper the term Jt contains M is the same as M is divisible by PY. - 

Let the elements of X be represented by the residue classes of a modular 
system It in the domain of integrity of (1,x,....,x,). If ò and eare any two 
polynomials ın this domain and C, and C, are the residue classes containing 
them, then the operations of addition, subtraction, and multiplication i in WY are 
evidently defined by the relations:. | 

f Cat Ce™COspes C—C =0se; C,C.= Cy. 

In ‘general, the letters A, B, C, etc., denote elements of N, but units -are 
often denoted by U. The significance of 1 and 0 has already been explained. 
We say that A is divisible by B if there exists an element C in N such that 
A=BC. From the definition of a unit it follows that the product of a U into 
each element of Ñ gives back all elements of N, and therefore, by a theorem 
previously proved,t we have the modular system (U, Dt) = (1), ʻi. e., a unit of 
N is relatively prime to M. Two elements of N that differ from another by a 
unit factor only are said to be equivalent and for purposes of factorization 
. will be regarded as essentially the same. We write 4=0, mod WM’, if every 





*K, p. 425. 7K, pp. 415-418. tK, pp. 431-432. 
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polynomial £ in the residue class A of the system M satisfies the relation E=0, 
mod W. In particular, if d=0, mod M, we have A=0 in% This also defines: 
the meaning of A=B, mod W. Since (U, M) = (1) it follows that M contains 
no system J’ such that V=0, mod M’, where-U is any unit of A. When M 
is an absolute prime modular system the algebra 2 reduces to a Galois field as 
studied by E. H. Moore and Dickson.* 


II. The Standard Forms of Elements in A. 
Tt has previously been proved t that we have: 


THEOREM: If M=1 9, where the O; are the simple factors of W, and if 
fı, i=1, 2, ...., 3, are any polynomials in xi, Xos... +, Xn, with rational integral 
coefficients, then there exist polynomials f such that f=f;, mod O,,1=1, 2,....,8, 
and these polynomials are all congruent each to each modulo P. 

The different polynomials f of this theorem evidently form a residue class 
of M and represent an element A of M. If M=—O,Q,....0,....0, represents 
M factored into its simple modular factors we shall say that A; is a simple 
element of type i in A if every polynomial £ in the residue class representing 
A;, mod M, satisfies the relations £=1, mod O,, j=1, 2,...., s, i j, while no 
restriction is made concerning the congruence taken modulo 0,. If A is any 
element of 2 it follows at once from the proof used in the third section of the 
reference K that there exists one and only one simple element A; in A 
satisfying the relations 

A=A,mod0;, A,=1, mod 9, ; ik Uae ewes TEJ 
Hence the product 4,4,....A, is congruent to A modulo every simple factor 
of Xt and therefore modulo M. Hence A=A,A,. ... 4A in. From the theory 
of residue classes we also see that this factorization into simple elements is 
uniquely determined. Hence we have: 


THrorEM: Every element of a finite algebra XÑ can be uniquely represented 
as a product of simple elements. 


We shall represent the factorization: of A into simple factors by the 
notation A=A,4,..-.4,. If A is a simple element 4, of type i we may 
write 1,1,....1,,4,1,;,,....1,, where L=1 for all values of 7. By 0; we 
understand an element in Y that is congruent to 0, mod ©,, and congruent to 
1, mod Q, j=1, 2,...., 8, tj. Although 1,=1, 0,340. Evidently we have — 

1=1,1,....1, and 0=0,0,...,0,4 





*E..H. Moore, Bulletin New York Mathematical Society, Vol. IIT (1893), p. 76; L. E. Dickson, 
“ Linear Groups,” Teubner, 1901. tE, p. 433. 
tThe results of this section should be compared with Hensel, “ Zahlentheorie,” pp. 86-92. 
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We shall define two non-unit elements A and B as relatively prime in if 
there exist two other elements C and D such that A4C+BD=1. Suppose 
A=A,A,....A;....4, when written as a product of simple factors. Choose 
~ O=0,0,....0;....C, 80 that C,=0, whenever (4,,0,)#(1), and 4,C;=1 
whenever (4,;, 2;)=(1). It has previously been proved that in the latter case 
the relation 4,C;=1 is always possible.* Evidently we have A,0,=0,. Choose 
D=D,D,....D,;....D, so that D;=0,; whenever 4,C;=1. This includes all 
cases where (B,, 9;)+(1), for otherwise the residue classes corresponding ` 
to both A and B are congruent to 0 modulo the absolute prime modular system 
contained in 9,, and this would preclude any relation of the form AC+BD=1 
in A. For all other values of i let B,D,;=1. We see at once that when C 
and D are so chosen we have AC+BD=1, mod Q;, i=1, 2,...., 3, one term 
always being congruent to 1, the other to 0. Hence, we see from the first 
theorem of this section that 4C+BD=1. Hence: 

_ Tueonmm: When two elements A and B of & are relatively prime there 
exist two elements C and D such that ee 1, where C always satisfies 


one of the relations (C, Q;) = (1) or (C, Q) = 9;, i; 2, ., 8, and the same 
is true of D. l 
The expression 4,....A;....A, is the standard multiplicative form - 


of A. Fraenkel Abiamned ’ an analogous result but his proof is no longer valid 
` for our more general case.t We shall now proceed to obtain a standard additive 
form. By a component element of type i; written Aj, we understand an element 
‘of N such that Aj=0, mod O,, j=1, 2,...., 8, tj, with no restriction upon: 
the case of 0,. The standard additive form of an element A in Y is given by 
the sum of its components, i.e, 4=4{+4j+....+4)+....+4%. A com- 
ponent of type 1 written in factor form gives the expression 
A =0;0;. o Ui gA Daas. 0,. 

Hence 4= 4‘, mod Q, i=1, 2,...., $, and our standard additive form is seen 
to be unique. Hence: $ 

Turorem: Every element in Y is uniquely determined by the sum of its 
components. 

We see that A,=A;, mod Q,, but 4,=1, and 4;=0, mod 9y, J= r eS 
Æj. Again it is evident that the i-th component of A+B is Aj+B;. In the 
product, AB we have 4;B;=0, i Æj, for this product is congruent to zero 
modulo every 0,. Therefore we have: o : 

TuoreM: The i-th component of the sum or product of two Tonens: of X 
is equal to the sum or product of the i-th components of the two elements. 





` *K, pp. 423-424. 
t Fraenkel, loo. oit., p. 166. See also Hensel, “ Zahlentheorie,” p. 89. 
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From the preceding theorems we see that if 


A=A,A,....A;....4,=Ai+....$Ap4+.... +A}, 
and 
B=B,B,....B;....B;=Bi+.... EBs e+ Bi, 
then i 
AB=A,B,....A;B,;....A,B,=A,Bi+....+AjBi4+....+A{B}. 

From these considerations it follows that if we write the elements of N as 
sums of their components we have a finite linear algebra with s units E;, where 
E,=0,....0;231,0,,,....0,,.such that every element of X is of the form 
K,E,+....+K,E,+....+K,E,. Here K, ranges over a set of values simply 
isomorphic with the set of elements of the algebra N; represented by the 
residue classes of the modular system Q,.* In performing the operations of 
addition and multiplication we can use the components of type 3 in place of the 
elements K, for all values of 1, for these two sets of elements are simply 
isomorphic. Enough has been said to show that 2 is of the type studied by 
Dickson,t being equal to the sum of s simple algebras having one unit each, the 
coefficients of these algebras running over different ranges. . 


Il. -Other Properties of X. 


‘We shall not take up the study of the multiplicative groups formed by 
the elements of M since these were treated in the reference cited to which the 
reader is referred. Turning to the additive groups we see that in many 
respects they correspond to the modules in the Dedekind theory. In order to 
obtain a sufficient condition that a set of elements in N form an additive group 
it is merely necessary to take all elements A of X that are congruent to zero 
modulo any system W contained in M. That this condition is not necessary 
we see from the group formed by 0 and 1 modulo (x, 2).. We have, however, 
the following 

Turonem: A necessary and sufficient condition that a set of elements in A 
form an additive group G is that all components of type t,i=1, 2,...., 8, 
found among the elements of the set form a group G, and that there exists no 
element of A not in the set whose i-th component is in G, for all values of 3, 
The group G is equal to the direct product of the groups Gi, Gz, ...., G,. 

To prove that the condition is necessary take the group G’ formed by all 
sismente of X. We know all elements of X are obtained if in the expression 


: A=Ai+A,+....+Ap+.... +4; 
each of the components Aj, i=1, 2, ...., S, ranges unrestrictedly over all 








* Fraenkel, loe. eit., p. 175. 
+L. E. Dickson, Transaotions of the American Mathematical Society, Vol. VI (1905), pp. 344 ff. 


36 


278 Kmommr: Some Properties of Certain Finite ‘Algebras. 


values of its set, independent of the others. From this it necessarily follows 
that G’ is the direct product of the s additive groups H, each of which is. 
composed of all the components of the type designated by the subscript. Since 
any additive group G of X is a subgroup of G’ it follows from the theory of 
groups that G is the direct product of s groups G, each G, being that subgroup 
of ‘its corresponding H, that is formed by all components of the type indicated 
by the subscripts that are found in the elements of G. It is also clear that 
there exists no element in 2 but not in G all of whose components are in the 
various G,, for in forming G as the direct product of the G, we evidently get 
an element in G that has exactly this same set of components. This establishes 
the necessary condition. 
- To obtain the sufficient condition let us recall that if A and B are two 
_ elements of % in the set under consideration, and if A; and B; are their 
components of type i, then A+B has A;+ 8B; as its component of type i. 
Since A} and B; are in G,, i=1, 2,...., S, the same holds for 4/+Bi. There- 
fore it follows from the conditions assumed that 4+ B must belong to the set. 
That this set forms a group follows at once for when we add one member of 
the set to all elements of the set we get back all elements. This proves 
the theorem... — a: i 
The multiplication group G formed by the units of A * furnishes us with 
an analogue to Dirichlet’s general theorem on the units of an algebraic realm, 
a set of independent generators of the abelian group G corresponding ‘to the 
linearly independent units -of Dirichlet’s theorem. To each U corresponds its 
“inverse (or reciprocal) U~! such that UU-*=1,. Hence the reciprocal of a unit 
is also a unit. Non-units do not have reciprocals for they are divisors of zero. 
We now proceed to define a prime element in X. We say that A is prime 
in X if it cannot be factored into the product of two non-units neither of which 
is equivalent to A. This is the definition found in the theory of algebraic 
numbers with an added condition. A non-unit that is not a prime can always 
be factored into two elements neither of which is a unit. Unless both of these 
factors are primes this process can be repeated. We shall now show that after 
a finite number of such steps we can always represent such an element of N as 
a product of primes or powers of primes. Suppose the element has been 
factored into its simple factors which we now proceed to consider separately. 
It should be remembered that in the following equivalent elements are regarded 
as essentially the same. Suppose we proceed to factor the simple. element 4; 
into primes, where A, naturally is a non-unit, for units are not factored. Todo 
this we must first determine the effect of the above-mentioned additional 
condition given in the definition of a prime. We see that an element X, in A 
is defined as a prime even when it factors into two non-units, provided at least 





none 


*K, pp. 423-424. See also Vandiver, loc. oit., p. 204. 
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one factor is.equivalent to the element. If U,X, is the equivalent factor and 
X,;=D,U;X;, write D;U;=B; and proceed to study the equation X,—B,X,, 
where B, is a non-unit. Throughout we restrict ourselves to simple elements 
of type i. If we take the simple modular factor O, of M associated with our 
simple elements of type i and write down a descending sequence of modular 
systems as explained on pages 422 and 423 of the reference K previously cited, 
we see that the only possible solution for X, is 0;,. For, suppose that X,=0, 
mod ©, ,, but not modulo O,,.,. Since B; is a non-unit it therefore follows 
that X,B;=X;, is congruent to zero modulo ©; ,_,, which leads to a contradiction 
except when X;=0;, where we may take 0,,=0,,=0;. If B; #0, it follows 
from the reference just cited that there exists a power of B,, BEE 0,, such that 
B,Bi=0,. Hence in this case 0; cannot be a prime by definition. This case 
. always occurs except when Q; is an absolute prime modular system, the only 
` case in which there exists no non-unit element of type i outside of 0,. Hence 
in this case we have 0,=03, a=1, 2,...., ete, but no other factorization. 
Therefore our definition of a prime includes 

(a) all elements that cannot be factored into two non-unit elements, 

(b) the element 0; whenever the corresponding modular system ©, is an 

absolute prime system. 


Let us now proceed to factor A; and suppose for the present that A, + 0,. 
If a finite number of steps is not sufficient to factor this element into a product 
- of primes and their powers it follows that since 2 contains but. a finite number 
of simple elements of type i, that at least one factor must occur to an 
arbitrarily high power. Denote this factor by C;. Since (Ci, O,) (1), 
there exists by the reference of the preceding paragraph a definite power a of 
C, such that (C?F, O;) =O;, which contradicts the fact that Cj is a factor of A, 
while A,#=:0,. Hence a finite number of factorizations is sufficient for this ‘case. 
If C,=0, it follows from the preceding paragraph that we can either write 0, 
as the product of two non-units neither of them equal to 0,, and then proceed; 
as before, or we have 0, equal to a prime by definition. Hence every element 
of Ñ can be written as the product of prime factors. But this factorization is 
not unique as we see from the example , 
l xg = Kyk = (x1r), mod (4, x3, 2), 
where we can easily verify that both x, and x,+, are primes in the algebra 
defined by (xi, x2, 2). In this respect our algebra differs essentially from the 
type studied by Fraenkel. Two primes of Y need not necessarily be relatively 
prime, a fact that might be expected from the failure of the unique factorization 
law. In fact this presupposes the condition AC+BD=1 which cannot hold 
in the above example since A=x, and B=x,+x, are both congruent to 0, 
mod (xs, xı; 2), s0 that the left-hand side of AC+BD=1 is congruent to 9, 
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‘mod (x, xı, 2), while this cannot be true of the right-hand side. It further- 
more follows that no two primes of an algebra defined by a simple modular 
system can be relatively prime. Hence, we have the following l 


Turorem: In the finite algebra corresponding to the modular system 
M=—=O,O,....0, there exists s and no more than s primes that are relatively 
prime each to each, 


Any prime in Y is equivalent to a prime that is also simple. The first a 
powers of this latter element are distinct elements of N, but all later ones are 
equal to the a-th power which is of the form 1,....1,,0,1,4;....1,. The first 
prime when raised to powers has its first a powers essentially different, but 

‘all following ones are of the form U,....U,_,0,0,,,....U,, where the various 
- U, run over subgroups of the group of units. Hence, we get: 


THrormm: The first a powers of a simple prime in X are essentially 
different, those following are identical with the-a-th power which equals 0,. If 
a prime is not simple its first a powers are essentially different, while all 
following powers form a repeating cycle of equivalent elements. 


The algebra IW also contains sub-algebras. Such can be obtained by taking . 
all elements of N that have certain components, say the last s—t, equal to 0, 1%. e. 
in product form these elements can be written A,....A,0;,:0;,,....0,. The 0 
of N is always in such a sub-algebra, but this is never true of any unit of 2. 
We may, however, let 1,....1,0,,,....0, take the place of 1, and let the units 
of the sub-algebra be those elements whose first ¢ simple factors are units of Y. 
This sub-algebra is simply isomorphic to the algebra XW corresponding to 
=,0,....0;." Comparing this with a necessary and suflicient condition 
that a set of elements in X form a multiplicative group t we have: 


Turormm: There exists a (1,1). correspondence between 2» sub-algebras 
of X and the 2 multiplicative groups in A such that the group corresponding 
to a given sub-algebra is composed of its units. 


In closing we may ask if it is possible to restore the unique factorization 
law by means of ideals as in the Dedekind theory. This is not the case. 
Closer study of the subject shows that in such a theory the analogue of an 
ideal would-be the set of all elements of Y that are congruent to 0 modulo 
one of the s absolute prime modular systems that Yt contains. In the example 
already given, namely M= (23, 2?, 2), this would give but one (so-called) ideal, 
and this would be of no avail in solving the factorization of =q, m= (4,+2,)*, 
mod Pt, uniquely. We can, however, obtain in this manner a number of results 
analogous to theorems in the theory of algebraic numbers. 


_ HABVARD UNIVERSITY. 











* Seo Hensel, “ Zahlentheorie,” pp. 78 ff. } See K, p. 428. 


The Primitive Groups of Class 15. 
By W. A. Manwina. 


There are but three primitive groups of class 3p, p an odd prime, in which - 
occur substitutions of order p and degree 3p.* All are of class 15. One is of 
degree 16 and order 80. The other two are the triply transitive group of 
degree 17 and order 4080, and its subgroup of order 240. Corresponding to 
every whole number k greater than 3 there exist four simply transitive primi- 
tive groups of class 8k. The alternating group of degree k+2 permutes the 


4(k+1)(k+2) binary products ab, ac, ...., according to a simply transitive 
primitive group of class 3k (k>3).+ The three groups + 

(aa" bb’....+ kk’) (ab...... j) pos (a’b’...... J’) pos, 

(aa bb... BY} (ab...... j) all (a’b’...... j’) allt pos, 

(ab‘ba’- cc’: dd’-....+ kk’) | (ab...... j) all (a’b’...... j’) all} pos, 
_are maximal subgroups of l 

(aa’: bb’... . kk) (ab... k) pos (a’b’...... k’) pos, 

(aa’: bb’... .° kk’) f (ab...... k) all (a’b’...... k’) all{ pos, 

(ab’ba’- cc’ dd"... kk’) {(ab...... k) all (a’b’......#’) all} pos, 


respectively. The latter are therefore simply isomorphic to primitive groups 
of degree k’, and of order $(k/)*, (k/)*, (k/)?, respectively. They are simply 
‘transitive and of class 3k. When k is 5, these three and the alternating group 
of degree 7 written on twenty-one letters are the only primitive groups of 
class 15 that contain no substitution of order 5 and degree 15. 

Those primitive groups of class 15 which contain a substitution of order 5 
and degree 15 are known. There remain to be determined those in which the 
substitutions of degree 15 are all of the type 


81 = Az AeA, . bibbs . C1C2Cg . d,d.ds » C1228 


* Transactions of the Amerioan Mathematical Sooiety, Vol. VI (1905), p. 42. 

tC. Jordan, Comptes Rendus, Vol. LXXV (1872), p. 1764; AMEBIOAN JOURNAL OF MATHEMATICS, 
Vol. XXXII (1910), p. 256, where the error in the formula for the class is corrected. 

Cayley, Quarterly Journal of Mathematics, Vol. XXV (1891), p. 71, where this notation is 
explained, For the three groups, see Miller, AMERICAN JOURNAL oF MATHEMATICS, Vol. XX1 (1899), p. 
299, Theorems IIT and IV. . i 
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Since there exists but one group of order 15, the cyclic group, the only other 
substitution on the same fifteen letters as s, is its square. Among all the sub- 
stitutions in one of our groups G that are similar to s,, let those substitutions 
be selected which displace a minimum number of letters new to s,, s? excluded. 
First, it is easy to see that this minimum can not exceed five, the number of 
cycles in sı. For if such a substitution s, had more than five letters new to s,, 
two of them would be found adjacent in one of its cycles. -The transform s?s,3, 
. would then displace a smaller number of letters new to s, than the assigned 
minimum, and this is possible only if sjs,s, displaces no letters new to s,, that 
is, is s, or sî. But s,, a substitution of odd order, can not transform s, into 
its inverse. Then s, is invariant in the subgroup H generated by the complete 
set of conjugates under G to which it belongs, and since one of these conjugates 
is invariant in H, all are invariant in H and H is Abelian. But H is not a 
regular group and hence, being Abelian, is not transitive, and can not be 
invariant in the primitive group G. Then a substitution S, (not $) that dis- 
places in its cycles the least possible number of letters new to 3,, and is similar. 
to Sı, displaces at most five such new letters. 

If s, has two of these new letters in one cycle, s3s,s, leaves one of them 
fixed, and hence is sı. Now since s, is commutative with s,, it displaces 
exactly three new letters, and they form one of the five cycles of s,. If sẹ does 
not permute cycles of s,, either s,s? or s,s, is of degree less than 15, and obvi- 
ously not identity. Then s, permutes cyclically three cycles of s,. If s, has 
not this form, it has at most one new letter to a cycle. . Let the group {s,, se} 
when not Abelian be called D. Of every‘substitution of D it may be remarked 
that it either permutes the letters new to s, only among themselves, or else 
replaces all of them by letters of s,. Were this not true a transform of s, 
could at once be found that would displace at least one new letter, and at the 
same time fewer new letters than s,. Any substitution of D that replaces one 
new letter by another new letter transforms s, into s, or sj. A transitive con- 
stituent of D that involves more than one of the letters new to s, is imprimi- 
tive, and one of its systems of imprimitivity is composed of its new letters. 

If s, is not similar to s, in the letters of each of its transitive constituents, 
l t = 848183 is similar to s, in those letters and may be used for s, in case |s;, ti} 
has the same transitive constituents as {s,, S2}. But if t is not similar to s 
in the new (and smaller) transitive sets we may use t= tsiti, te= Uste, or a ` 
final transform which is similar to s, in the various constituents of the group 
generated by it and sı. This apparently fails when t, t, or one of these 
‘transforms is commutative with s,, but then we may use this Abelian group of 


Mannino: The Primitive Groups.of Class 15. 283 


degree 18. Hence G contains a non-Abelian group D generated by two similar 
substitutions s, and s, of degree 15, which are similar in the letters of each 
constituent, or an Abelian group }8,, Sa} of order 9 and degree 18. Inno case 
do s, and s; have more than one common cycle, for as many as two common 
cycles cause the product s,s2 to displace fewer than fifteen letters. It is 
evident that the number of transitive constituents in D does not exceed 5. If 
there are exactly five constituents, D is either a simple isomorphism between 
five tetraedral groups or is a (1,4) isomorphism between a cyclic group of | 
degree and order 3, and an intransitive tetraedral group of degree 16, which 

is itself a simple isomorphism between four alternating groups of degree 4. 

Hence, if s, displaces less than four letters new to s,, it connects-cycles of s,. 

If D is of degree 16 or 17 it is transitive or is a simple isomorphism 
between transitive constituents. . If D is of degree 17, 18, or 19, it is intransi- 
tive. For if D is transitive, the new letters in s, form a system of imprimi- 
tivity of D, which is possible only when there are three of them permuted 
according to a transitive group of degree 6. Since the two generators sı and Ss, 
are of degree 15, neither can do more than permute cyclically three of the six 
systems. Then they permute different systems and the group im the systems 
is intransitive, and D is intransitive. 

If D is a transitive group of degree 16, it is of order 48 and has an 
invariant subgroup of degree and order 16. This group can not be contained ` 
in a larger group of degree 16, with the present limitations as to the class of 
G, nor is it contained in any primitive group of degree 17, 18, 19, or 20, if we 
may rely upon the accuracy of the lists of the primitive groups of these 
degrees.” If D is a subgroup of a doubly transitive group of degree 21, it 
must have five systems of imprimitivity of four letters each with a given letter, 
the new letter 2, say, in common.t Now s, permutes among themselves the 
letters of the systems of imprimitivity to which z belongs, and go far as s, is 
concerned z may be a part of as many systems of four letters each as s, has 
cycles, but since 3, must replace every system involving 2 by another system, 
the two letters of s, in a cycle of s, with x can neither of them belong to any 
system of which w isa part. Hence D can not be five-fold imprimitive. It 
can not have systems of imprimitivity of two or eight letters because of its two 
generators. ‘Then the primitive groups under consideration do not contain a 
-transitive subgroup of degree 16 and order 48. If D is intransitive the con- 
stituent involving the new letter w is of degree 3k+1 and order 3(3k+1), 





* Bee AMERICAN J OUBNAL OF MATHEMATICS, Vol. XXXV (1913), p. 229, for references. 
{ Transactions of the American Mathematical Sooiety, Vol. VII (1906), p. 500. 
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k=1, 2, 3, 4, but a non-regular constituent of degree 7, 10, or 13 is clearly out 
of the question.* A tetraedral group may be written as a transitive group on 
twelve and on six letters. But if D is set up as a simple isomorphism between 
three tetraedral groups of the degrees 4, 6 and 6, respectively, its class is 12. 
There remains the simple isomorphism between two tetraedral groups of | 
the degrees 4 and 12. This is not a subgroup of a primitive group of degree 
less than 21, of the type we are discussing. There exists in Ga substitution s, 
similar to s, which directly unites the two transitive constituents of D, and 
has, if it is assumed that no substitution similar to s, having this property 
displaces fewer letters new to D, in no cycle more than one letter new to D.t 
Then the group H=}D, s} is transitive. Its degree does not exceed 21. 
_ Every substitution in it replaces a letter of the transitive constituent of 
degree 12 in D by the same or another letter of that constituent, so that any 
substitution of H that replaces a letter y,,...., new to D, by a letter y, cer- 
tainly fails to juxtapose letters of the two constituents of D. In particular, 
the subgroup of H that leaves one letter fixed is intransitive. Within this 
subgroup, which we may call H,, the subgroup (F) generated by all the sub- 
stitutions of order 3 and degree 15 is invariant. F is positive and all its 
constituents are positive. It is known that H is not of degree 17 or 19, nor is 
H an imprimitive group of degree 16, for then its order is of necessity 48, and 
this case has been examined. If H is of degree 18, and if the two letters y, y, 
do not constitute a system of imprimitivity, the subgroup F is of degree 17, 
and has two transitive constituents, which may be of the degrees indicated by 
the partitions 13, 4 and 12,5. The presence in G of a substitution of order 13 
is impossible. Since by hypothesis G contains no substitution of order 5 and 
degree 15, the partition 12, 5 is not admissible. But H can not have systems 
of imprimitivity of two letters each because it is generated by substitutions of ` 
degrée 15 and order 3. If His of degree 20, systems of imprimitivity of two 
or of ten letters each are impossible. The five letters left fixed by s, can not 
form a system because s, displaces one of them. Hence s, does not permute 
systems of five letters, and it is clear also that s, can not permute the letters 
of each such system among themselves. Hence H is an imprimitive group with 
five systems of four letters each, which are permuted according to the alter- 
nating group of degree 5. Now D, because of its constituent of degree 12, 
certainly permutes systems, in fact can not fix a system to which a letter y 
belongs unless the four letters y,, Y2, ys, Yı are one of the systems of imprimi- 





* Transactions of the American Mathematical Sootety, Vol. XVI (1915), p. 139. 
t Transactions of the American Mathematical Sootety, Vol. XII (1911), p. 375. 
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tivity of H. That is, there is only one system of imprimitivity in H.involving 
a given letter y,, so that H, if it is a subgroup of one of our primitive groups, 
is to be found in a doubly transitive group of degree 21. Now in Hj, the sub- 
group of H that leaves one letter (y,) fixed, the letters Yz, Ys, Yı can be per- 
muted only among themselves, so that any subgroup of H, that is similar to D 
displaces the same letters as D and has the same two sets of letters in its two 
constituents, If it is assumed distinct from D, the group it and D together 
generate must coincide with D since one constituent of D is already alternating. 
Then D is unique in H,, and the largest subgroup of H in which D is invariant 
has a transitive constituent of degree 4.* In the doubly.transitive group of 
degree 21, since D is one of only twenty-one conjugates, the largest subgroup 
in which D is invariant has a doubly transitive constituent of degree 5. But 
the group of isomorphisms of the tetraedra] group is the symmetric4 group, 
Then the required doubly transitive group of degree 21 does not exist. Let H 
be of degree 21. It can not have systems of imprimitivity of seven letters 
each since no one of. its three generators s,, S2, S can permute such systems. 
No letter of D can belong to the same system of three letters with letters y. 
Hence H is primitive. The intransitive subgroup H, fixing one of the five letters 
y, has no constituent of degree 2,t nor has-it a constituent of degree 3.țł 
In H, there is not a constituent: of degree 4 composed of letters y, for then 
D would be invariant in H, and H, would have a transitive constituent of 
degree 12. It is obvious that in any simply transitive primitive group, the 
degree of one transitive constituent of a subgroup leaving one letter fixed must 
exceed that of any transitive constituent of a subgroup leaving two or more 
_letters fixed. It is also true that the degree of the subgroup that leaves one 
letter of a simply transitive primitive group fixed is equal to the degree of any 
one of its subgroups that is-generated by a complete set of its similar substi- 
tutions. F, for example, is of degree 20. Then the possible degrees of the 
constituents of F are given by the partitions 15, 5 and 16, 4; 13, 7.and 14, 6 
being rejected immediately. If the partition is 15,5, the second constituent is 
icosaedral, and F is a-(3,1) or a simple isomorphism between its-constituents. 
If F has an invariant head of order 3, the latter cannot be transformed by 
substitutions of H into any other subgroup of F because every other subgroup 
of order 3 in F belongs to a set of at least ten subgroups conjugate under the 
‘substitutions of H,. This invariant head of order 3 can not be invariant in 





.* Bulletin of the American Mathematical Society, 2d series, Vol. XIII (1906), p. 20, Theorem I. 
} Miller, Proceedings of the London Mathematical Society, Vol. XXVIII (1897), p. 636. 
$ Bennett, AMERIOAN: JOURNAL oF MATHEMATIOS, Vol. XXXIV (1012), p. 7. 
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another subgroup leaving one letter fixed, and therefore is conjugate under 
substitutions of H to another subgroup of order 3 in H,. But a given sub- 
group of degree 15 and order 3 is invariant in a subgroup of H that has, in 
the six letters left fixed by that subgroup, transitive constituents of degree pro- 
portional to the number of subgroups in the different sets of conjugates of H, 
which in H are united as part of a single set.* If the isomorphism is simple, 
D is one of five conjugates and by the same theorem should admit an iso- 
morphism of order 5. Then there remains only the partition 16,4. Obviously 
F is a (16,1) isomorphism between its two constituents, the second of which 
is alternating. D is a subgroup leaving fixed one of the letters of the larger 
constituent, so that there are four such subgroups, all conjugate in H,. Then 
there is no primitive group of degree 21 as required. 

- Let the group D be of degree 17. It is not transitive, nor has it five 
transitive constituents. Because its degree exceeds its class by only two units, 
D is a simple isomorphism between its constituents. There is no constituent 
of degree 3. If there is one constituent of degree’4, D is tetraedral, and there 
must be one, and hence two, constituents of degree 6, which is absurd when D 
is of degree 17. There cannot be a constituent of degree 7. A constituent of 
degree 8 must be of such a nature that it can be represented as a transitive 
group on nine letters. This constituent of degree 9 can not be regular, it can 
not be of class 7, nor can it be of class 8, for then the two generators of order 3 
and degree 9 would be found in a regular self-conjugate subgroup of order 9. 
But its class certainly exceeds 6. The constituent of lowest degree in D can 
not be of degree greater than 8, so that finally D is not of degree 17. 

If D is assumed to be a transitive group of degree 18 it has six systems 
` of imprimitivity of three letters each. Since s, (or s) can not permute more 
than three of these systems, D is certainly not transitive. It has been shown 
above that if Sa has two letters new to s; adjacent in one of its cycles, D is of 
order 9 with one constituent a transitive group of order 9. It remains ‘to be 
seen what groups D, if any, are present in G in which the three new letters æ 
occur in three different: cycles of s,. If D has one constituent of degree 3 
(a cycle common to s, and s;), there is no other constituent of degree 3, and 
there corresponds to identity of this constituent a subgroup of order 3 and 
degree 15 in the other letters, so that D is Abelian of order 9, contrary to the 
assumption that s, distributes its new letters. Then D is a simple isomorphism 
between its various transitive constituents. If D has one constituent of 
degree 4, that is, the alternating group of degree 4, there must be a constituent 
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of higher degree, which can only be of degree 6, and then two more constituents 
of degree 4 each. Asa group D, this is entirely possible. If it be assumed 
that the lowest degree of any constituent is 6, there is just one other con- 
stituent, of degree 12 and generated by two substitutions of order 3 and 
degree 9, and whose order is in consequence 36 or a multiple of 36, and not 
divisible by 5 because the twelve letters fall into four systems of imprimitivity 
of three letters each. It follows that the constituent of degree 6 is imprimi- 
tive. Since it is generated by two substitutions of order 3 and degree 6 it 
can not have systems of imprimitivity of three letters each. But the imprimi- 
tive groups of degree 6 and order 36 or 72 have systems of three letters each.* 
No constituent can be of degree 7 (10), when D is of degree less than 21 (20), 
A constituent of degree 8 requires the presence in D of a constituent of 
degree 10. This closes the search for possible groups D of degree 18, and we 
now take up the detailed study of the two groups of the orders 9 and 12. 

The next step forward will consist in showing that no one of our groups 
G contains the Abelian group of order 9 and degree 18 as a subgroup. No 
confusion need arise if we agree to call this group “D.” There are then in D 
three transitive constituents of degree 3 and one of degree 9. There exists in 
G, among the substitutions similar to s,, a substitution sẹ which connects the 
largest set of D with some other of the sets of D, and which has at most one 
new letter y in any cycle. Suppose that H={D, ss} is transitive. If H is. of 
degree 18, it is imprimitive, and has no systems of two, six, or nine letters 
because of the nature of its generators s,, S2, 3. If H has systems of three 
letters, the letters x,, %2, % of s,, not in sı, form a system, and any other 
system involving x, includes also x, and %4. But H can not be a subgroup of 
‘a doubly transitive group of degree 19. Nor is H of degree 19, Let H be of 
degree 20. Itisimprimitive. Since the two new letters yı, y, do not by them- 
selves constitute a system of imprimitivity, we can take from H a substitution s 
that fixes.one of the letters y,, y, and displaces the other. The group {D, s} 
separates the letters of the constituents of degree 3 in D from those of the 
transitive constituent of degree 9. ` Its order is not divisible by either 5 or 7. 
Its degree may admit the two partitions, 9, 4, 3,3 and 9, 4, 6. A constituent 
of degree 6 is simply isomorphic to the constituent of degree 13. Then there 
are not two transitive constituents in {D, s} of degree 3 each. When the 
partition is 9, 4, 6, the constituent of degree 4 is alternating, and in (1, 3) 
isomorphism to the constituent of degree 15. The transitive constituents of 
degrees 9 and 6 are then each of order 36 and are in simple isomorphism. Now 
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in any group of degree 6 and order 36, the subgroup of order 9 is invariant, 
so that the tetraedral quotient group is absurd. Let H be of degree 21. IfH 
has seven systems of imprimitivity of three letters each, the group in the 
systems is alternating and involves a substitution of order 5, which in the 
letters of H is of degree 15. Then H is primitive. The following partitions 
of the degree of F seem possible: 9, 4, 4,3, 9, 8,3, 10,10. When H, has a 
constituent of degree 9, a transform of F, because it includes D; has a transi- ` 
tive constituent in the same letters. If F has two transitive constituents of . 
degree 10, the first is multiply but not quadruply transitive, and since it is 

positive, it is one of the groups of class 8, of order 360 or 720. The second 

constituent, also positive, is not primitive because its class is not greater than 6. 

But the second constituent can not have systems of two or of five letters. Let 

H be of degree 22. Itis primitive. The possible partitions of the degree of 

F are, after obvious exclusions, 9, 3,3,3,3, 9,4,4,4, 9,6,3,3, 9, 8,4, 

9, 6,6, 9,9, 3, 9,12, 10, 6,5, 12,3, 3,38, 12, 6,3, 12,9. In the first five 
cases H, has a transitive constituent of degree 9, and can not be maximal. In 
the’next case, H, has a transitive constituent of degree 3.* -Now consider F 
` when its transitive constituents are of the degrees 10, 6, 5. The constituents 
-of degree 10 and of degree 6 are multiply transitive. The constituent of 
degree 5 is alternating, and the constituent of degree 6, being a simple group, 
is in simple isomorphism to it. Then F is a simple isomorphism between three - 
icosaedral groups. But all the substitutions of order 3 in such an intransitive 
group are of degree 18. For it has been noted before-in this paper that the 
icosaedral group when written as a transitive group on ten letters is of class 8, 
and when on six letters is of class 4. It is now possible to state that 5 does 
not divide the order of F. Any transitive constituent of degree 12 is im-’ 
primitive. . In the last three partitions, the three letters y must form a system 
of imprimitivity, for otherwise a certain subgroup {D, s} of F would have a 
transitive constituent of degree 10 or 11. The partition 12, 3, 3,3 is impos- 
sible. Likewise 12,6, 3 is impossible because the constituents of degree 12 
and 6 must be simply isomorphic, while 108 does not divide the. order of any 
group of degree 6. If the constituent of degree 9 (when the partition is 12,9) . 
is primitive its class is 6, and in consequence its order is 216, a number not 
divisible by 108. Then the second constituent has systems of imprimitivity of 
three letters each. These systems are permuted by neither sı nor s,, nor by. 
any of their conjugates in F. Now F has at least one substitution similar to sı 
that adds the new system Yi, Y2, Ya to the first constituent, using three or more 
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cycles for. that purpose, and which consequently does not-unite.the other sets 
of D. Such a group was shown-to be impossible.in the discussion of the par- 
titions 12, 3, 3,3 and 12, 6, 3. Then the first constituent of F is of degree 9, 
and the second of degree 12, Now-the subgroup F” of H; that fixes a second 
letter y,:and which. also includes D, has a transitive constituent of degree 9. 
‘Since the partition 12, 9 has been shown to be impossible, this constituent. of 
degree 9 in F’ is on the letters of the largest transitive constituent of D. 
Then A, is not maximal. Let.H be of degree 23.* In this case H, is transitive 
and F has two transitive constituents of degree 11. The first being at least 
triply transitive is of order 7920 and class 8. But the class of the second 
constituent does not exceed 6. l 
The group H’={D, s;} is intransitive. It will be convenient to have 
before us the actual substitutions of the group D.. They are: 
1, . i 
S1832 = QbgCs . Agb3C . b10, . dydgdy . €1€2€s » LyX2Vs, 
SiS2= MCsbz > QgC1bs . @gCab1 . dydodg . C1€g€ . My Lp%, 
8, = hls . bibabs . 0,CgCy . didads . €&1€383, 
$s = mbsa `. Ab Cg . AgbeC, + G63 Eg. LyVehs , 
S3= Ciba . OgCgby . AgCgbg . dydgdy . 12,2, 
Si = Maga . DyDgbe . CC Cz « dydgda . Cg lz, 
Sa = b101 . Agbgly . AghgCy . Cydyd . 212s, 
$493 = Caba . AgCgby . AgC1ba . C1 €g Cg . 2 LgLy. 
This may be transformed into {s;, @b,¢, . gboy . dghgCg . didsda . 12,0, by means 
“Of bici. byl, . DeCs . oz. The group D is also ‘invariant under all the substitu- 
tions of the group ` l í 
| di6; . doeg . dges . b103 . baCa . Bsc, . ae, B,D, . dag . dgy . Agbe. DaCg . Calla Ces, dadodgt- 
Hence we are at liberty to write s,=—(ad,—)..... One of the substitutions 
of'degree 15 in sjDs, has.the property of connecting the set œ, ...., of D and 
another set. Hence for ss we may choose a substitution similar in its transi- 
tive constituents to one of the substitutions of D. Whenever the transitive 
constituent a,, a,,...., of H’ is of degree less than 18, every substitution of 
` H’ replaces some one of the nine letters a,,a,,....,0f D by one of those 
letters, so that it is evident that a substitution of H’ which replaces a y by a y 
(new letters to D) does not have a letter of the set a,, @,...., Of D in any 
cycle with one of the remaining letters d,,...., of D. Partitions of the degree 
of H’ not entailing substitutions of order 5 and degree 15, of order 7 and 
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degree 14, and so forth, eerie. $9 12,6, 12, 4,3, 16,3, 12,4,4, 12, 8, 
16,4, 14,7, 15, 6, 18, 3, 16, 3, 3, 14, 8, 15, 7, 16, 6, 18,4, 16, 4, 3, 15, 8, 
16,7, 20, 3... Consider the last case: 20, 3. The constituent of degree 20 is 
not primitive, nor has it systems of imprimitivity of degree 2 or 10. Only s 
permutes systems to which the letters y belong. “Then there are not systems of 
four letters each. If s, does not already fix 2, 2, %3, transform D and s, by 
the substitution €,, . esi . €,%_ . Did, . 040g . Qai . deda under which D is invariant. 
Then s; fixes #7, £a, %. Then s, doesnot permute systems, nor consequently, 
does s, if we look at d,d.d,, but it does if we look at a,b,¢,.. The partition 
20, 3 is impossible. If the partition is 18, 4 or 18, 3 the larger constituent is 
imprimitive and can only have systems of three letters, which in turn are per- 
muted according to a primitive group of class 3. Here we encounter substitu- 
tions of order 5 and degree 15. A transitive constituent of degree 16 in H’ 
involves one or four new letters y. Its order is atleast 144. Since G can not 
contain a subgroup of degree 16 of order greater than 16, the partitions 16, 3 
and 16, 4 are impossible. Let the partition be 16,3,3. H’ is a (16,1) - 
isomorphism between a transitive group of order 144 and a direct product of 
- order 9. The first constituent is not primitive. It has no systems of two or 
eight letters, hence its four systems of imprimitivity are permuted according to 
the alternating. group of degree 4. The intransitive head of order 12 is also of | 
order 12 in each transitive constituent, hence is a simple isomorphism between 
four tetraedral constituents. Now the transitive constituents of degree 3 are 
in-the letters e,e,¢,,. and 2,%,7,. The substitution sês, is in the intransitive head 
of the constituent of degree 16. It is of degree 9 in those letters whereas it 
should be of degree 12. Let H’ have constituents on sixteen and on six letters. 
Since the only group of degree 6 whose order is divisible by 144 is the sym- 
metric group, H’ is not a simple isomorphism. The constituent of degree 6 is 
alternating because it is generated by three cycles of degree 3. The constituent 
of degree 16 is primitive and therefore is of order 5760. There- are two such 
groups, but they are both of class 12 while our constituent in H’, because of 
sis,, is of class less than 12. 1f the partition is 16, 4,3, and if we are not to 
have a subgroup of degree 16 with the factor 3 in its order, the intransitive 
constituent of degree 7 is a direct product of order 36. The large cdnstituent 
is of order 144, 288, or 576, as the isomorphism is (4,1), (8,1) or (16, 1). 
This alone shows that the first constituent is imprimitive when of order 144 or 
288. Suppose it is primitive of order 576. Its class should be 12, but s’s, is 
of degree 9 in the letters of this constituent. This first constituent because of 
sis, can not have systems of imprimitivity of two letters each. Systems of four 
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letters each are left unchanged by sis, of degree 9 in the leading constituent, 
and these four systems are permuted according to the tetraedral group. The 
intransitive head consisting of all the substitutions of the constituent in ques- 
tion that do not permute systems is then of order 12, 24, or 48. A transitive 
constituent of this head is of degree 4, and is alternating or symmetric. If the 
order of the head is 12 or 24 it is a simple isomorphism, and all its substitu- 
tions of order 3 are of degree 12, a condition violated by sês}. . If the order is 
48 the symmetric group is not involved. There are only two ways by which 
we can get the order 48 from four alternating groups of degree 4. In one way 
an intransitive constituent of degree 12 is formed as a simple isomorphism, 
and that is put in a (4,4) isomorphism to a fourth alternating constituent. 
Another way is to put in (4,4) isomorphism two similar intransitive tetraedral 
groups on eight letters. But in any event the substitutions of- order 3 in the 
head are of degree 12. The constituent of degree 7 ison the letters €,€,€5%,%,%sY5, 
and is an alternating group. The alternating group of degree 7 can not be 
written as a transitive group of degree 16. Then it should be a (16,1) 
isomorphism between a primitive group of degree 16 and order 40320 and the 
alternating group of order 2520. But the former group is of class 12 and - 
does not contain its part of s?s,. Let H’ have a transitive constituent of fifteen 
letters. Its order is divisible by 135. No non-alternating primitive group of 
degrée 15 has the factor 27 in its order. Then a constituent of degree 15 has 
five systems of imprimitivity of three letters each, permuted according to an . 
icosaedral group. The smaller transitive constituent, containing a substitution 
of order 5, is an alternating group or the icosaedral group written on six 
letters. None of the orders of these groups are divisible by 27, and the last 
not even by 9. A (3,1) isomorphism between the imprimitive group of degree 
15 with its icosaedral quotient group and one of these three alternating groups 
is impossible. .Let H’ have a leading constituent of degree 14. It is a simple 
isomorphism. The constituent of degree 14 is not primitive. It must have 
seven systems of two letters each. But sis, can not respect such systems if 
8,=a,d,—..... The partition 12, 3,3 demands an absurdity, a simple iso- 
morphism between an intransitive constituent of degree 6 and order 9, and a 
transitive constituent of degree 12. Let 12, 6 be the next partition for study. 
The second constituent is imprimitive because 5 can not divide the order of H’ 
in this case. But the group generated by (€,¢:¢3), (1823) and (@2,—)...., 
the last of degree 3 or 6 in these letters, is necessarily alternating. Let the 
‘partition of the degree of H’ be 12, 4,3. The constituent of degree 7 can not 
be of order 12, for then the leading constituent is the regular tetraedral group 
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and all the substitutions of order 3 in H’ are of degree 18. . Let-the intransi- 

tive constituent be of order 36, a direct product. - It has an invariant subgroup 

of order 12 and degree 16 which is a simple isomorphism. This subgroup has. 
been fully considered. Let the partition be 12, 4, 4. The group H’ is not a 

simple isomorphism, nor does it involve the. direct product of two tetraedral: 
groups. The intransitive constituent of degree 8 is therefore of order 48, and 

this is the order of H’, a number not divisible by 9. The remaining partition 

is 12,8. The order of the second constituent of this. simple isomorphism is 72° 
‘or a-multiple of 72. Since it is of class 3, it-is not primitive: {e,e,¢,, 2101s} 

does not respect systems of two letters, and s; can not permute systems of four 

letters. . ; 

Let D be the group of degree 18 and order 12 for present consideration. 
There exists a substitution S$, similar to s, that replaces a letter of. the transi- 
tive constituent of degree 6 by a letter of another constituent and that has no - 

` two new letters, new to D, in one cycle. Let H be transitive if- possible. If H. 
is of degree.léess than 21, it is imprimitive. If H is of degree 18, there is:no- 
ee ‘system of imprunitivity of degree: 9, 6, or 2. In case there are systems of 
"three letters, the four letters of a constituent of degree 4 in D- belong to 
different systems, while the constituent of degree 6 has systems of two but not 
of three letters, so that D.can not permute systems of three letters when H is 
è. - of degree:]8. Nor.could it do so if H were an imprimitive group of degree 21. 
a Tt is -imprimiitive of degree 20, no systems are of two or ten letters. Sys- 
tems-of five letters are also readily seen to be impossible. For if s, permutes 
systems, Y1, Y2 : £, Za, £3, constitute a system, not respected by s. Similarly 
$2. can: not permute systems. Finally H can not have systems of four letters 
“each, for the reason that no letter of D can belong to a system of four letters 
with y,. IH is imprimitive of degree 21, it was noticed above that there can 
not be. systems of three letters, and systems of seven letters are obviously 
impossible. If H is primitive of degree 21, we can find a substitution S, 
similar to s,, in H which fixes one of the letters-y,, Y2, Ys, and displaces at 
least one of them, This substitution s can not, by hypothesis, connect the con- 
stituent of degree 6 of D with another constituent of D. ‘The order of {D, s} 
is not divisible by 5 (the degrees of the transitive constituents of -{D,s{ are ` 
not all divisible by 5), 7, or 13. Then if-{D, s} is of degree 19, the transitive 
constituents in it are of the degrees indicated by the partition 6, 9, 4, which is 
-an impossibility because the constituent of degree 4 is of order 12, and the 
intransitive constituent of degree 15 can-not be in multiple isomorphism to it. 
If {D,s{-is of degree 20, s adds two letters to the constituent of degree 6 of D, 
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The degrees of the o can not be given by 8, 4, 4, 4, because the order 


of the intransitive constituents of degree 8 is 12, 48, or 144, while that of the 
other intransitive constituent in simple isomorphism to it is a multiple of 32. 
If the partition is 8, 8, 4, |D, s} is not a simple isomorphism between its three 
constituents, since one is KA p of degree 4, but the two constituents of 
degree 8 are in simple isomorphism to each other. The constituent of degree 8 
that involves two new letters permutes these two new letters as a system of 


imprimitivity, one of four, which go according to the alternating group of- 


degree 4, because the constituent in’ D admits no other systems than those 
of two letters, and permutes them in a cycle of order 3. The head involves 


- substitutions of degree 4 (as in D), and hence the class of G is lowered. If ` 


the degrees of the transitive constituents of {D, s} are 8,12, the above remarks 
still apply to. the first constituent, though the class_of G is ‘not necessarily 
lowered by the presence of substitutions of degree 4 in the head of the con- 


stituent of degree 8. The other constituent, in simple isomorphism to the one — 


c of degree 8, has the factor 9 in its order because of the substitutions of order 3 
and degree: 9 init. This; the smaller constituent, whose order is twelve times ` 


a power of 2, does not permit. If H, transitive, is of degree 22, it is primitive, Fa 


and we may again study the group {D, s}, confining ourselves to the degree. 215° 
since the preceding remarks in regard to the degrees 19 and 20. apply totthis 
new ÍD, s| without change. To be certain that s may be found without” ine 
of the new letters y in one cycle, recall that H, being primitive, has i in: ait a sub-. 


stitution ¢ which replaces ay by ay, and replaces a letter of D by’a y. - ` Then l 


t—~Dt has no constituent of degree less than 4, fixes one (and only one): Y, ‘and 
gives us the substitution s similar to s, with the three letters y in three eycles. 
The subgroup F, invariant in B, keeps the letters of the constituent of degree: 6° 
of D and the other letters of D in separate constituents. F is of degree 21. 
If F has a constituent of degree 9, made by adding three letters y to the con- 
stituent of degree 6 in D, that-constituent is primitive, and s may be chosen so 
that the degree of {D, s} is 19 or 20. The possible. partitions of the degree 
of F, which do not obviously lead to substitutions of order 11, of order 7, of 
order 5 and degree 15, are 6,5, 5,5, 6, 10,5, 6,9,6, 6,15, 8,9,4. We note 
that in F, and hence also in the other three subgroups that are conjugate to. F 
and leave one of the four new letters y fixed, a transitive constituent that con- 
- tains the six letters of the largest transitive constituent of D is of degree 6 


or 8, thus compelling the presence of a transitive constituent of degree 6 on | 


the same letters in two subgroups, F and one of its transforms. This is im- 
' possible when H, has a transitive constituent in these six: letters, as must be 
388 


4 


294 Mannina: The Primitive Groups of Class 15. 


the case if. the partitions are 6,5, 5,5, 6,10,5, or 6,15. If the partition is 
6, 9, 6, the third constituent is alternating, and @ contains a substitution of 
` degree 15 and order 5. If one constituent of F is of degree 4, its order is 12, 
and the group is not a simple isomorphism between its three transitive con- 
stituents, but the constituents of degree 8 and degree 9 are simply isomorphic. 
The former is imprimitive and its order is not divisible by 9. We conclude 
that H is not a transitive group of degree 22. If H is of degree 23 it is doubly 
transitive. The subgroup F' of H, must have its transitive constituents of 
equal degree, but the degree of one of them can range only from 6 to 10. 
Hence H is not of degree 23. l 

The group H’={D, sẹ} is intransitive. Since s, replaces one of the six 
letters of. the largest transitive constituent of D by a letter of.that constituent, 


the constituent of degree 6 in sjDs, or s,Ds; has letters of the constituent of | 


degree 6 and of one of the constituents of degree 4 of D in a cycle of one of 
its generators of order 3. Then it may be assumed that H’ has the three genera- 
tors of any one of its constituents similar substitutions. The possible parti- 
tions of the degree of H’ are 10,5,5, 10,10, 12,4, 4, 12,8, 15,5, 12,9, 16, 4, 
, 16,5, 12,5,5, 12,10, 18,4, 18,5. <A transitive constituent of degree 12 is not 
= doubly transitive because there is not another constituent of so high a degree 
as li, Then it is an imprimitive group generated by three similar substitu- 
tions of order 3 and degree 9, whence it follows that it does not admit systems 
of two, four or six letters. Its systems of three letters go according to the 
tetraedral group. Then the order of this constituent is divisible by 144, but 
not by 5, a remark which disposes of the partitions 12,5,5 and 12,10, and 
which requires that the intransitive constituent on eight letters in the case 


12,4, 4 be a direct product. But the direct product of two alternating groups ` 


of degree 4 can not be written as a transitive group of degree 12. When the 
partition is 12, 8, the second constituent, generated by. two substitutions of 
degree 6 and order 3, has four systems of imprimitivity of two letters each so 
' that its order is not divisible by 9. But in this case the two constituents are 
in simple isomorphism. A constituent of degree 9 generated by similar sub- 
stitutions of degree 6 and order 3 is primitive, and being positive and not 
triply transitive (to avoid a substitution of order 7), is the group of order 216, 
‘Again the two constituents are in simple isomorphism. An absurdity has been 
reached: 144 does not divide 216. Consider the partitions 18,4 and 18, 5. 
The larger constituent is not primitive, and since it is generated by four cycles 
of.s,, S2, and sz, it has nine systems of imprimitivity permuted according to a 
primitive group. The substitutions of order 2 in D are of degree 4 in these 
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systems, for they do not interchange systems of two letters in the constituent. 
of D of degree 6, and in the constituents of D of degree 4 no two letters of the 
same constituent can belong to the same system of imprimitivity. Now the group 
in the nine systems is not alternating, and there is no primitive group of class 4 
of degree greater than 8. If the partition is 15, 5, the larger constituent, with 
the generators s,, S2, Ss, can not be imprimitive. -If it is primitive it is simply 
transitive (to avoid a substitution of order 7) and of class greater than 9. 
There is but one group satisfying these conditions, and it is of order 360, 
simply isomorphic to the alternating group of degree 6,a simple group. In 
the case of a transitive constituent of degree 16, systems of imprimitivity of 
two letters are possible so far as D is concerned. But the two new letters in 
Ss can not form part of a larger system of four or eight letters. The systems 
of two letters are therefore permuted according to a primitive group of 
degree 8, and again we encounter a substitution of order 7. Let H’ have two 
transitive constituents of degree 10. The second constituent of degree 10 is 
generated by three substitutions of order 3 and degree 6. If the two new 
letters of są do not form a system of imprimitivity, H’ has a subgroup {D, s} 
(s is similar to s, and is determined in the usual way) of degree 19. Among . 
the small number of partitions of which the subgroup |D, s} admits only one i 
claims attention: 6,9,4. Here the intransitive constituent of {D, s} of degree 
15 must be in (8, 1) isomorphism to the alternating constituent of degree 4. 
But the constituent of degree 6 can not have an invariant subgroup of order 3, 
because of the substitutions of D in those six letters. Then the second con- 
stituent of H’ has five systems of imprimitivity and its order is sixty times a 
power of 2. The other constituent is a positive primitive group (see its 
generators s,,....) of order 360 or 720, multiples of 9. The primitive group 
of degree 10 and order 60 was passed over because it is not simply isomorphic 
to an imprimitive group of degree 10. But one partition is left: 10,5,5. In 
this case the intransitive constituent of degree 10 ean only be a simple iso- 
morphism between two icosaedral grotips, becduse the direct product of two - 
icosaedral groups can not be represented as a transitive group on ten letters. 
Hence the transitive constituent of degree 10 is also of order 60, a simple 
isomorphism between three icosaedral groups of the degrees 10, 5, and 5. 
Because H’ contains a substitution of order 5 and degree 20, the highest 
degree of any primitive group of which it is a subgroup is 25. Let now the 
substitution s, be chosen subject to the same conditions as was s. Let it be 


further assumed that H={H’, s,| is transitive. H is not a primitive group of 


degree 20. Since the transitive constituent of degree 10 in H’ is primitive, 
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systems of imprimitivity. can only be of two or ten letters each. But such 
l systems can not be permuted by any of the generating substitutions sı, Se, S8, S4. 
Let H be of degree 21. These generators show that it is not imprimitive.. The 
subgroup F, generated by all the substitutions s,,...., in H,, the subgroup of 
H that leaves one letter fixed, is by hypothesis intransitive. Now F can not 
have a constituent of degree 15 unless it includes a substitution similar to 3, 
that connects the transitive constituent of degree 10 of H’ with another con- 
stituent of H’ and displaces fewer new letters than s,. Suppose that F has 
two constituents, both of degree 10. The icosaedral group of degree 10 (of 
class 8) is not contained in a larger group of the same degree and class,* nor 
in a positive group of degree 10 and class 6. Then F coincides with H’. The 
largest primitive group of degree 10 in which this icosaedral group on ten 
letters is invariant is of order 120, isomorphic to the symmetric group on five 
letters. Then the order of H is 1260 or 2520. But consider for a moment the © 
possible order of the largest subgroup of H in which a subgroup of order 7 
(and degree 21) is invariant. This subgroup can contain no substitution of 
order 3 or 2 capable of transforming a substitution of order 7 into a power 
without permutation of cycles, for all the subgroups of order 3 in H; are of 
degree 15, not 18, and subgroups of order 2 are of degree 16. This is evident 
when H, is of order 60, but perhaps requires explanation if the order of H, 
is 120. In the latter case one constituent of. H, is, as we have seen, the 
primitive group of order 120 of class 6; it has fifteen substitutions of order 2 
and degree 8, and ten substitutions of order 2 and degree 6, the latter corre- 
sponding to the ten transpositions of five letters. The other constituent of H, 
-is then not intransitive (the class must be maintained) but is the imprimitive 
representation of the symmetric-5 on ten letters. This imprimitive constituent 
` has two systems of five letters each, and also five systems of two letters each. 
The subgroup that leaves one letter fixed, leaves two fixed, and is the alter- 
` nating. group in the four systems. Then the imprimitive constituent has fifteen 
substitutions of order 2 and degree 8, and ten substitutions of order 2 and 
degree 10. In H,, therefore, all the substitutions of order 2 are of degree 16. 
No substitution of H can transpose two cycles of a substitution of order 7 and 
leave one cycle unchanged, the class of H being 15. Hence the order of the 
largest subgroup of H in which a substitution of order 7 is invariant is 7 or 21. 
Of the four quotients 1260/7, 2520/7, 1260/21, 2520/21, only 120 is congruent 
to unity, modulo 7. -Then H, is of order 120, and there are in H 120-conjugate 
subgroups of order 7, each of which is invariant in a group of order 21. nd 
there are one hundred and twenty-six conjugate subgroups of order 5. An 
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invariant subgroup (K) of His transitive, hence 7 is a divisor of its order, 
which can only be 840. But it is now clear that K must have in it the one 
hundred and twenty-six subgroups of order 5, giving to K more than eight 
hundred and forty operators. Then H is a simple group.: It is well known 
that there is only one simple group of order 2520, the alternating group of 
degree 7. It has a transitive representation of class 15 on twenty-one letters, 
most readily set up as the group of the permutations of the twenty-one binary 
products ab, ac,...., of seven letters. It is not contained in a larger primitive 
. group of the same degree and of class 15. Since all its substitutions of 
degree 15 are conjugate it is not maximal in a transitive group of degree 22.” 
Let H be of degree 22. Its generators show that it is primitive. The sub- 
group F is of degree 21, and has the same primitive constituent, the alter- 
nating-5 group on ten letters, as H’. Since F is a simple isomorphism this is 
impossible, Let H be of degree 23. . It is doubly transitive, and F, invariant 
in the transitive subgroup H, has two transitive constituents of degree 11 
which are interchanged by half the substitutions of H,. The first constituent, 
in which the primitive group of degree 10 and order 60 is maximal, is quite 
possible, but we get into difficulties with the second constituent, simply iso- 
morphic to it, which is of class 6 or less because of the subgroup D. Next, let 
H be of degree 24. Because of the primitive constituent of degree 10 in H’, 
and the generators s,,...., of H, H is not imprimitive. The only divisions of 
the letters of F into transitive sets that do not introduce substitutions of 
order 5 and degree less than 20, of order 7 and degree less than 21, of order 11 
and degree less than 22, and cycles of thirteen letters are 11,12, 12,11, 12,6, 5. 
The 12,11 partition is impossible because of the substitutions of degree 6 in 
the second constituent. The non-alternating group of degree 11 when repre- 
_ sented on twelve letters is multiply transitive and can not have substitutions 
of degree 6 in it, as the partition 11,12 requires. In the case of the partition 
12, 6,5 the first constituent being primitive involves a substitution of order 11. 
Then H is not of degree 24. Finally the primitive group G that includes H is 
of degree 25. The order of G is not divisible by 7 or 11. Then all tentative 
partitions of the degree of F are seen at a glance to be impossible. 

The group H”={H’, s,} may be intransitive. If s, is not similar to s, in 
the letters of each -of the constituents of H” (as s was similar to s,) another 
substitution from s?H’s, will serve for s, and will be similar to s, in the two 
sets of letters. For all subgroups of order 3 are conjugate.in H’, and a fortiori 
similar in the various sets of letters. Now the degree of the constituent of H” 
that involves the primitive group of degree 10 and order 60 is at least 15, and 
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` at most 19. It is therefore primitive and of class 12. Since the second con- 
- stituent is alternating of degree 5 or 6, we have to seek those positive primi- 
tive groups of class 12 and of degree 15 and 16 that can be isomorphic to one 
of these two alternating groups. If the isomorphism is simple, the larger con- 
stituent is the simply transitive primitive group of degree 15 and order 360. 
If the isomorphism is not simple it is a (16, 1) isomorphism between a primi- 
tive group of degree 16 and order 960 or 5760, and one of the given alternating 
groups. If the constituent of degree 16 is multiply transitive, every substitu- 
tion of its subgroup that leaves one letter fixed replaces a letter of the 
transitive constituent of degree 10 of H’ by a letter of that constituent, and 
one substitution at least replaces a letter of that constituent by a letter of a 
second constituent of H’, The transform of H’ by this substitution contains a 
substitution similar to sı that has the properties of s, with fewer new letters. 
` Then the constituent of degree 16 can only be the simply transitive group of 
degree 16 and order 960 (it is G, in Miller’s list of the primitive groups of 
degree 16*). Then H” is of degree 21 only. All the subgroups of degree 15 
in H” are conjugate. Now a substitution ss is chosen (after the manner of the 
choosing of s,) which with H” generates a transitive group H. Because of the 
fact that the degree of this group can not exceed 25, and because of the pres- 
ence of the primitive constituent of degree greater than 14 in H”, H is primi- 
tive. If its degree is 21, it may be handled by means of the arguments used 
when s1, S2, 8g, $, was assumed to be a primitive group of degree 21, H’ being ~ 
in F and thus determining the simple group of order 2520, if any. If H is of 
degree 22, F coincides with H”. In H”, that is, in H,, all the subgroups of 
degree 15 form just one set of conjugates, while one of them leaves fixed seven 
letters which therefore form a transitive set in the largest subgroup of H in. 
which that subgroup is invariant, which latter group, however, can contain no 
substitution of order 7. Let H be of degree 23, a doubly transitive group. . 
Then F should have two transitive constituents of degree 11. Let H be of 
degree 24. F has two distinct sets of letters. A constituent of degree 15, 
isomorphic to the alternating group of degree 8, is doubly transitive and a 
constituent of degree 16, isomorphic to the alternating group of degree 7, is 
triply transitive. To show the non-existence of the simply transitive primitive 
group H, we may call attention to the following general theorem, proof of 
which is appended: i l 


If the degree of a transitive constituent of the subgroup leaving one letter 
fixed in a simply transitive primitive group exceeds by two (or more) units the 
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degree of any other transitive constituent of that subgroup, then the constituent 
of highest degree is a simply transitive group.* 

- It may be proved in few words. Let G, fix the letter x of the simply 
transitive primitive group G of order g and degree n, and let y, ag, ..-.; Gm 
be the letters of the transitive constituent of highest degree in G,, supposed, 
if possible, to be multiply transitive. 

The order of the subgroup of G, that fixes a, and a, is g/nm(m—1), while 
the order of any subgroup of G, that fixes two letters, one or both of which do 
not belong to the set a, ag,...., @, 18 greater than g/nm(m—1). Now con- 
sider the subgroup G’ of G that fixes a,. Since the order of the subgroup of 
G that fixes a,, z, and a;, 1=2,3,...., m, is exactly g/nm(m—1), x and a, 
must be in transitive constituents of the subgroup that fixes a, of degree 
greater than .m—2; but there is in the subgroup that fixes a, only one such 
` constituent. Then either G, is not a maximal subgroup of G or the transitive 
constituent of highest degree in G, is but simply transitive. The theorem is 
proved. l 

Let H displace twenty-five letters. Its order is not divisible by 7. Since 
the larger constituent of F (and therefore of H,) is simply transitive, the other 
constituent is an alternating group and necessarily introduces the factor 7 into 
the order of H. . 

From now on we shall be concerned only with primitive groups G of 
class 15 in which no two substitutions of degree 15.have so many as twelve 
letters in common. 

The group D of degree 19 is not transitive. It has no transitive con- 
stituent of degree 7,11, or 15. Then it has one constituent of degree 3, repre- 
sented by a cycle common to sı and s,. If D has a constituent of degree 4, it 
is tetraedral, and D is a simple isomorphism between two intransitive con- 
stituents of degree 12 and degree 7. It is of order 12 and has five transitive 
- constituents. If D has a transitive constituent of degree 8, a second transitive 
constituent of degree 8 is in simple isomorphism to the first. Two substitu- 
tions of degree 6 and order 3 that generate an imprimitive group of degree 8, 
such as we evidently have here, limit the group to systems of imprimitivity of 
two letters. It can not have systems of four letters. The group in the 
systems is tetraedral. The head is not the identity and is not of higher 
order than 2. There is one and only one group satisfying these conditions, 
{135 . 246, 147 . 238} with the head (12.34.56. 78).t 
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+ Miller, AMERICAN JOURNAL OF MATHEMATIOS, Vol, XXI (1899), see pp. 323 and 332. 


300 Mannine: The Primitive Groups of Class 15. 


Let us study this group D of order 24. It has no subgroup of order 12. 
There is of course in G a substitution s; similar to s, that unites two constitu- 
ents of D and has at most one new letter to a cycle. One of the transforms 
by ss of the eight substitutions of order 3 in D certainly unites two transitive © 
constituents of D and may be used for s. We are thus assured of the 
advantage of having s similar to s, and s; in the constituents of iD, Sa} when- 
ever it is not transitive. 

Let H={D, s} be transitive. It is not of degree 19. If s, displaces just 
one letter new to D, it displaces three or four of the letters of D that are fixed 
by sı. H is imprimitive and no systems are possible except of four letters, 
and one such system consists of the four letters of s, that are new to s. 
Three of these letters do not form a cycle of ss, for then the existence of a 
substitution similar to s, with not more than two letters new to s, could be 
deduced. ‘Since s, bears this same relation to any one of the four sub- 
groups of order 3 in D, it would need to be of degree'16 at least. Let H 
be of degree 21. It is primitive. In F the letters are partitioned thus: 
9, 8,3, 8,8,4. The first places an impossible constituent of degree 3 in H,, 
and in the second case H, is not maximal because D is in two subgroups F and 
F’, and thus determines the letters of one or two constituents of H, and Hj. 
If H is of degree 22 it is primitive. The partitions of the degree of F are 
9, 9, 3 and 9, 8, 4.- Here there is no constituent of degree 3 in H,. The con- 
stitnent of degree 8 is of order 24 and should be simply isomorphic to the one 
of degree 9. H is not of degree 23. - Let H be of degree 24. Systems of im- 
primitivity of two, six, eight, or twelve letters are obviously impossible. No 
system containing y, can contain any letter of D other than the letters of the 
constituent of degree 3 in D. Hence H has no systems of three letters each, 
and of systems of four letters each, two systems are 4,€,6,€, and YYYY, 
which is absurd because s, does not permute these two systems. Then H is 
primitive. If F has a constituent of degree 3 or 4 in the letters y, new to D, 
the partitions of its degree are 8, 8, 4,3 and 9,8,3,3. The first is impoggible,. 
as then H, would have a constituent of degree 3. As above, the constituent of 
degree 9 should be simply isomorphic to the constituent of degree 8 of order 24. 
The same remarks apply to the partitions 10, 10,3, 12, 8,3, 9,8,6 and 10, 8, 5. 
There is one other partition, 8, 8, 7, but H, is not maximal when the partition 
is 8,8, 7. l 
Then H’'={D, sa} is not transitive. The possible partitions are 16, 3, 
16, 4, 12, 8, 18, 3; 12, 9, 18, 4, 14,8, 12,10, 20,3, 14,9, 20,4, 14,10. Here 
we have borne in mind that s, is similar to s, in each of the two constituents. 
A constituent of degree 14 is not primitive, but since it is generated by three 
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substitutions of order 3 and degree 9 it can have no systems of imprimitivity. 
‘Likewise a constituent of degree 12 is imprimitive, but does not respect systems 
of imprimitivity of three letters each (y, can not be in such a system), while ` 
- it too has three generators of order 3 and degree 9. In the remaining parti- 
tions the larger constituent is generated by three substitutions of degree 12 
and order 3. Assume that a constituent of degree 18 or 20 has systems of 
imprimitivity of two letters each. Hach transposition of the substitution (t) 
_of order 2 of D is a system. Transform t into t’, a substitution that involves 
one or two transpositions new to ê. The product é#’ is not identity and is of 
degree 8 at most. Then the partitions 18, 3 and 18, 4 are impossible, and a 
transitive constituent of degree 20: has five systems of imprimitivity permuted 
according to a primitive group. A system-of imprimitivity not composed of 
the four letters new to D is built from a system of two letters from one, and a 
system of two letters from another constituent of D. Then the group in the 
systems is alternating. Now s, leaves fixed the eight letters of two systems 
of the constituent of degree 20, so that t, the transform by s; of the substitu- 
tion t of order 2 of D has four transpositions in common with t. Hence the 
product tt’, not identity, is of degree 12 at most. If the leading constituent is 
of degree 16, ¢ is invariant in H’. This is clear when we consider that the 
constituent in question, of order three times a power of 2, is not primitive and 
must accept the systems of two letters of the two constituents of D, even when 
it has systems of four letters each. If H’ is of order 48 it has no substitution 
of order 3 not in D. There remains then only one partition: 16,4. The eight 
systems of two letters each are not permuted according to a primitive group. 
Then systems of four letters are permuted according to the tetraedral group. 
The four letters of D that are fixed by s, form a system of imprimitivity. 
Similarly each subgroup of order 3 of D fixes the four letters of a system of 
the constituent of degree 16. Then s, must displace at least three letters of 
D new to s, three letters of D not in s,, and so on, that is to say, s, displaces 
letters of four distinct systems of four letters each in four cycles, which, as a 
mat A of-fact, permute only three systems. 
“It can be shown that if D'= fsı, 8’| (where s’ is. a substitution of degree 
15 that displaces four letters new to sı) has fewer than five transitive con- 
stituents, it contains (or is) the subgroup of the type D just discussed, gener- 
ated by two substitutions s, and 8, similar in each transitive constituent. If 
D’ does not include the latter subgroup, it does, however, contain the subgroup 
D of order 12 that has five constituents. Among the substitutions of D’ that 
are of degree 15 and apart from those which unite no two cycles of s,, let t be 
i 39 a E arr) 
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a substitution that unites a minimum number of cycles of s,. Both #s,t and 
‘ts,t? are similar to s, in the several transitive constituents of {sr, t}, and 
{s,, sit} or {s,, tst} has the same constituents as fsı, t} unless each has 
just five constituents, in which case ¢ displaces the six letters of two cycles of s,. 
But then s?ts, is not ¢ or ¢?, and displaces at most three letters new to t. 

Hence G contains no subgroup D of degree 19 with fewer than five con- 
stituents. 


Let D be the group of order 12 and degree 19. One transitive constituent ` 
is of order 3 on the letters aaas, and each of the others is an alternating group - 


of degree 4. We may write s,==(b,b,b,)...., 80 that s,s,—= (biba) (Debs)... «5 8 
substitution of degree 16. Now if s= (e,cge,)...., S182= (G0.¢,).... There- 


f 
PESI Sg=GyGgy . Dybedy . C103C4 . dadada . E1264. 


There exists in G a substitution s,, similar to s,, which replaces a letter of the 
set a by a letter of the set b, and by means of appropnategi transformations we 
may write uniquely s= (4,b:—).. .. Write 


t= 828,81 = Mygla - bib, . Calg, . dodgy . E3364 . 


Our substitution s, introduces a minimum number of new letters to D. Assume ` 


that s, displaces the three letters a,, ag, ag, and in three different cycles. 
Then #?s.t = (a0) ...., displaces at most four letters new te s,, and yet con- 
nects two cycles of s;. Then s, certainly replaces an a by an a. The trans- 
form of any one of the eight substitutions of order 3 in D replaces an a by by, 
and can not displace fewer letters new.to D than s, itself. Hence new letters 
y in s can follow only a, or as. This permits sẹ at most one new letter y. Of 
course, since sg unites the cycles a,a,a, and b,b,b, of s,, it must displace one 
new letter y. But now, on running over the substitutions of order 3 in D, it 
is evident that s, must displace yb,c,d,¢,b,0,d,€qbgCgd 33, and two of the letters 
cde, in addition to a; and b,, which is absurd. Hence this strong condition, 
as holding good in all that follows: 

No two substitutions of degree 15 in G have - more than ten letters in 
common. 

Let D={s,, s} be of degree 20. First assume it transitive. The five 
new letters in s, constitute one of four systems of imprimitivity permuted 
according to a tetraedral group. D has no systems of two, four, or ten letters. 
A system containing one new letter x, must contain just one other new letter 
£, or else all the five letters 2,%,%,7,0;. Hence there is one and only one 
system of imprimitivity to which a given letter v, may belong. Then -D is to 
be looked for as a subgroup of a doubly transitive group @ of degree 21. AlN 
the substitutions of degree 15 in D permute three of the four systems, and 
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leave fixed each of the letters of one RN The Joniy T a group G 
contains a substitution s of degree 15 involving a letter y new to D. But § 
must displace, besides y, four letters from each of the four systems of ` 
imprimitivity of D. This is absurd. 

Then D of degree 20 is intransitive. Constituents of degree 4 are 
alternating groups and transitive groups of higher degree are imprimitive 
groups generated by two similar substitutions of order 3 and whose systems 
are permuted according to an alternating group. A constituent of degree 8 is 
the group {135.246, 147.238} of order 24. The order of a transitive 
constituent of degree 12 is divisible by 9. Hence the partitions 8, 4, 4, 4, 
12, 4, 4 and 12, 8 are out of the question. There are three other possible par- 
titions of the degree of D: 4, 4,4, 4,4, 8,8,4, 16,4. A transitive constituent of ` 
degree 16 is of order 48 or-more. The subgroup that corresponds to identity 
of the other constituent contains no substitution of order 3, and its order is 
therefore a power of 2. This leading constituent has substitutions of degree 
12 and order 3, and since its order is not divisible by 9, it has no substitution 
of degree 15. Therefore-D, whether the partition is 4,4, 4, 4,4, 8) 8, 4, or 
16, 4, has exactly four conjugate subgroups-of order 3. Each of them leaves 
fixed five letters which are displaced by the other.three.. We may now remark 
that G contains no substitution of degree 15 (not a substitution of D) that 
displaces fewer than two letters new to D. A fact’ of. which considerable use’ 
will be made in what follows is this: if a substitution (t) similar to s, displaces 
or fixes the three letters of one cycle of a substitution (s) similar to s;, s*ts 
displaces at most four letters new to ¢-and is thérefore t itself, that is, s and t 
are commutative. The transitive group H generated by D, s;,...., can not 
be of degree 22. For such a group is primitive and its subgroup F contains 
substitutions of degree 15 displacing one obier new to D. Nor can H be 
of degree 23. 

Now assume that D is that group which has a transitive constituent of 
‘degree 16. If H is of degree 24 it is primitive, and since H, can have no 
constituent of degree 16, only one partition of the degree of F need be 
proposed, 18,5. A constituent of degree 18 is imprimitive. But D does not 
respect systems of three letters, as the substitutions of order 5 require. Let 
H be of degree 25, and let it first be assumed that H is primitive. Of all the 
possible partitions of: the degree of F only 18, 6 and 20, 4 seem to require 
more than a glance. In the second partition H, has an invariant subgroup of 
degree 20 that corresponds to the identical substitution in the constituent of 
degree 4, an impossible combination.* Since a constituent of degree 6 is 
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alternating, there are as above substitutions of order 5 and degree 15 in the 


imprimitive constituent of degree 18. Suppose the group H to be imprimitive- 


A.system of five letters can be chosen in but one way if it contains a given 
letter, and hence H is not invariant in a primitive group of degree 25, nor need 
“we pass the degree 26 in a search for a doubly transitive group of which H is 
a subgroup. If H is included in a primitive group of degree 25, the totality 
of substitutions of degree 15 in that group generate a primitive group which 
must be simply transitive and whose non-existence can be shown by the 
arguments used when H was assumed to be primitive. The only remaining 
hypothesis is that H is a subgroup of a doubly transitive group G whose sub- 
group G, is imprimitive. The invariant subgroup F of G,, generated by all 
substitutions of degree 15 is imprimitive, having five systems of imprimitivity 
of five letters each permuted according to the icosaedral group. Its order is 
1200 or a multiple thereof. The head of F is of order 20 at least, and from 
the nature of the group D, which leaves fixed each of the five letters of the 
system formed of the letters of F that are new to D, the head is not a simple 
isomorphism between its five constituents. If the head contained a substitution 
of order 3, each constituent would be an alternating or symmetric group, 
Alternating constituents, if the class of G is to be maintained, can only stand in 
simple isomorphism to each other. .Then the head contains no substitution of 
order.3. All the subgroups of degree 15 in G, are conjugate under the substi- 
tutions of G,, which implies that the largest subgroup of G in which a given 
subgroup of degree 15 is invariant has a transitive constituent of degree 11. 


But G (of degree 26) can have in it no substitution of order 11. Thus the 


partition 16,4 of the degree of D is shown to be impossible. , 

The group D has either five constituents of degree 4, or two transitive 
constituents of degree 8 and one of degree 4. Now assume that D is the latter 
group, of order 24. Let s, with D, generate a transitive group. The first 
-degree to study is 24. If H={D, s} is imprimitive, the four letters new to 
D form a system; and the four letters of the small constituent of D form a 
system, by which ss or sj replaces the former system (of new letters). Then 
Sg displaces the three letters of a cycle of s, and is not commutative with s,, 
hence displaces at most four letters new to s,. Then H is primitive. The 
partitions of 23, corresponding to the subgroup F are 8, 8, 4,3, 8, 8,7, 9, 8, 6, 


10, 8,5, 10, 9,4, 9,9,5. The first puts a constituent of degree 3 in Hy, and: 
the last two involve a substitution of order.5 and degree 15, as do the second ` 


and third which have an alternating constituent. If the partition is 10, 8, 5, 
the constituent of degree 8 must include a substitution of order 5, and there- 
fore affords a substitution of order 7 and degree 14. Let H be of degree 25. 
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Assume H to be primitive. The partitions of F are 8,8,4,4, 8,8, 8, 8,8, 5, 3, 
9, 8,4, 3, 9,9,6, 10,8,6, 10,9,5, 10,10,4, 12,8,4. The partitions 8, 8, 5, 3, 
9, 8, 4, 3, and 10, 10, 4 impose a constituent of three or four letters on H, under 
impossible conditions; a constituent of degree 6 contains a substitution of 
order 5, thus disposing of 9, 9,6; while the substitution of order 5 in the con- 
stituent of degree 8 (partition 10, 8,6), and in the constituent of degree 9 
(partition 10, 9,5), leads to a substitution of order 7 in these two cases. A 
transitive constituent of degree 12 is imprimitive and the six systems of two 
letters each are permuted according to the alternating group of degree 6. This 
consideration reveals a substitution of order 5 and degree 15 in F. There 
remain two partitions, 8, 8, 4, 4, and 8, 8,8. No constituent of degree 8 is 
primitive. The first two transitive constituents of F admit only those systems 
of imprimitivity of two letters each, which are determined by the subgroup D, 
that is, by constituents of D such as |123 . 456, 157 . 428}. Such a constituent 
contains no substitution of order 3 not of degree 6. A generator of F, not in 
D, can not fix all the letters of one of the constituents of D, for then that sub- 
stitution would be commutative with s, and Se. Then the generating substitu- 
tions of degree 15 of F have just four cycles involving letters of these first two 
constituents, and the remaining constituent (constituents) is (are) generated 
by cycles of three letters. Then the third constituent is not a transitive group 
of degree 8. It is the direct product of two alternating groups of degree 4. 
_A transitive constituent of degree 8, being positive, is of order 24 or 96. 
Hither of these groups may be generated by its substitutions of order 3, so 
‘that the intransitive constituent of F of degree 16 could have the factor 9 in 
its order only if it were the direct product of its two transitive constituents, 
which clearly is not possible. Let it now be assumed that H, of degree 25, is 
imprimitive. The group in the systems is the alternating group on five letters. 
There is only one possible system that contains one of the letters fixed by D, 
the system constituted of these five new letters. Then at once we know that 
neither H nor a larger imprimitive group of the same degree which includes 
H is invariant in a primitive group of degree 25, and that a primitive group 
of degree n that includes H is n—24 times transitive. ‘A primitive group of 
degree 25, generated by substitutions of degree 15 would be disposed of by the 
arguments given above. We are only interested in the possible existence of a 
doubly transitive group G of degree 26. Consider the subgroup F of G, 
generated by substitutions of degree 15. The five systems of imprimitivity of 
F are permuted according to an icosaedral group, and if the order of F is 
divisible by 9, there is a substitution of order 3 in the intransitive head that 
permutes no systems. One of these substitutions of order 3 in the head is of 


306 Mannine: The Primitive Groups of Class 15. 


Jegree 15, connects two transitive constituents of D and has at most three 
etters new to D, because a system of imprimitivity of F can be made by two 
etters. from each transitive constituent of degree 8, and one letter from the 
sonstituent of degree 4 or by the five letters new to D. Then a subgroup 
of order 3 is a Sylow subgroup of G, which implies a substitution of order 
Ll in G. 

The subgroup H’={D, sg} is intransitive. We recall that s; has at least 
swo letters new to D. Among the eight substitutions of order 3 in D, a given 
etter a, of a constituent of degree 8 is in the same cycle with six of the seven 
remaining letters of that constituent. Therefore the transform by ss of at least 
one of them will, like sẹ, connect two constituents of D in one of its cycles, and 
nay be used for sa. Hence it may be assumed that ss is similar in each of the 
sonstituents of H’ to one of the substitutions of order 3 in D. The plausible 
partitions are 18,4, 18,5, 20,4, 20,5, 10,12, 8,14, 9,14, 8,15, 10,14, 9, 15, 
10,15. The partitions involving constituents of degree 14, 18 and 20 yield to 
che arguments of page 301. A constituent of degree 12 is not primitive, but 
nust admit four systems of imprimitivity of three letters each, from which it 
follows that a constituent of degree 10 is not simply isomorphic to it. The 
remaining partitions, 8,15, 9,15, 10,15 should also be simple isomorphisms 
setween the two constituents. Let a constituent of degree 15 be primitive. 
[t is not multiply transitive. Then being of class 8 it is the primitive group 
of degree 15 and order 720, simply isomorphic to the symmetric group of that 
order. But this symmetric group can not be written transitively on eight, 
aine, or ten letters. Then a constituent of degree 15 is imprimitive, and since 
tis generated by substitutions of degree 9 and order 3, it has five systems of 
chree letters each permuted according to the alternating group of degree 5. 
Since the second constituents are alternating groups, the partitions 8, 15 and 
), 15 are impossible. A constituent of degree 10 is imprimitive and has 
systems of two letters permuted according to the alternating group of order 60. 
[ts order is not divisible by 9. 

Now consider any two substitutions of degree 15, sı and s. If s displaces 
nore than five letters new to s; and is not commutative with s,, s*s,s displaces 
axactly five letters new to s, and, as has just been shown, does not connect two 
xycles of sı. Then 

s= (mm) E (C8—) (h8 —) (612528), 
say. If s= (biza)... ., Pss = (abb)... ., but s can not replace a by a b. 
Hence s does not connect two cycles of sı. By hypothesis the transitive con- 
stituents of {s,, s} are in part icosaedral. If there are one or more tetraedral 
zonstituents |s,, s} is a direct product and of class less than 15. Hence if s 
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has just two new letters in one of its cycles, it has two new letters in every 
cycle, and {s, sı} is a simple isomorphism between five alternating groups of 
order 60. If any two substitutions of degree 15 are so related that one con- 
nects cycles of the other they are commutative, and have at most nine letters 
in common, 
The last of the groups D is l 
Í S1, Se= Maza, . bibb . C620, . dideda . €124}. 

A substitution s, exists that connects two of the constituents of D, and it may 
be taken uniquely as 

Ss = b101 « Abas - A8DaCa « AgdyCy » WL Tg - ; 
Next, s, may be chosen with at most one letter new to fsi, Sa, Ss} in any cycle. 
Then there are just two distinct forms that s, may assume: 

S= dıb; . Aghgby . Agdgbs . Ayd,b, . LY Ve, 
and | S4= h Talg . biba . C1830 . Ayyydy . CY slo» 
If we proceed with the second form of s,, we are led at once to a substitution 


S;=a,d—...., 80 that we are at liberty to use for s, the first only, and quite 
similarly we have for the next step 


Ss = Erba . glgbe . Agegbg . Gye4D, . Ly21Le 


, 


and then finally 
Se= Tlg . DyWabe . C1803 . Tye . C1210: 

closes the series of generators of a transitive group H of degree 25 and order 
360: the direct product of the two icosaedral groups 


{yyy . bibabs . C1090 . didadg . C1€3€8, Ay Ag, - DyDeb, - 610304 . didada. Cre, ’ 
yg, . bibile . C1638 . dyday; . €1€221} 
and l 
| a1b101 . AgbgCy . AgbaCs « OyDyCy . 4% _Xq, AyD, . Agbydy. Asbsda . bide. MARY; , 
abie, . Apdees . Agdgeg . Oqyly . 12%}. 
. The primitive group G can contain no other substitution of degree 15, so that 
H is an invariant subgroup, and the degree of no primitive group of class 15 
exceeds 25. Now instead of the special case before us let us turn to the 
imprimitive group H’ generated by 
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in which H (after obvious changes in the lettering) is a characteristic sub- 
group. H’ is of order (k/)*. A primitive group of class 2k is generated by 
H’ and the following substitution: 


t= (a) (Geb) (a301) (aid) . . . (G41) (Gen), 
(bz) (baca) (bade)... (bija) (brka), 
(cs) (cada) . «- . (0495) (Crka), 


(95) (duis), 
(hy). 
This group is of order 2(k/)? sid is simply isomorphic to the intransitive 
group 
(aa bb’... ekk) (abe....h) all (a’b’c’... .k’) all. 
It is the largest primitive group of degree k? in which H’ is invariant.* The 
‘transitive subgroups of this group in which 
l (abc... .k) pos (a’b’c’....k’) pos 

is invariant are 

(aa’: bb’: co"... .+ kk’) (abe... .k) pos (a'b'e'....k') pos, 

(aa’: bb’: ce... . kk’) } (abe... .h) all (a’b’c’... .k’) all} pos, 

(ab’ba’: cc’: dd’:....+ kk’) į (abe... k) all (a’b’c’....k’) all} pos, 
of the orders (k/)*/2, (k/)*, (kf)*, respectively.t+ Maximal subgroups of these 
three groups are , 

(aa’: bb’: cc’:....+ kk’) (abc... .79) pos (a’b’c’. .. .9’) pos, 

(aa’: bb’: cc"... kk’) | (abe... .7) all (a’b’c’....7’) all pos, 

(ab’ba’: cc’- dd’-....- kk’) | (abe. ....j) all (a’b’c’... .j') all} pos, 
respectively, with respect to which each can be represented as a primitive 
group of degree k?, when k is greater than 3. The first, of order (k/)*/2, is 
generated by H and t; the second, of order (k/)?, is generated by H, t and 


$28 (Gb) (aab1) (0,0)... . (Aah) (Gaba) . .. . (arba). 
It contains the preceding group of order (k/)*/2. The third group, also of 
order (k/)*, is generated by H, s,s, and 


Sat = (41b1b2Gg) (C1bgC203) (dybydya,) ... . (Ad, ha,), 
(c3) (Cada)... zer (654s) aie 


on ee ssns eo ee wee meee 


(3;) (iki; ’ 
(Ay). 


* AMERIOAN JOURNAL OF MATHEMATICS, Vol. XXVIII (1906), p. 236. - 
t Miller, AMERIOAN JOURNAL OF MATHEMATIOS, Vol. XXI (1899), p. 299, Theorems III and IV. 
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" Tt does not contain the first of the three as a subgroup. These groups are 
simply transitive and are of class 3k, when k is greater than 3. This last 

statement can readily be proved in connection with the important proposition 
' that the group {H', t} is the largest group on the same k’ letters in which H is 
invariant.. Both statements are known to be true when k is 4.* Let G’ be the 
largest group of degree k? in which H is invariant. It is a simply transitive 
primitive group because systems-of imprimitivity of H with one letter in com- 
mon can be chosen in only two ways. Its subgroup leaving fixed the letter k, 
is intransitive, and has the same two sets of intransitivity as {s,,...., 8;, 
Sg, +++, 8, t}, the subgroup of {H’, t} that leaves k, fixed. The larger con- 
constituent of the latter subgroup is the primitive group of degree (k—1)? 
belonging to the family {H’,¢t}. Since |H’, t} when k is 4 is not contained in 
a larger group in which H is invariant, the group G” coincides with {H', t} for 
all values of k greater than 3. The smaller constituent in the subgroup Gy 
that leaves k, fixed is the imprimitive group 


(ask - bika’... «+ Jaki) (arbi... -Jp) AL (kike... k) all 
of degree 2(k—1) and order 2[(k—1)!]*; all the substitutions in its tail are 
of degree 2(k—1). Those substitutions of G; that are in the division of Gj 
that involves only positive substitutions of l 
(a,b,....9,) all (kyky....%,) all 

are of degree 3k at least, if they are of degree 3 (k—1) or more in the letters 
of the other constituent of Gi. The substitutions of Gi which are in the tail 
with respect to the direct product of the two symmetric groups of degree k—1 
are of degree 5(k—1) at least, if they are of degree 3(k—1) or more in the 
letters of the constituent of degree (k—1)%. Then by a complete induction 
from the groups of degree 16, the three primitive groups above are of class 3k. 

What intransitive subgroups of {H’, t} contain H, when this group is written 
as a transitive group of degree 2k? Only 


| (abe....k) all (a’b’c’....k’) alli pos, 
(abc....k) all (a’b’c’....k’) pos, 
_ and i 
(abc... k) pos (a’b’c’....k’) all, 
include l : 
(abc... .k) pos (a’b’c’....k’) pos, 


-and they are imprimitive when represented on $ letters. 





* Miller, “On the Primitive Substitution Groups of Degree 16,” AMERICAN JOURNAL OF MATHEMA- 
TIos, Vol. XX (1898), p. 234. It may be noted that x does not contain Gr as a self-conjugate subgroup. 
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In my paper on the groups of class 12 it is stated that a certain doubly 
transitive group of degree 28, as well as its maximal subgroup of degree 27, 
seem to be new. As a matter of fact the generators there given correspond 
respectively to the substitutions [1,0, 0,0,0,0], [0,1,0,0,0,0], [1,1,1,1,1,1], 
[0,0,0,0,1,0], [0,1,0,0,0,1], [0,0, 1,0,1,1], [0,0,1,1,1,1], as is readily 
seen if we put a, for the letter (0, 0,1,1,0,0). Although Jordan gives this . 
group and its sixty-three substitutions of order 2 and degree 12 in the Traité 
of 1870, page 229, he omits it and its subgroup of order 51840 from the list of 
primitive groups of the first thirteen classes published in 1872.* My existence 
proofs on pages 258 and 259 of fhe paper on the “Groups of Class 12” are 
faulty. The present identifications are designed to replace them. The sub- 
stitutions S1, 8, ...., 8%, Sh, S2, of that paper,-page 259, correspond to ab, ac, 
ad, de, df, dg, dh, respectively, and if we associate with ad the letter a, the 
symmetric group of degree 8 permutes the twenty-eight binary products ab, 
ac, ad, ...., according to the substitutions of our simply transitive primitive 
group of degree 28 and class 12. 

To make reference easier a table of the seven primitive groups of class 15 
is given below. The second group is doubly and the third triply transitive; 
all the others are simply transitive. 






Generating Substitutions 






gree 





=fab.cd.ef.gh.1j.kl.mn.op, boejc.dpknl. fhgim}. 

{G,, bmn. cik . deh . flo. gpi} 

{G:, aq . fk . dg .ej . il. mn . co . hp} 

{agb . chl . dim . ejn . fko, ahi . blm . cpd . eqs. frt, 
ajk . bno . cgr . dst. euf} 

|H, a,b; . G30, . audy . Ase, . bDaCa . bado . Dies . Cade . Coes - dse} 

Í Gs, Qba . Qobi . Cy. didz . €1€z . Agbs . Qub . Osho} 

G,= |H, dybs . Qabı . C1C3 . dido . C162 . Ogg . Qubs . asbis’, 

Qybibzae . Cyd slog . AyD dad, . €1b5€205 . Cy . Cres - dse} 


{i 


Gs 
-Gs 





In the last three groups 
i H = }a,0gq . Dy beds . C1C3C3 . dıdadg . C1363, 44445 byb,bs . 610405 3 dd ds . 16185, 
D101 . AgboCy . AgbgCg. GD sly. MpD5Cg, Ardy . Agdo€a . Agdgeg. Adye, . Osdg€s} . 


STANFORD UNIVERSITY, September, 1918. 
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Multiple Integrals Over Infinite Fields, and the 
Fourier Multiple Integral.’ 


By Burton H. Camp. 


INTRODUCTION. | 


1. Multiple integrals over infinite fields have been defined in recent years 
in different ways by Pierpont,t Vallée-Poussin, t and Hardy.§ The integrals 
of Pierpont and of Vallée-Poussin exist only when they exist absolutely, but 
this is not the case with Hardy’s integral, It is shown here that, for functions 
whose ‘integrals over finite fields exist, these three infinite integrals are 
equivalent when any one of them exists absolutely. This paper is divided 
into three parts. In the first part ($§ 2-5) are developed relations between 
Hardy’s integral and the iterated integrals, certain new theorems on inversion 
of the order of integration, and some fundamental properties of multiple 
infinite integrals, most of which are known for the case of integrals over 
finite fields but not for the infinite case. Among these last is the second 
theorem of the mean. Heretofore, this has not been proved, apparently, in 
the infinite case even for functions of one variable. The second part (§§ 6-8) 
deals with the behavior of integrals with respect to parameters. I am mainly 
- concerned here with the infinite integrals, but it is necessary incidentally to 
extend to the case of integrals over finite fields in space of several dimensions 
theorems which are known only for integrals over one-dimensional fields. To 
save space, and because novel methods would not be introduced, the proofs of 
many of the statements in this part are not given. They have to do, however, 
with fundamental matters, including what are, in one dimension, well-known 
tests for termwise integration and differentiation; in the infinite case they 
include the so-called fundamental theorem of the integral calculus. A résumé 
of the third part (§§9-11), which contains certain applications to Fourier’s 
double and quadruple integrals, is given at the beginning of § 9. 





* Read in part before the American Mathematical Society, February 27, 1915, April 29, 1916. 
t+ Transactions of the American Mathematical Sootety, Vol. VII (1908), p. 169. 

{Cours d'Analyse, 2d ed., Vol. II, pp. 69, 70, 108, 109. ` 

§ Messenger of Mathematios, Vol. XXXII (1902-3), pp. 02 ff. 
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Founpamentat TuHeory, §§ 2-5. 


2. Elementary Theorems. As we shall not be concerned usually with 
integration over finite fields, we make the assumption always that the | 
functions used are absolutely L-integrable * in each limited measurable set of 
their domain of definition. Let R denote the infinite rectangle+ where 
“,y20,and Rap the finite rectangle where 0<a<a, O<y<f. Let f(x,y) 
be defined in R. We may then define the following integrala; when the limits 
in question éxist: 


- 


J,(f) =lim Je: fandy, 


a, mw 
Ja(f)=lim lim ‘a jasdy, 
a=a =w 
Ja(f)=lim lim So fandy, 


Jf) =lim f de Lim Stays f. daf tay, 
Te(f) =Tima f “dy lim f fds= f” dy f fãe. 


The integral J, (f) is Hardy’s definition referred to in’ the introduction, J, 
and J, are the usual iterated integrals, J, and J, are introduced chiefly for 
convenience in developing the theory of Jı, J, and J;. When it is desired to 
integrate a function over a larger portion or over all of the infinite two- 
dimensional field, we let R, denote the rectangle (%,y>0), R, the rectangle 
(x<0 <y), BR, the rectangle (x,y <0), and R, the rectangle (y<0 <s), and 
` Jet R=R,+R,4+-R,+R,, and then define the integral over R as the sum of the 
integrals over R,, Ry, Rg, and R,. These definitions could be generalized - 
slightly by using the concept of the Harnack-Lebesgue integral, but that is not 
> worth while for my present purpose. By lim, ,.. is meant the double limit } 
as a, 8 diverge to plus infinity passing through all positive values. Most of: 
the theorems, though stated only for two dimensions, may obviously be 
extended to n dimensions. : 

The two following theorems are almost immediate consequences of our 
definition, and the succeeding lemma is known. 





*I. e„ integrable in the sense of Lebesgue. 

} The case of n variables is not essentially different from the case of two, but the treatment would 
be cumbersome. In §6, however, where finite flelds only are employed, and there is no loss of simplicity, 
n variables are used. ' 

4E. g, Pierpont, Theory of Functions of Real Variables, Vol. I (1905), p. 196. 
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Turorem 1.* A necessary and sufficient condition that J,(f) shall exist 
is that, for every pair of constants h,k>0, 


lim S fdcdy=0, 


a, paw 
where r=Ryin pir—Ra, g- 
Turornem 2. If J,(f) and J,(g) exist, and c is a constant, J,(f) +39:19) = 
Ji(f+g), and J;(cf) =cJ,(f). 
Lemma. If for all values of Aa, AB>=0, o(a-+Aa, B+A8)2>0(a, B), and 
g(a, B) is less than a fixed number M, then lim, ṣẹ (a, B), lim, lims $(a, B), 
lim, lim, o(a, B) all exist and are equal and not greater than M. 


THeorem 3. If, in general,t O<f(v,y)S9(2,y), and if J;(g) exists, so 
does J,(f), and J,(f) SJ, (9). 
, If i=1, 2, or 3, this is an immediate consequence of the lemma. If i=4, 
by hypothesis there exists, except perhaps for a null set, a positive L-integrable 
function, i `. 


L(2)= f gdy, 


whose integral from 0 to a is a monotonic increasing function of a and has the 
limit J,(g). Except perhaps for a null set of a’s, 


Stav=s f ody, 


and the former is a monotonic increasing function of 8 whose limit l(x)} is less 
than or at most equal to L(x). The integral of I(z) from 0 to a is a 
- monotonic increasing function of a and hence 


tim f1(0)do=J,(f) Slim f'"L («) da=J(9). 


Cornotuary.t The function J,(f) exists if J;(g) does, when f(x,y) =g (4, y¥) 
in a part of R and zero elsewhere, provided that the field is so divided that f 
is L-integrable over every limited, measurable set in each part. ` 


Turorem 4, A necessary and sufficient condition that J;(f) shall exist is 
that there shall exist two other functions g(x,y), G(x,y), for both of: - 


*The proof of this depends on the following theorem, well known for functions of one variable: A 
necsssary and sufficient condition that the double limit of ¢ (a, £) shall exist, as a, 8 become infinite, is that, 
for every pair of constants h,k>0, lima, few [P(a+h, B+) —¢ (a, 8) ]=0. 

tI. 6., except perhaps at a set of points of measure zero. Such a set will be called a null set. . 

This is not necessarily true if g has both signs. Indeed, this property, together with the 
properties in Theorem 2, would be sufficient to show that |f] would be integrable, no matter what the 
definition of integration for f. 


314 Camp: Multiple Integrals Over Infinite Fields, 


which J, exists, such that in general g(x,y) <f(%, y) <G@(a, y). Then also 
Jlg) SIMS (9). ; o 
Since 0<f—g<G—g, J,(f— I SIAG—9). Then, since J,(g) exists, we 
have J;(f)<sJ,(G). 
Corortary 1. The same is true, with an appropriate change in the last 
statement, if 9 <f<G. 


CoroLLARY 2. The function J; W exists if it exists absolutely, or if f is 
the product of two positive functions which are less than unity and for each 
of which J, exists, or if it is the p-th power (p>1) of such a function. — 

Corotnary 3. Under the usual conditions the mean-value theorem, 
mJ (9) SI(f9)SMI,(g), 1s valid. 

Corotnary 4. If J;(f?) and J;(g*) exist, then J;(fg) exists absolutely, and 
the inequality of Schwarz, Ji(fg) <J,(f*)- J;(g’), is valid.* 

Case I: (i=1). Let J=f and ¢=0, y=g and 6=0 where fg =0, and let 
o=f and ~=0, =g and y=0 where fg<0. The same equalities hold when 
both sides are squared, and by the corollary of Theorem 3 the following exist: 
Ji (H), JaA), Ja (9), Ji(6?). By the inequality for finite fields, 


(J, Mrizi) < (S, Vaedy)(f ytdady) SR iy). 


Since 4y 20, the function of a, 8 on the left satisfies the conditions of the 
lemma to Theorem 3. Therefore Ji (4y) exists, and so does J,(Yy). Similarly, 
J (ò) exists, and since by the early equalities |fg| =ẹ4y—ġò, so does J,(|fg|). 
Now, proceeding to the limit in the relation, 


(G jos, ro i) 


we may establish the err 


Casz II: (i>1). This may be referred to. Case I by the use of the 
corollary to Theorem 5 and the first part of Corollary 2, Theorem 4. 

3. The Integrals of Pierpont and Vallée-Poussin.t In considering these 
definitions we shall assume as in § 2 that f(z, y) is absolutely L-integrable in 
every limited measurable part of the field R. This is not done by Pierpont, 
but it is better for our present purpose to dispense with the extra element of 
generality which he obtains by omitting this condition. Let R be defined as 
before, and let D,<D,<.... be any infinite sequence of limited, measurable 


ty 





*It does not follow, as in the finite case, that f is integrable if f is. 
+ Cf. $ L 
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point sets of such a nature that each D is wholly in R and that every point 
of R is in some D. i - 

Vallée-Poussin’s Definition, Vif). Let f20. If the following limit exists 
and is independent of the choice of D’s, 


Vif)= 1 fdzdy=lim Í, fdzdy. (1) 


Let f be unrestricted as to sign. Set f=f,—/f,, where f,,f,20. When the 
integrals on the right exist, 


V(f)= ffdady=f fdady— f frdady, (2) 


Pierpont’s Definition, P(f). Let f be unrestricted as to sign. Let the 
following be an infinite sequence of limited measurable sets, E, H,,....; and 
let E, contain every point whose distance from the origin is less than i; it may 
contain other points. When the following limit exists and is mdependent of 
~ the choice of £’s, 


P(f)= = li A 3 

(f) = f fdady= lim f fdady | (3) 

It will be shown that this definition is equivalent to the definition: 
 P(f)=lim f fdedy. © (8) 


It is obvious that if (3) exists (4) exists and gives the same result. To prove 
the converse we let (4) exist. Suppose that, for a certain # set, the limit in 
(3) should not exist, 2. e., suppose that the sequence 


f fdady, f fdady,.... (5) 
EB, E> 
should diverge. In this sequence there would exist a divergent sub-sequence 
f fdady, f fdady, .... (6) 
E BY - 
for which E'< E” <..... For example, we might take F’ = E, and then, since 


E, is limited, there would exist an E; which would include all points as near to 
the origin as any of those of Ey; let H’’=E,, or some E farther on in the 
sequence, if necessary, in order to make (6) diverge. This sub-sequence would 
be a D sequence. 


Lemma. If f (2, y)=0 and the following limit exists for one oe of D’s, it 
does for every set: 


im f. fdzdy. 


u 
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Tueonem 5. (a) If f20, V(f)=P(f)=J,(f), provided one of these 
exists. (b) If V(f) or P(f) exists, it extsts absolutely, and then V(f)=P(f) 
=J,(f). (c) Ji(f) may exist when V (f) and P (f) do not. 

(a) Since Ra p is a special case of H;, if P exists, so does Jy, and J =P. 
By the lemma, if J, exists, so does V, and V=J,. By definition V =P. 

(b) It is known and obvious that if V (f) exists so does F (|f|); and 


V(lf|)=limf frdady-+lim | fadady, V(f)=lim f frdedy—lim f° fadady, 


where |f|=fth, f=h—f. By (a), then, Jif) =V (fi), Jlf) =V (fe). 
Therefore, J (f) =J: (f) —Ji(f2) =V (f). A similar result may be obtained 
for P(f), since it may be shown that this integral also obeys Theorem 2. 
Thus (b) is proved if the hypothesis be that V(f) exists. It only remains to 
show that if P(f) exists so does V (f). The following Gui is true if two 
of the limits exist: 


P(f)=lim af fdædy=lim af Piau -lim af faddy. 


If it is true, V (f) exists. If it is not true, but P (f) exists; since fi, fe Z0, 
both of the last two integrals must diverge to plus infinity for some set of D’s, 
and therefore by the lemma for all'sets. On this hypothesis we will show that 
there exists a set of D’s for which the first limit does not exist. Let R, be a 
circle of unit radius about the origin. Let 


k= f, fdedy, 


Since the integral of f, over R, is not infinite, and since by definition fı=f 

where f> 0, there must exist outside of R, a limited set 4,, in which fZ O, 

such that - 
f fhdsdy>1—k. 

j Ay 

Hence, 


We fdzdy= J. fede: J. er ee Mee, ae oes 


at 


Let D,=R,+A,. Let R, be a circle about the origin including all of Dy. Let 
ka= dxdy. 
2 Sif y 


The integral of f, over R, is not infinite, and therefore, as before, there exists 
` a set A, outside of R, where f2 0 such that l 


Jaa dady = Sf dady + Sif dady = J. fdady+ S, f,dady > 2. 
Let D,=R,+.A,; ete. 


eK and the Fourier Multiple Integral. 317 


(c) Hardy * has given some interesting examples of this. One which will 
concern us later is J, (cos zy) =27/2. 


Corotuary.t If Jl lf) exists, so does J,(|f|), and J(I fD =F), 
and J(f) =J;(f). 

Vallée-Poussin has shown that ify (|f|) exists,J.(|f|)=J,((f|) =V (fl), 
and that J,(f)=Js(f)=V(f). By the theorem, then, the corollary is proved 
for the cases 4, 7=1, 4,5. _ The remaining cases may easily be proved by. the 
use of the lemma to Theorem 3. 


4. More Existence and Inversion Theorems. Turorem 6. Let J; (f) exist; 
A necessary and sufficient condition that J,(f) shall exist is that there shall 
exist a function g(x,y) which is in general less than f(x,y) for which both 
J’s exist. 


Necessity. Let q(x, y) >0, and let J,(q) exist. We may take g=f—gq, 
for, since J,(f) and J,(q) exist, so does J,(f—q). 

Sufficiency. Since J,(f—g) exists and f—g Z0, J,(f—g) exists by the 
preceding corollary. Since now J,(g) exists, so does J,(f—g+g). 

CororLargy 1. Let J,(f) exist. A necessary and sufficient condition that 
J; (f) =d;(f) is that there shall exist a function g(&,y¥), in general less than 
f(x,y), for which this is true. 

Ji(f—g) =F, (f—9) =J,(f) —J;(g). Add the equality, J,(g) =J;(g). 

Corotuany 2. Let one of the iterated integrals J,(f), Js(f) exist. A 
. necessary and sufficient condition that inversion of the order of iteration be 
allowable is that there shall exist a function g(x Y)» in general less than 
f(x,y), for which the inversion is allowable, 

CoroLLARY 3.} A necessary and sufficient condition that both iterated 
integrals of f shall exist and be equal ts that this shall be true of two functions 
g(x,y), G(x, y) for which in general g<f<G. 





* Loo. oit., § 1, pp. 159 ff. a 

t Vallée-Poussin, loo. cit., Vol. II, p. 121. Bromwich (Proceedings of the London Mathematical 
Society, Vol. I (1903), p. 181, third footnote) indicates that this result follows from the lemma to 
Theorem 3, but really only the last part, in which it is said that J,=-J,—J,, follows from that lemma. 
Indeed, if it did follow also that Jı =J, = Js, as he states, his result would antedate its discovery for the 
finite case by four years (see also Hobson, same Proceedings, Vol. VIII (1910), p. 22). 

I am omitting from this paper the subject of transformation of variables in these integrals. It is 
true, however, that, if any J; exists absolutely, it may be transformed into an equivalent double, or 
iterated, integral over the unit square. Another proof of the corollary may be devised by the use of 
transformations of this sort. 

Cf. W. H. Young, same Proceedings, Vol. IX (1910-11), p. 823. Young’s theorem gives only suffi- 
cient criteria that inversion of the order of iteration be permissible, and involves the additional 


- hypothesis that this inversion be permissible for integrals of g and G over one-way infinite fields. 


41 
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Corotuary 4.* (a) Inversion of the order of iteration of f over the one- 

way infinite field R,(0Sx2Sa,0<y) is allowable if one of the iterated 
-integrals of |f| exists. (b) If one of the iterated integrals of f over R, exists, 
a necessary and sufficient condition that inversion be allowable is that there 
shall exist a function g(a, y), in general less than f(x, y), for which it is 
allowable. (c) A necessary and suficient condition that both iterated integrals 
over R, shall exist and be equal is that there shall exist two functions g(x,y), 
G(x, y) for which this is so and for which in general g<f<G. 

` Conotiary 5. The theorem and previous corollaries are true if we write, 
instead of g<f(f<G), gSf(f<G@), or if, in the theorem and first two 
corollaries, we substitute G>f for g<f. 

Turorem 7. (a) If J,(f) exists, and J,(f) exists over R, for sufficiently 
large values of a (saya>C) then Ja(f) =J: (f); similar statements may be 
made for J, and the one-way infinite field Rg(O<Sy<B,0<a%). (b) Let 
inversiont of the order of iteration over R,(a>C) be allowable; then 
Jo(f) =d,(f) tf either exists; and similar statements may be made for J, and 

Js and Rg. 

CoroLLARY. Sufficient conditions that all the J’s shall exist and be equal 
are that inversion be allowable over both R, and Rg(a,B>C), and that J, and 
one of each of the pairs (Ja, Ja), (Ja, Jo) shall exist. Then also all the J’s 

are equal. . 

The proofs of the theorems and corollaries of this section are simple. 

5. Second Theorem of the Mean. Tuxorem 8. Let f(x, y) be limited in R 
and L-integrable over every finite measurable set, and let g (2, y) be absolutely 

L-integrable in R. Then, tf l<f (a, y)<L, there exists a k such that 


J= f(a, y)g(z, y)dzdy=1 f gdady+Lf gdady; 


where, if f has the property that the set of points E,, where f=k, is always 
null, A, is. defined as the set where f>k; and otherwise `A, is the set where 





* Parts (a) and (c) are known. See also note to Theorem 7 (b). By the existence of the integral of 
f over Ra we mean the existence over R of the integral of the function which equals f in Ra and zero 
elsewhere. . 

ł}For criteria for this condition we have, not only Theorem 6, Corollary 4, but also the usual 
condition that, assuming |f] L-integrable over finite fields, termwise integration with respect to œ of the 
6 sequence-——viz: the integral of f with respect to y from 0 to 6—be allowable in (0, a). This assumes 
implicitly the existence of one iterated integral. 

{Proved for the case where R is finite by Lebesgue, Annales de P Boole Normale, (3) Vol. XXVII 
(1910), p. 444; proved ina slightly more general form by the author, Mathematische Annalen, Vol. LXXV 
(1914), p. 285.. There will be used in this section much of the notation and some of the results of the 
latter paper. 
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f>k;, plus perhaps certain points.where f=k. In the second case the set A, 
may be defined by the use of an associated function q(x, y). 


Case 1: (J=0, #,=0).* Consider a monotonic sequence of circles whose - 
uniont is R: R< R<... Let A, be the set of points where f>k. Let 
Ap refer to the parts of A, in R;. By the finite case there exists for each 


R; a k; such that 
=L 3 
J Tg J. p (1) 


By Theorem 4, fg is absolutely L-integrable in R, and by Theorem 5: 
J= =li =L li ; 2 
ep ea a @) 


so the last limit exists. It only remains to show that there is a definite k and 


A, for which 
; li = A 3 
im J. g S 9 (3) 


The left-hand side may be considered as the limit of any infinite sub-sequence 


selected from the sequence ; 
Jo Su be (4) 


Suppose the sub-sequence to be the terms corresponding to t=a,<a@<...., 
where these numbers are so chosen that, if k be taken as the lower limit of the 
sequence k, k,,...., it is also the limit of either (5) or (6), 


ba Z kaz -oos (5) 
; ka Lha.. (6) 


To be assured that this is possible we first note that whenever the points 
ki, kg, .... constitute an infinite point set, there exists a lower limit, for the 
set is limited (0<k; <L). Whenever the points do not constitute an infinite 
point set, certain of these numbers are repeated an infinite number of times; 
let k be the least of these numbers. It is immaterial to the proof whether (5) 
or (6) holds. Assume (5); and to avoid the additional subscripts let it be 
assumed that (4) is the sequence corresponding to (5), i. e., that k is the limit 


of k;, and mal os E (7) 


Then 
By A S (8) 


am “ky = 





*By # is meant the measure of #, a concept which may be defined in the infinite case as the integral 
over # of unity. 
+ By “union” of (Ry) is meant the totality of points each of which belongs to some R4. 
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The limit of this sequence may be an infinite field. For e>0 prescribed, let 
Ra be so large that 


Sy \gise (9) 
R-Rg 
Let 

AUSAKS ci (10) 


refer to the portions of A, , ete., in Ra. If i<a, A, may not refer to all of 
the points of Ra where f>k,, for A, may not include them all; but if i2 a, 
Ay, does include all those points, and only those. Ay is the set,in R, where 
f>k; and so, by the reasoning of my Annalen paper,* A, is the union of Ay, 
and lim;_. Ay = AY. Thus, on account of the absolute continuity of the integral 
of g in Ra, there exists an i>a and so large that if i>i, (4/—A¥) is 
sufficiently small to make 

S moan, LSE (11) 


Now the set (4,—Aj,) is made up of two parts, (4j/—A;,) and B, where B 
is some set outside.of R,. Therefore, by (9) and (11), 


Sin? | a lg] + fal <2«, 


which proves (3), and hence the proposition. 





Case 2: (J=0, Ê, 20). The only new difficulty here is with inequality 

(11). It is obvious that (A, —Az) may not become small at pleasure because 
of the non-null sets that may. be included. Therefore a method must be found 
of dividing up these non-null FE, sets. The measures of some of them may be 
infinite. We first note that there are only an enumerable number of values of 
k, say ka, ke, ...., Where E,>0. This follows from the fact that, if A, be, as 
before, the set where f>k, A, is a monotonic decreasing function of k, and k; 
‘is a point of discontinuity of Ay It is known that such points are at most l 
enumerably infinite for monotonic functions. We now define, corresponding 
to the parameter A4(0<4<2-+1), a family of point sets ,, and a limited 
function g(a, y) which is associated in a certain way with f(z, y), and which: 
is constant at most in null sets, and has the property that the set of points 
- where q>2 is Q,. Let c, be any positive number such that 


G-+e+....=1. ; (12) 








* Loo. cit., p. 275, Lemma 2. 
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Let g(x, y) be defined as the limit of the monotonic sequence, 


f(z, WSun(%, y)Sa(%, y)S.---Sf(Hy) +4, _ (13) 
where qi, @,..--. are defined as follows: at points where f<h,, let qı equal 
f; at points where f=h,, let q, equal ce” "+f; and at points where f>k, 
let q, equal f+c,. Here the function ce~” -+ k has the properties that it is 
constant only in null sets, that it lies between k and k+ c, and that the set of 
points where it is greater than any number between these limits is a circle. 
Other definitions -of q, might obviously be chosen, resulting in other associated 
_ functions q. Next, let qa be equal to q) where f<k,, equal to cee "+q 
where f=k,, and equal to q,-+c, where f>k,, ete. Let Q, be the set of points 
where g(x, y) >a(OSA<L+41). The proof that q is constant at most in null 
sets is omitted because the fact seems obvious. , , 

It will now be shown that each Q, is divisible into two. parts; one is part 
or all of the set where f equals a certain corresponding k,, and the other is 
the whole of the set where f>k,. Consider the set A, where f>k, and sup- 
pose the k,’s (7) which are not greater than k to be denoted by ajs and their 
corresponding ¢,’s by. s,’s, thus: 

Ai, Agy eee. KÉ; Siy Bay aie ace 
In 4, ; l 
g2f+s+s+....>k+sta4..... (14) 
For example, if k=a,, ka> k, keas, ....; in Ay, H=fts, e@2un=ftsn, 
Gs=Get+%2f+51+ 52, ete., and finally g¢.Sq@<....Sq. In R—A,, 
aQsft+tsatet....Skts489+....,; (15) 
for here, for every j, g Sf+sits:+...., and finaly q=limg,. Thus, if 
A=kh+s,+5,+....,¢g>4 in A, and g<Aa in R—A,, and so in this case O,=A,. 
If now it could be shown that to every à there corresponds a k such that 
A=k+s,+5,+...., the part of our proposition considered in this paragraph 
would be established, but this is not always true. It can, however, be proved 
except for an enumerable number of intervals where 


Arn miL Làn. A (16) 
For s,+8,+.... is a monotonic increasing function of k, and therefore, con- 
sidered as a function of k, A=k-+s,+8,+.... is always increasing, and is 


defined for each kin (0, L). Moreover, it is always continuous on the right, 
for, for any k which is not a k,, there exists a 6 so that the interval (k, +6) 
does not contain any of the points k,, k,,...., k, (n finite). Therefore,- 


|a(E-+3) —a(B) | < |8| +5c;<s, 
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if n and 6 are chosen properly. This is true for >0 even if kis a k,, but in 
this case every interval (k,&+5),8<0, would include k,, and hence at such 
points 4 would have a discontinuity on the left equal to c,;. The correspondence 
desired is proved. We proceed to consider: values of à of (16). First, all 
points of A, are in Q,, for, if f>k,, g>A,,=kh+5,+5.+....(¢;=8,), that is 
q>À. Secondly, Q, contains no other points, except some where f=k,; for, if 
P is a point where f(P) <k;, let f(P)=k,—y. To this value of k there is a 
corresponding A=k,—y+o,+o,+...., where o,,9,,.... are the s/s for 
k;—y; their sum is less than s,+s,+-.... by at least c,=s,. By (15) 


q(P)Sk;—y +o ta: + s... Sh—y+s+s¢+ eee 8, < Arm <A, 


and therefore P is not in Q. Thus, in every case there is a k, corresponding 
to A for which the conditions are satisfied. 
It may now be shown that 


As in Case 1 (1), 


where ©}, is the part of Q,, m R,. For q is for R; precisely an associated 
function in the sense of my paper for the case when R is limited. The rest of 
the reasoning of Case 1 now holds, mutatis mutandis. 

Casg 3: (160). We may obviously consider Case 1 as a special case of 
Case 2, where g=f. By Case 2, 


Jonnen =E f =f o f otf, 9 
fiat 9. 


~ COROLLARY. If f(x) is monotonic decreasing in (a, œ) and 1<f(a)<L, 
and if g(x) ts absolutely L-integrable in the same interval, there exists a 


A(a SAS) such that 
[rig=f ot Lf 9. 


It is to be noted also that the theorem gives even for one dimension a 
much more general statement than this corollary. 


Add 
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INTEGRALS CONTAINING PARAMETERS, §§ 6-8. 


6. Integrals over Finite Fields.* Asa part of my discussion of integrals 
containing parameters I intend to extend to integrals over infinite fields certain 
theorems of W. H. Youngt+ on integrals of functions of one variable. It is 
necessary first to make the extension to n dimensions for finite fields, and in 
this section I shall cite certain of these results: They may be deduced more 
‘simply from Vitali’s test of equi-absolute continuity, than by extending to n 
dimensions Young’s idea of upper (lower) semi-continuity, but I will not give 
the proofs. In passing, however, I call attention to one theorem (11) which 
is not related to Young’s, but which is a generalization of a very useful 
theorem on integrals not containing parameters. 


Turorem 9. Let A bea limited measurable point set in space of n dimen- 
sions. Let lim, mnfam(%,Y,----)=f(%,y,....) in A, in general. The neces- 
sary and sufficient condition that 


lim f fed A= J. fåd 


is that there shall exist two functions Bony Hy vere); Gy el Biss) whose 
limits are g(x,y,....) and G(a,y,....), respectively, for which this is true, 


and such that, in general, Jn m<fnm<Gn,m- 
Coronary 1. An analogous theorem is true for iterated integrals. 


Conorbary 2: If f, _(&,y,---.)20, and its limit is f(a,y, ....), and if 
also the limit of tts integral over A is the integral of f over A, then a similar 
statement is true for the limit of its integral over any measurable part of A. 


Txueorem 10. If the limit of a monotonic sequence of integrable functions 
Osfhi(ay,....)Sfe(@y,....)S...., ts integrable in A, the sequence is 
integrable termwise. , 

TuuoneM 11.4 Ifin Af(a,y,....) ts the limit of a function fa ,(£,y,.-.-) 
which is nowhere negative, and the limit of whose integral is zero, then in 
general f=0. í 

- The proof is immediate if it can be shown that the integral of f over A 
exists, for in that case the integral of fem is obviously equi-absolutely con- 


*It is not assumed in this section, as it is elsewhere, that the functions in question have integrals 
over finite measurable fields. The case of n parameters is not essentially different from that of two. 

{t Loo. cit., pp. 315 ff. 

t Rendiconti del Oircolo di Palermo, Vol. XXIII (1907) pp. 137 ff. Vitali enunciated his test only 
for one dimension, ,but his method is valid for n dimensions. 

§ This is a generalization of a well-known theorem. Cf. Pierpont, The Theory of Functions of 
Real Variables, Vol. II (1911), p. 385, § 402 (2). 
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tinuous and approaches the integral of f as a limit. Thus the integral of f is 
zero, and the theorem of which this is a generalization applies. Suppose the 
integral of f over A did not exist. We could then let A, be the set where - 
f>k, and set p, equal to zero in A, and to f in (A4—A,). Then the integral 
of @, over A would diverge to plus infinity as k became infinite. This would 
be impossible, for suppose that for each k a,m; equals 0 in 4, and f, m else- 
where. Then for each k 9,,,,, would satisfy the conditions of the theorem 
and @, would be integrable. Therefore the integral of p, over A would equal 
zero for each k. 


7. Continuity. Lemma 1. If 0<f(2,y)<g9(a,y), and J;(g) exists, then 
< 2 <J.(g)— ; 
OSIP — Sf, PSIO = Sa, gdedy 


Lemma 2. If for each (n, m) the function f, m(x, y) satisfies the conditions 
imposed on f in Lemma 1, and if f(x, yY) =lim, mfu. (2Y) in general, then 
Jilfa m) exists and its limit is J; (f). 

Obviously 0<f<g, and so by Theorem 3 J,(f,,,,) and J,(f) exist. For 
an arbitrary e>0, let a, 8 be chosen so large that 


J(g)— < 

| (9) J & 

By Lemma 1, then, l < 
osa =f fst) = e 7) 
EAEN ESO 9<e (2) 


By Theorem 9 there exists for these fixed values of a, 8 an n, so large that, if 
n, MMe, 


(3) 











Ra B 
From (1), (2), and (3), 


Jif) Fifa m) |<8e, (n, m>m). 


Lemma 3. Except perhaps for a null set in R, let gy, (2, Aso, 
lity, mIn, m (2 Y) =9 (2, Y), and lim, wIi(Gn, m) =J,(g). Then, for all values of 
a, B uniformly, 5 . 

“li = dudy. 
. lim In, ddy S gdady 


mPa, p a, p 
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Let Pa, m= In, m and Pam =g where Une Ui and let Pam J and Va, m= In, m 
where gpn <g. Then 0X Yn n< Ên m? 


CES a Pa, m= = | gn, a—gl, (1) 
UM, mOn a = iMn m Yn mn =g, and O<d,,59. By Lemma 2, then, 
lim, m Ji (n, m) =J,(g). (2) 


By definition, Ọ,, m+ Yn m=In m t9, and hence lim, mJ:l®n, mta m) =2J: (9). 
This, with (1) and (2), proves that lim, mJ:( |Jan —g|)=0. Now, uniformly 
in a, B, 


|S. Ono) SS lasl Inas]. 


Lemma 4. Eacept perhaps for a null set in R, let O< fn n(2,Y) SIn n(2 Y), 


let lim, mfn, m (2, Y) =F (2, Y), and lim, mIa, m (2, Y) =9 (2, Y), and GMp mIi( In, m) 
=J,(g). Then Ji(fa m) exists and its limit is Ji (f). 


Since obviously-0 <f <g, we have, by Lemma 1, for all values of n, m; a, 6, 


osa =f t shi e (1) 
SIn) S, fam SIAIne) f Iam (2) 


For each e>0 there exists a number n. so that, by hypothesis and by Lemma 3, 
for all values of n, m>n, and all values of a, 8 uniformly, 


Ine —TA9) | N N Inn 
| (Fam — S pee (o)—f,_9)| < (4) 


But, if a, 8 >some number hey 


of 


and, therefore, by (3) and (5), 


[Talon a) af. oun 


This, with (1) and (2), shows that 


<E, (3) 





and so 


<E, (5) 





Be, (n, m>n, 3a, B>a)- 








IOIO, tow fof] <hr mSme Boa). (6) 
42 M A a e 
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Now let a, 8 be held fast at somè values greater than ae. There exists a 
number n; so that 


|S. fom S. a A <E, (mmm), | (7) 


for, by Lemma 3, and since 0 S fn mS Inmo Theorem 9 applies. Thus (6) and 
(7) proye the lemma. 


Turoram 12. Let lim, mfa m(2, Y) =f (x,y) in general. In order that the 
following integrals shall exist and that . 


Lith mil Fn, om) =J;(f), 


it is necessary and sufficient that there shall exist two convergent sequences of 
functions, liM, mIn, m(% Y) =9 (2, Y), Ly nOn, n (2, Y) =G (x, y), for which this 
is true, such that in general ga m(2, Y) <fa m (2, Y) < Ga, m(%, Y). 

To prove the necessary part we may take g, m=fn m —1/ (mney), Gam 
=f, n t 1/ (mney). To prove the suficient part we note that 0< f, m~ In, m 
Sapan and that lim, aJian, mIn m) =Ji(G—g), and apply Lemma 4. 

COROLLARY 1. Let limy mfa m(2, Y) =f (x, y) in general. Any one of the 
following is sufficient to make lim, mJi(fa.m) =JIi(f): 

(a) g(2,Y)Sfa (2, YVSE(a, y), and Ji(g), J:(G) shall exist; 
(b) f(x,y) shall be the limit of a monotonic sequence, 


r fila, 9) Sh(@, y) S. 
and J,;(f) and J,(f,) shall exist; 

(c) lim, aJil lfa al) =A AFI; 

(d) |fam(2Y)|SG(2, y) and J;:(G) shall exist; Z 

(e) fam (2, Y) = hn, n2, Y)Inm(% Y), where OLhi ms Inn Sl, and one of 
the convergent sequences h, m and Ja » Shall be integrable termwise in R; 

- (F) fam (Inn) 9S 9n.mSl <p, and the sequence Gn. m Shall be aii 
termwise in R. ; 

Coronnary 2.* The double series of which the general term is up (2, y) 
is absolutely convergent and absolutely integrable termwise in R 1f there exists 
a never negative function v(x, y) which is integrable in R and a convergent 
double series of positive terms of the type ay» Such that | ty, m(2,Y) | Say, mt (2, Y). 


For, if s, , refer to the sum of the absolute values of the nm terms of the 
u series, and Sp to the sum of the corresponding terms of the a series, 
OS Sn mÊ n (2, yY) Slim, nTn mt (T, y), and (d) of Corollary 1 applies. 





E Of. W. H. Young, loo. oit., p. 324. The same statement holds good if R ie a finite field. 
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8. Differentiation and Integration. The next theorem may be derived from 
what precedes in much the same manner as may be proved the theorem * of 
which it is a generalization. 

Tueorem 13. Let g,(%,y)Sf.(%, y)SG,(%,y), and far— gns Gif, be 
monotonic increasing functions of n at each point (x, y), and let the derivative 
of Ji(gn) =J,(dg,/dn), and the derivative of J,(G,) =J,;(dG,/dn). Then the 
derivative with respect to n of J:i(fa) =Jd,(df,/dn) wherevert df,/dn exssts. 
The same ts true if the right (left) hand derwative be used throughout instead 
of the derivative. 

The following lemma may be proved by the use of the theorem of Young 
analogous to Theorem 9, and the theorem of Fubini analogous to the corollary 
‘of Theorem 5. 

Lemma. Let the interval (a<n<b) be finite. Sufficient conditions that 
the following exist and be equal, 


S hisy idm A| f olyna], 


are that (1°) the integral of g with respect to x and y over R, g, for all values 
` of a, >a, be absolutely less than an integrable function of n, (2°) Ji(g) 
exist for each n, and g be absolutely integrable with respect to 2, y, and n in ` 
- the parallelopiped; 0<a<a, O<y<B, a<n<b. 


THrorem 14. Suficient conditions that the equation, 


| J. g (D ain=n iA), 


be valid in (agnXb) are that J,(f) exist at one point of the interval (a, b), 
and that df/dn exist and satisfy the conditions imposed on g in the lemma. 


n a) “3 a df 
f Jı ( F) dn=J, S F dn. 
By a known theorem due to Vallée—Poussin,} this equals Ji (fa) —J.(f,). 


CoroLLARY.§S Under the same conditions the derivative, with respect to n, 
of Jı(fa) equals J, of the derivative of fa, (a) in general in (a, b) including all 


By the lemma 











_ * Bee preceding note, same reference, p. 321. 
t More generally, for each value of n for which, except perhaps for a null set in the cy-plane, 
df/dn exist}. - í 
$ Lot oit., Vol. I, p. 263. 
§ See reference of previous note, pp. 267, 268. 
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points where the derivative of J,(f,) ewvists, and (b) at all points of a. b) 
provided J,(df/dn) is continuous in (a, b). 


Tue Fourmer Inracrars, $§ 9-11. 
9. Introduction. The iterated integral 


Ia = fu fre cos u (ta) dt 


is sometimes called the Fourier double integral. We shall reserve this name 
for 


Jepe lin 4 1 f tuf tO cos u(t—a)dt+ Jim 1 1 f“ du f FO cosuft—a)dt. 
a, f=o Ft a, Bow M Vo —£ 

Here J, and J, have the same relative ni ae as in the preceding sections. 
It is evident that J; does not exist. A good deal has been written” recently 
on the problem of finding the most general conditions that one can impose on 
f(t) and make J, equal to f(x). In the following section, it is shown that J, 
equals f(x) under circumstances more general than those derived for J,. 
Indeed, if f(x)=1, J, does not exist, and if a value be given it by the usual 
summation method, that value is zero, but J;=1. In Section 11 the corre- 
sponding integral which arises from three-dimensional problems is considered, 
and some of the questions connected with it. For simplicity v, y, and z are 
restricted to non-negative values. This enables one to dispense with the 
second term of D. No generality is lost thereby. 


10. The Fourier Double Integral. Lemma. (a) For all a, 8>0 uniformly, 


f TË als. 
0 t 22 


(b) Let O<f(t+a2)<M, and let f be a monotonic decreasing function of 
t(t20) for eacha. Then, uniformly with respect to a 2 a,>0, and boundedly t 
with respect to x im the first case, and uniformly in the second: 


TE u= FA +0-+e), lim f fata SE 





dt = 0. 








lim f Fa) 
B=me/0 
(c) If also uniformly with respect to x lim f(t+av)=f(+0+2), the onodi: 
t=0 


ence in the first case under (b) ts uniform. 





z * A. Pringsheim, Mathematisohe Annalen, Vol. LXVIII (1910), pp. 367-408. W. H. Young, Trans- 
actions of the Cambridge Philosophical Society, Vol. XXI (1910), pp. 428-451; Proceedings of the Royal 
Sootety of Bdinburgh, Vol. XXXI (1911), pp. 559-586. 
` +F (0, y,.--.) approaches its limit “boundedly” with respect to v, » .... if there exists a fixed 
_ number greater than | Fa] uniformly for all values of w, y, ..... 
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The lemma is known except perhaps for the boundedness and uniformity 
of the convergence. By the more familiar part, however, we have 


Zp(+0+0)— lim S feta) EE ay 











tl : 
=lim f" [f(+0+2)—f(t-+«)] _ = lim 8. 
By (a) and the second theorem of the mean, 
[S| SM max <E gi aa 
a {Vo t 2 











Thus the convergence is bounded. In the cases where it is uniform the 
demonstration is the same except that M is to be chosen arbitrarily. 

Turorem 15. Let O<f(x)<M, and let f(x) be a monotonic decreasing 
function of æ(£20). Then D=1/2[f(a—0)+f(#+0)], and the proper in- 
tegral of which D is the limit approaches D boundedly with respect to = o if 
gzza>0. 

Case 1: (x=0). By the lemma 

a B A 
D= li du tudt= li t) 
mt im A u f F(E) costu t= lim f 4O 


a, p=% 


sin at 





dt= = f(+0). 

Case 2: (0<a<a). In the formal expression for D substitute t—az=s. 

Then 
` nD= lim “du f Here cos su ds = limn Hista ) 


sin a) 











ds 
a, Bom a, pmo 
sin as 4 
= lim f feta) = ds+ Jim  [ ie+a) 
E7 Baw 
Substituting t=—s in the first ET and separating the last integral into 


two parts by the point 2, 
nD = lim Lf Uf (—t+2) 47 (t+2)] 


which a: 4[f(a—0) +f(a+0)] by of the lemma, and the convergence 
is bounded. 


sin a 








Cororzary 1. If also f(a) is continuous in (0 <a <g<b), the convergence 
is uniform there. 


Apply (c) of the lemma. 

CororLary 2. The theorem and corollary are true if f(z) =f,(£) —f,(2), 
where f,(x) and f,(x) have the properties there ascribed to f(a). 

Examples: e~”, 1—e™*, f(x) equal to a polynomial in (0,1) and to I/a 
elsewhere. 


330 Camp: Multiple Integrals Over Infinite Fields, 


Turorem 16. Let (1°) f(@)=g(x) p(x), where 0<f,9,p5M,f (xz) has 
limited variation in every finite* interval, and g(a) is monotonic decreasing 
(m2 %), and p(x) is periodic (Z2). Let (2°), except perhaps a null set, for 
TZ Xo, z i 


p(z) = $ (a, sin kiz+b, cos kis), 
$ i=0 


where the as and b/s are the usual Fourier coefficients, and (3°). 
=(\a,|+|,|) =H. Then for each 220, D=1/2[f(a—0) +f(a+0)}. 

Let f(t) =$(t) +(t), where p=f and ~=0 at points where ¢<2za, and 
p=0 and Y= where ¢ > 2a, x being the point at which the development is to be 
examined. Referring to the preceding corollary we see that it holds when > 
replaces f. Referring to the proof of the previous theorem we see that, by 
formal processes, 


nD—n/2{f(0~0) +f (#-+0)]= lim [iita Hyla) EE a 


+ lim yla) 22 ds =1+IL. 


a, Bras 


By definition of 4, 1=0. To prove that IT=0 we have éssentially to establish 
for the f of our present theorem only the second part of (b) of the lemma to 
Theorem 15, with the omission of the references to boundedness and uniformity 
with respect to æ. An apparent exception occurs when «=0, but it may be 
. avoided by separating the interval (a, 8) into two parts by means of a fixed 
point. We proceed, therefore, to show that, a,>0,¢>0, # being prescribed, 
there exists a 8, so that the following is true uniformly in a and @: 
sin 


|S otopiti] <e (B>B. 


The function g(t+@)/t is monotonic decreasing if t>2. Let a be so large 
that a >z, and also that g(t+%)/a,<e. Since t gp/t is absolutely L-integrable 
in (a ?- a) , j 





ET eer 7 
lim f i sin ftdt=0. is 
Now 





[EE pier) sin Btdt 





a, 2S 
<e max| f p(t+2) sin Brat | 
A a; 


f sv Bt [Ea sin ki(t-+a) +b; cos hi(t-+2) | dt | ; 
ay 0 2 





=8 max 
A 





*These conditions could be generalized a little by requiring that certain of them should hold 
necessarily only in the neighborhood of w. 
} Lebesgue, Annales de la Faculté de Toulouse, Ser. 3, Vol. I (1009), p. 62. 
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It may be seen in several ways that this series is integrable termwise; for 
example, by 3° its remainder is uniformly limited. Thus the above expression 
equals ` l 


. € MAX 
A 





cy A 
5 af sin ki(t--«) sin Btdt 


0 
+b, f cos hi(é-+e) sin Brat | | 845 la| + |6;|) =BeH. 

Conotuary. The theorem is true if f(x) =f,(x)—f,(x), where fı and f, 
separately enjoy the properties there ascribed to f. 

Example: f=a in (0, 2), =2a—= in (x, 27), ete. 

Turorem 17. If f(x) has limited variation in a neighborhood (a—c,"+c), 
c>0, of a, and if f(x)/x ts absolutely L-integrable in the infinite interval 
(£> c), then, for each #20, D=1/2[f(z—0) +He+0)], 

As before 


D= lim cad. Har n at dt= lim ipia 


+S. rentan f” n u|- -I+II 








sin at 


dt=4[f(e—0) +f(@+0)], 





T= lim = 2 tte) ene 1 


since the part of the integrand in brackets has limited variation in (0,c/2). 
Since f(t+2)/t is absolutely L-integrable in (—2, —c/2), by Lebesgue’s * 
theorem I=0; and, similarly, a part of III, 


i tm S fia z) EE En 


where 6, is so chosen that 
Thus |TIT| <e. 


Example: f(x)=p(x)e*, where p is any limited function which has 
limited variation in the neighborhood ; of x and is L-integrable in every finite 
interval. . 

It could now be shown that, if in this form of the Fourier integral the 
integrand were multiplied by e (or by e7™") the usual thermostatic (or ther- 
modynamic) equations would be satisfied, in general, and that the functions 





HEN ac 
to. 








* Loo, cit. 
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defined thereby would enjoy thé other properties desired for the solutions of 
the corresponding problems in heat and electricity. But-this would not be 
useful, for, although some texts imply that the Fourier “double” (in my sense, 
iterated) integral is needed in these physical problems, it never is, and the 
appropriate propositions can be proved for the simple integrals that are 
needed, in a much more general fashion than I can prove them even for thé 
double integrals considered here.* The theorems of this section serve as . 
lemmas to the next section, where their practical value becomes apparent. 
However, as notably in the case of Fourier’s series „t so to a less degree in the 
case of Fourier’s integral, the theory of the representation of an arbitrary 
function has enjoyed a development and interest that have nothing to do .with 
its value as a physical tool. 

11. The Fourier Quadruple Integral. If one seeks the value of the potential - 
function F in an infinite rectangular parallelopiped (a, y,2>0), given that 
the surface z=0 is kept at a potential V.=/(z, y), and that the surface z=0 
is insulated, one is led to LaPlace’s equation, y*(V) =0, and to the formula: ¢ 

a B Y ð 
V,= lim f uf uf dsf e äta F(t, u) cos s(t—ax) cos w(u—y) dw. 


a, B, Y, daw 
Turorsm 18. Let f(x, y) =h(æ)k(y), where h and k satisfy the conditions 
imposed on f in one of the theorems 15, 16, or 17, or are the differences of two 
such functions. Then V,=1/4[f(a—0, y—0) +f(a—0, yt+0)+f(z+0, y—0) 
+f(#-+-0, y+0)1. 


For Y= lim Lf at h(t) cos stadia mo cos w(u—y) du |, 
Å a, B, 7,6 0 0 : O° 0 
which equals 1/4[h(a—0) +h(x%+0) ] [k(y—0) +h(y+0)]. 

CoroLLARY. The convergence is uniform with.respect to æ (or y) if k 
(or k) also satisfies the condua of continuity imposed in the corollary to 
Theorem 15. 

THtorem 19. If f(x,y) is absolutely L-integrable in the infinite rectangle 
(x,y 20), V,(2>0) satisfies LaPlace’s equation. : 
__ It is sufficient to show that the signs of partial differentiation may be 
passed. over’ the limit sign and over the signs of integration in the expression - 
for V,. For this purpose we refer to corollary (b) of Theorem. 14. Using 














*Cfi. W. H. Young, Procoedings of the Royal Sootety of Edinburgh, Vol. XXXI. ao; P. 887; 
Enoyklopädie Mathematischen Wissenschaften, II, A 12, p. 1089. 
f 7 + Cf. VanVleck, “The Influence of Fourier’s Series upon the Development of Mathematics,” Bondt, 
N. S., Vol. XXXIX (1914), Number 995, pp. 113-124. 
In the usual formula the iterated integral is used. 
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the notation there, but replacing that f by the present eel which we call 
ĝ, and thinking of n as representing in turn v, y, and z, we see that we need 
to prove: (1) that J,(d@/dn) is continuous near-n, n being the point at which 
the derivative of Jı is being examined; (2) that J,() exists at n; (3) that 
do@/dn exists, and is absolutely L-integrable over finite three-dimensional 
fields; and (4) that there exists a function,-® (n), whose integral with respect 
to n exists over a finite interval enclosing thé particular point n in question, 
such that, for all values of a, 6, y,$20 uniformly, 





f “Paine aw 25 Ga): 
Ra, B, y, 3 0% 


These results are needed in order to show that the first derivative of J, may 
be replaced by the first derivative of its integrand. The process must be 
repeated for the second derivative. We shall then have conditions (5), (6), 
(7), and (8) exactly like (1), (2), (8), and (4), respectively, except that 
dp/dn replaces ĝ, and in (4) O(n) is replaced by some other function having 
the same properties. It is obvious that (3) and (7) are true, and that (6) is 
included in (1). We first prove (4). For all values of æ, y, z uniformly, 


|| SIF G, u) [em Pr S| ple (S) = | flee F 
© ss \2 4M 
< = = —-— 
L el, : ¥as) g? 


Metin fat fn u) | du. 


Thus (2) J,(p) exists absolutely. Now, first let n=z. 


? 





where 


Z =V U, 2 L ttug, |si etwat et, 


Lous sanf set asf T #dw)= > 


Thus (4) is satisfied (¢>0). We can similarly prove (8), for 


Po som f7 s*e— tas e- dw = M 


Ra gya OÊ ze 


(9) 


* 

















Now, by referring’ to Corollary 1 (d°) of Theorem 12, it will be seen that in - 
(9) we aXe established (1) and (5); e g, if 22e>0, 


lf | (s--w) em gatu) Sif Le at), 
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which i is an integrable foumi in R. Secondly, let n=2 20. 


- 


ee ‘2p = sei ne sin in s (67a) cos oh 
LOG , Spee ee a 


Lo ook, Bs Oa a 
i ee BEST Gon s(t) 808 (4 =y). 


s 


gta i see E So freee fre e7 Fdo u, 





afitef € cae 
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The ‘patent of a Lens, and Allied Physical Problems. 


By @ Ginawan. 

As a sequel to the article in- E Vol. XXXIII, p. 311, on the *.. 

E “ Potential of a Spherical Segment, (a Lens)”; some further applications may 

` be cited, by which the solution can be An of elied praniem in Electricity, 

Attraction, and Hydrodynamics. : l 

OL Starting with U, the potential Kontion (P. F.) of : a Geal ‘bowl of 

- radius c cm, and uniform superficial density, o, in g/cm? super, it was shown in 

the former article (cited as A. J. M. ) that G denoting the gravitation constant, 
; 666x107 in C. G.S. units, ZO 

Z =cQ+rQ, z (1) 

- (A. J. M., § 8), and this is Maxwell’s P_of $670, “Electricity and Magnetism” 

(E. and a ; and oo asin A. J. M., §13 (18), 


ie AO, AOE 3 
Fa T d ip, =F (ratan c- = Q. (2) 


The P. F, U in (1) is composed of two terms, of which Q in the first is 
the apparent area at P of the bowl or its base AB (fig.1), and Q is a P. F. 
satisfying Laplace’s equation; and as U is a P. F. at P, it follows that the 
second term #’Q’ is also a P. F. at P, while Q’ is a P. F. at P’, the inverse 
point of P in the spherical Salas Q’ representing the apparent area of the 
bowl or its base AB at: P’. 
a Interpreted physically, Q will edi the magnetic potential at P of a 
plate bounded by the circle AB and magnetized normally, or the equivalent 
electro-magnetic potential of a current round the rim; or it will represent the 
illumination on a page at P parallel to AB, due to skylight coming through the 
' circle AB, as inside a chimney shaft or down a well, where the illumination of. 
a sky of uniform brightness would be reduced by the fraction i 
| Moge Bs 
; 2 Vlka)’ 
at a depth k in the middle of a shaft or well of radius a. 
43 a, 8 - 
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2. The radial component F of the attraction along PC is given by 


F 
Go 


D , , i 7 l 
= é (cQ+7r'Q')=—c dQ. ao -+ 3 = Lw., (1) 





dr dr 7e rê 


Thus with P on the axis, and outside the convex side of the bowl at G, 
when P’ is inside at O, 


FCA 
Go 


Q’=2n, 2 = 27 cos’ y. | (2) 


"OG 





Fra. 1. Frc. 2. 


` 


With P inside at O, and P’ outside at G, Q’ is negative, 


‘oO ,_ OG E 
F L i CA? —2 -+ sin y ' 
ai eee —9 a —2+ sny 
Go = 27 ( 2+ sın y) TO == 20 Go! s E (3) 
With P at K’, c=r=27’, Q=; 
P _ OK’ 
g L7 21 Tei = cos $y; (4) 


P outside, close to K, and P’ inside, r=c=r’, 


EOS E ae l 
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P inside, and. P’ outside, cloge to K, "i l a 
* Go g . ra 
A particle at K ; inside. or outside, will. stick to the surface ‘of the bowl, 
in stable equilibrium; for if slightly displaced on a small smooth spot at K, it 
- “will beat time with a pendulum of length (A. J. M., §7, p: 386), _- 


_g KA e 
‘Gon -OA*”. r zo (7) s 


O—4n-+2n siny. E E (6) 


, _ 4 A KA 
this length is -~ e Out | 
beat is equal to NI (74 aa) of the period of the grazing satellite. 





of the earth’s radius with a mean density. A; or the . 





3.. In the previous demonstration it was assumed that the ‘bowl was the - 
segment of a sphere made by. a plane; but as the result is independent of the - 
size of the segment, it holds true when the segment is made small; and then 
-by summation the result in (1) §1 is seen to. be unaltered in form when the 

bowl is bounded by anyother curve. - ee ad So 
| This is evident by elementary geometry in fig. 3; the element dS of the 


N 


spherical surface at E has the potential at P,and. . 


2 





_ ” Fra. 3. 








T . © EP=0E cos@+OP cos 0, © TE 
so that’ ` aA aa A : P e a Y 
- a (CE-cos ¢+CP cos 0)- 
"dS cose, 4, a ai o> OE 22 =) D 
, SER EP? + CP EP because Gp = gpa) -- 


= 0E d9.+4CP'. da,’ pe 8: l ae) 
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reckoning Q, Q’ positive when their aspect from P is the concave side of the 
bowl; and then by summation, 


U A f 
Go =Q +r O, . (3) 





whatever the shape of the boundary rim of the bowl. 
And for F, the radial force along PC of attraction at P, 


AP _ dS cos8 CP’ dS 0088 r gay Ew, (4) 


Go EP? ~ CP EP” r r 
F È l 
Go | ©) 


These two or three lines of geometry can thus replace some pages of 
analysis in Maxwell’s E. and M. 

For a complete sphere, and l 

P inside, Q=4n, Q'=0, Gy xin, F=0, (6) 


f 2 
P outside, Q=0, Q'=4n, r =4nr' = = ; - = = ~ (1) 
the well-known results for a spherical shell, and thence for a solid sphere given 
first by Newton in the “ Principia,” and of pioneering interest in justifying bis 
- theory of gravitation. i 
Because evidence has been found recently, by Prof. J. C. Adams,. that 
Newton laid aside his calculations for nineteen years, till 1684, not only on 
account of his erroneous estimate of the size of the earth, at sixty land miles 
to the degree of latitude instead of sixty-nine; but also because Newton wanted 
to prove that fhe attraction of a spherical body like the earth on an external 
body, like an apple at the surface, was the same as if the earth was condensed 
into a particle at the centre, an assumption good enough for its attraction on a 
‘distant body like the moon, but requiring justification for an apple on the 
surface. As soon as this was clear, he set to work at once on the “ Principia.” 





“~ 4, The theorem in §1 is general, that if any P. F. at P is given as a 
function of r, u= cos >, vd, by V =F (r, u, ẹ), so that V’=V (r= La 4) isa 
P. F. at the-inverse point P’, then 
; l t Si 
rY (r, u, y=£7(5,u4) is a P. F. at P. (1) 


© (W. D, Niven, L. M. S., VIII, 1876, p. 66; W. Burnside, L. M. S., XXV, 
1893, p. 99). 


GREENHILL: The Potential of a Lens, and Allied Physical Problems. 339 


The theorem is proved at once w Laplace’s operator. 


& d 1l d? 
rant ay +z (1 Aati — ë ay’ (2) 


: 2 
which changes, for c= E into 
r 
ga 1l SE ; 


and this operator, oe as an annihilator on r’V’, reduces to Laplace’s 
equation 





PV av’ d a 1 dv’ 
y2 say 

owt? r Ge ae = a du ae ay =0. (4) 

Or in the algebraical form employed by Niven, if V in f(V, 2, y, z)=0 
av a&v zi 
satisfies Laplace’ 8 Operator gza at a8 dy? Poa z =0, so also does the function 
r c e È 
ae y, 7 T, r2 Y, r? 2) =0. 


A combination of V and — 7 or — ty will then give a P.F., where V= p” 


on the sphere r=c=r. 
5. Fora distribution symmetrical about the axis Oa, the P. F. V satisfies 
Laplace’s equation in the form 


E al aV 
Tae) + ae 0; s 0 


so that a function N can be assigned, the Stokes or stream function (S. F.), 


puch phat aV. AN WV aN 

Uae a ay (2) 

and the meridian curves of the surface of constants V and N are rhosod, 

The factor 2% of N in A. J. M., § 11, introduced by. Maxwell has been 

omitted here, and the sign changed; so that here the slope or gradient of V 

is changed into the gradient of N by a rotation through a neat angle against 
the clock or sun, widdershins. Also 


dv 14N d , | 
E see (3) 


ay i aN T-T 
dæ y dy’ ~ ydg 
&V ac a) aes a A (4) 
dedy dy\y dy/ d ‘da }” l 
d/1dN\ d/l TO 
as T) tage ay) =" ee, 


340 GBEENHOL: The Potential of a Lens, and Allied Physical Problems. 


Better then use the ordinary 2, y coordinates instead of z, w, or Maxwell’s 
b, A; because at a large distance from the axis Oz, these equations (1) and (5) 
degenerate into. 


av. av dN ÆN a 
eae gat age S (6) 
as for plane orthogonal conjugate functions, V and N. 
In polar coordinates in fig. 1, with 
æ = ccosy—rcosh, y=rsin ĝ, (7) 
d ; d . d d 
a eop a eG ; Het apo ay! (8) 
aN d 
Pro piz TP gy It +y sin ĝ da 
dV : aV l 
=Y qq Egg | (9) 
dN _ aN dN av av 
de sin 6 -iz T oep =—y Pag +y cos ar 
dV . dV = = 
ae a p P| y - (10) 


and the V gradient is changed into the N gradient by a rotation through a 
right angle with the clock and sun, deasil. 
But here æ and r cos ẹ are antagonistic, so that V, widdershins with N 
with respect to x and y, becomes deasil in the polar coordinates r, 9. 
With dn the outward normal element of an equipotential V, and ds-the | 
element of the meridian curve of V, normál element of N, 
dN av 
T Yn =4ncy, Nees SOU es: - (11) 
and this is twice the charge or induction through the zone Sı—S, on the 
equipotential V; o denoting the electrical density of induction. l 


6. A relation similar to (1) § 4, holds for a Stokes stream fanton 
(S. F.) at P; denoting it by N, or N (r, u=cos ĝ) and by N'=N (r= =u) 
at P’, then l f 
7 T a7 l 
c d r 7 .. (1) 
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is aS. F. at P; and Laplace’s operator in (2) § 4, is replaced for the S. F. by 


od Y, . 
P rat (1—uųu aa (2) 
changing with r= Pa into 
d* d a 
"gat ae +e aa (3) 


so that, operating as an annihilator on = 





ee oe BN’ 
ae “dr? ac =e’) du 2 =0. : (4) 

Thus, if 
l . Y'M (r, u) =r° sin’ pM (r, cos ¢), (5) 


is a S. F. at P, then y”M (r', u) is a S. F. at P’; and 
T a as Jaton m2 (< ) 
yt (Su =r" sin’ pM ou 


spito (Sou) = ol (Fou) 


[or] 
— 


is also a S. F. at P. 
Axial differentiation a will give a new P. F. and S. F., such as ay and 


dx ax 
oe ; and since, in Maxwell’s notation, with 4=y cos qd, 
aV av 1 dN 
Gi dk a N (o) 


this transverse differentiation will give a new P. F., tesseral of the first order, 
suitable for use in a uniform field perpendicular to the axis Ow. 

7. Fora plane circular plate AB, not dished as a bowl, c=, Q’=0, and 
the result in (1) § 1, changes, in Maxwell’s coordinates A, b in E. and’ M. § 701, 
to the expression in A. J. M., § 3, p. 378. 


wW 
Ge =aP—AQ—bQ, E (1) 
1 (dW dW daw 
ag (Z Ga? p) =P — 25 - (2) 


illustrating the application of the complete Elliptic Integral, First, Second and 
Third, in P, Q, Q; as P here represents the potential of thẹ rim of the plate, 
Q and Q the magnetic potential for uniform RENEA L in the plate and 
normal to it. 
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For any other boundary of a plane plate the normal component of the 
attraction, or the magnetic potential of uniform normal magnetization, is still 
f given at a point P by the conical angle © of the plate as seen from P. 

For if da denotes a small element of area round a point Q on. Mig plate, 
the normal component of the attraction of the element is 


Goda 


PE cos (angle between PQ and normal) = GodQ -~ (3) 


and so in GoQ for the whole area. 

Thus, for an infinite plate, Q=2n, and the field of the attraction is 
uniform and 2nG@o; changing to —2nGo in crossing the plate, a total change 
of 4nGo, in accordance with a general theorem. 

The S. F. L of the plate, with the sign changed to that in A. J. M., $ 12, 
p. 391, and omitting 2x, is then given by . 





a. = fabP+4bAQ4+4 (a—A*)Q, (4) 
dL dU ab a 


` as in $3; and the S. F. of P, the rim P. F., is see 


8. Here, as in A.J. M., § 20, p. 405, for the flat circular plate, with 
PQ=r, 9=20, =r} coso +17 sin’ o, 





a=f *—acos6d0 8a K—E(x) p_g= fects cos 6) d0 








r T ntr x : 
7 8a ci cos'ado _ 8a E(y)—y°G_ 8a B(x) —(1—x) K a 
~ 7,70 Ao ñ Ma bre x 





ad ir 4ado 4adr 
P= aay = =a a a 5 
S r J, V (17 costo + 12 sinto)’ =f V(r — r’. r*—13) 


_ 4aG _ 8aK 2na Q 
= Hy on BR? ) 


where G, K is the complete quarter period to comodulus y'= a ,or modulus 
1 
r— 


ae 2 
Inserting some further intermediate values of the series of quadric trans- 
formations, such as 





, and R is Gauss’s arithmetic-geometric mean (A. G. M) of 1, and ra. 


J as 
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Vi ee K= (4 L= -rit fe- L; 


d (Vn a Vra)” 


ie = (Yer Vre 


goa 4 : 

~p Vie : : 

| RSs Ree (VitVn)? y 

=== nEn 4 », D= (14u) f=; 
CETA | aes 9 +V fits aa? 3 (1 nEn + Yr.) 


f EE aa < B , i ` 














iw 
v= L+ > Mit Vite es es yates ’ 
: A BEN Lynn) i 
M=(1 N: = N; 3) 
( ta a 4%, nyae) j ( ) 
the ring potential of a mass m round the circle. AB is piven by | 
mG -m :‘K m a on m M 
nn (ritr) gt (Vint vr)’ m (ae tUa) $7 
l l m i . Nim l 
Taa 4] +1. ‘tn R Ae) 
4. Ur fife Ta- ; 


For a point close to the Tim, rą is small, and r,, 2.4 may be ‘replaced by 
2a; P is then large, and Q too, but P—Q is finite; and as in A. J. M., § 22, 
writing it 





_ ("4ado e Pe ee = 
p=f “je y f (5) 


r bet S 


the first integral 





Tig sin odo = i 4a sinodr 
Yn V( 


v r—r*. ae 
4a 
cht Z 6 
n TEAS ve JE Vay? O 
os a J 
f fasinods Pe ht agio pE tot VOTS) 9 log -2r 
0 fa 
-and the second” integral, with r >r COS O, o> cos o, we 
4a (1— sine) da 4a (1— sino cos odo Sans 
J, salt sinedo, < 40 (8m gy or aU sine Ee 


44 
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so that we can take 


P=2 log == $r E small terms, making - 


age = log $, practically, when y is small; and then 





4 e v=. 
G=2 log 2 at Z =2 log, =2K; or y'=4e-F= se, xa hee, 
as they may is g with @=K'=ł} x; (9) 
cost odo _ 8a 
Pag sz ie Se =" (cos oda, or 4; (10) 
P+Q=2P—4+ small terms =4 log Ž — ae small terms; (11) 


. and this is large as r, 18 small. 
Thus, for example, the capacity of a ring AB, of small circular cross 
section xc may be taken, with r,=c, r;=2a, 











2na na _ circumference of AB 
P — 8a 64 area of circle AB (12) 
log— lo na: 
c area of cross section i 
. ai : na na 
For instance, with a=10c, the capacity is ——— = -poz =0.7168a. 


£ ol : log,80 4.382 ~ 
. So also for the potential of a circular plate, in exact functions tabulated 
numerically, instead of in an approximation by series, as in Thomson and 
Tait, § 546. 
9.. When the bowl in fig. 1 is insulated and electrified, the electrical poten- 
tial can be written, in analogy with the potential of the bow] itself in (1), $1, 
(W. Thomson, Liouville, Oct. 8, 1845, “ Electrical Papers,” XVIII, p.178; 
_ J. GC. Maxwell, “Scientific Papers,” IT, p. 303; Ferrers, Q. J. M., XVIII, 
1881, p. 97; Gallop, Q. J. M., XXI, 1886, p. 229.) 


V=o+ a= Ty, cV=co+r'o’, j (1) $ 


- where, in fig. 1, œ and o’ are plane angles, given by 


2a so arsiny 


sees sin a’ = |, (2) 
tb te” OE nitr’ poe 

r= PA, = PB, ri=P'4, PB. ORS, OP ara, (3) 
AB=2a, ACB=2y, a=csiny, OC=cecosy, OA=c, ` _ (4) 


r _ 4AP _ DP _r—ece_r c foe +r, sino 


r AP DP c—r c ro n o ntn sino’ (5) 
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the ratio of the line elements or relative magnification at P and P’; and 
sin w, sin w’ is the excentricity of the ellipse with foci at A, B, passing through 
P and P’. i 

The statement in (1) is verified, because w and Lo are P. Fs at P; and 


over the bowl AKB, r=r’=c, ry=1, ty=r2, SIN o' = sina, o =n—o, so that 
V=n; while o=, V=2o over the remaining part AK’B of the spherical 
surface. At infinity, 7;=r,=r=0, r=0, 


os a ‘csiny 
OTZ SI Q5 —=— 
T r 





: : i E 
, Sin o'= sin y, V (wo) = SSE 4 Va, (6) 


so that the charge H=c(y+ sin y). 
The term in V is the potential of the electrification of the flat circular. 


dise AB, insulated and at potential 47; but the term 0! is obtained by in- 


version of the disce AB with respect to C, as the potential of a bow] AHB on 
the base AB, part of a spherical surface passing through C, when this bowl is 
earthed and influenced by a point charge — $ xc at C; because w’= 47 over 
AHB. ; 

The sum of the two terms is then the electric potential of the insulated 
bowl on the base AB, centre at C. 


10. The difference of the two terms 
V=—ot—o’ . (1) 


is also a P. F., zero over the spherical bowl AK'B, where r=c, o’—w=0; but 


over AKB, a’ +o=n7, V=n2—20= 20'—nx. (2) 


At infinity, n=re=r=mw,; r=0; 
a ecsiny 


. : a c 5 
ai ae areas ae sin o = sin y, P=- (y—siny), (3) 


so that the charge is c(y— sin y). 
At the centre C, where r=0, o=y, 


c ; ; 
os siny, V=—y + smy. (4) 
Mr..J. R. Wilton gives (Messenger of Mathematics, p. 96, August, 1914), 
p=—o+ É (na) `, (5) 


as the P. F. of the bowl AKB, uninsulated, in presence of a point charge ne 
at the centre C. 
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11. The S.F. 4 of the P. F.a is then found to be given by 
‘A=4V[AB’—(PA—PB)*]=V (PA: PB) sin} APB, (1) 
so that 4 is the semi-conjugate axis of the confocal hyperbola through P, and 
the meridian curves-of constant o and A are confocal ellipses and hyperbolas. 
- More generally, any oblate spheroid of which the dise AB is the focal 
circle, if insulated and electrified with a charge E, will have a P. F. V and 
S. F. N given at an external on P in the meridian plane 4PB by 


2E PA— re 
agp PETE N= =ay]|1 -5 PA=] (2) 


as this verifies at infinity, where PA=PB=PO= rcs and 
y= 2E dar AB 2E AB E 
~ AB 2P0 AB’ 2P0~ PO’ 


The electrical density o at a point Q on the spheroid will be given by 


(3) 











ges E , 1 ; 1 _ electrical force (4) 
( 2m QA+QB V(QA- QB) 47 f 
E 
electrical force =4a0= —~——__-5-— >> 5 5 
re =4n0= TAT QB) VA OB) ae 
electrical charge on the zone QK = half the difference of 
l A—QB : 
the S. F. at K and Q=4El1— [1— CET J TOR 
08. Fat Kand Q=48(1—/[1—(245 © 
12. Putting 


SEES- sae] o 


as before in (1) $11, where : 
r=w+(y+a)’, p=a+ (y—a)*, ri—ri=4ay, : < (2) 














dr, & dr, æ dr, yta dr, y—a 
dx 1,’ dw n’? dy nm” dy n’ (3) f 
B=V(p rnnt ty— a), A=V(} rnnga), (4) 
BeA = rr, Be—AL =e, AB = ag, (5) 
A, B= $V (nitet2ax) F $ V(r —2as), ` (6) 
o = sin”? ep = cos”! aaa ; (7) 





_ 2a (o ot 
do _ Tit 7.\ dx dæ _ a _ A (8) 
da - 2B f Brits nr 
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| "z (i m) (nrg (022-24) 

















dA — dy A ry Tg- 
dy ` A a 4A ` 
Yeri) —a lrir) _ yy (@—A*)—aty _ yA _ do (9) 
4Arirs ~- Aris Tita “do? 
(ea a 
do _ mitts \ n = fs / oy ltit Ta) +a" (r1— fe) 
dy 2B ve Bry, (tr, +12) 
ay (ri—13) +a (rira)? _ aay’ +a (aA) 
E Brira(ri— ri) = | Brdy, 
— ag’ —aB’ _ tAB—ab* _gsA—aBb ; i . (10) 
Brirsy Bryrwy © Py ’ ; ; r 
a © g 
a tn) (2-2) fo 
dz A oh Aris f 
` æl(— Apa) - —avA*+aAB —xA+aB do 
dene ane Re eg 


which proves, as defined in (2), $5, that A is wae: F. of the P. F. a, as stated 
above in § 11. 
Similarly, we prove that B is the S. F. of the P. F. 


2a _ gy 24 , “a w) 
Tif: E a t 

and œ can be the P. F. of the electrification of the infinite plate with the cir- 

cular hole AB cut out, or of any courocal ne perpotond of revolution, the electric 

charge being infinite. 


Then B is the semi-minor axis of the confocal ellipse through P, and 








B=a cot o=2 coth a= V (rira) cos FAPB, ` . (18) 
A=stano=a thwo= YV (rr) sin 4 APB; (14) 
these relations help ‘to settle a doubtful sign. 
13. The S. F..at P of the P. F. o being -. a l 
A=V (nn) sin ¢ APB=4|| at — (25), l J 


as proved by the preceding diikerontia onn; the S. F. at P’ of the P. F. a’ is 


on y| 2- (S54 ay] | o 
R (S} 0 
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and then by (1), §6, 
C= VJ (rf:) sin} AP'B= vie sinf y— (35) | (3) 

is a S. F. at P. . 

But we must not suppose that it has the P. F. 0; the S. F. of this P. F. 


£ w’ must be determined to have the S.F. by addition of the whole P.F. o+ Lo 


By analogy with the S. F. of the material of the bowl, given in A. J. M. 
$12, where, with the sign changed, 4Q is the S. F. of the P. F. Q, satisfying 
the relations of A. J. M., $13, 


JAQ dQ dAQ dQ l 
A a a a (4) 


and so there the P. F.Z Q has the 8. F. aP—cQ cos V—cQ’ cos; the analogy 


shows that the S. F. of the P. F. < o will contain a term co’ cos, and 


Mr. Wilton has found (Messenger of Mathematics, p. 70, August, 1914), that 
the complete expression is 








ca—cw’ cos d, the S. F. of the P. F.— o. (5) 
Thus the P. F. 
V=0+ La (6) 
has the S. F. : i ; 
; N=A-+co—cw’ cos . - (7) 
This is verified by the differentiation À 
dV dad da da dw! „Bino 
X ty dy du aa an ° dx t a a Be pe 
(+ c dw c, in ) 
+r sin ĝ ; ay. = 708 p 
do da’ dw’. do , du’ 
=E +o(— 5 cos p+ T sin g) =e (F +S) = ) (8) 
dN dV aA do do sọ 
u aa. = aye ae ay ay. T- C08 P+ Cw’ 81N ® 


do {Se = (9) 


Say ae += -eos 9) =0( 5 — re 
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_ These relations in (8) (9) are verified by putting 


B =4 (5 afa] L prih a'=q [a (85 ay EE 
: 2 r: 2 r 


as before; and then, o ; Í 

dw’ ’ da’ e (se dea! aa po r ) 

rdp r rip r p+ Gyr 008 

cee A’sing | a A'—aB' aB’ )=- A’sing , vA’ —ab' 
g 


fifa 








cos > 
rifs azy 
< C sin ẹ = COS Y= Cos p) Ceosp—esiny © D cosg 
: E 
iw 2 


Tifo C 
Tifa- 
Pa) y 





= |- Cr sin? ð+ (c cos y— Z cos o) C cos p—c sin y 2 D cos p |nr 
= [(—c+r cos ẹ cos y)C—Dr sin y cos $] rry 
= [x(—C cosy +D sin y)—a(C sin y +D cos y) | riy 
_ @A—aB _do, 
~ orny dy’ 

because AE, BE bisect the angles PAP’, PBP' if the spherical surface cuts 


CPP’ in E; and (APC, AEC, AP’C) (BPC, BEC, BP’C) are angles in arith- 
metical Se pgrossiin and so is their difference, so that 


4APB+4AP'B=AEB=y, (12) 
A=V (rte) sin 4 APB= V (rr) sin (y— 4 AP'B) =D sin y—C cosy, (13) 
B = V (mra) cost APB = V (rira) cos (y— 4 APB) =Deosy+Csiny, (14) 
as if A, B and C, D were orthogonal components of the same vector. 
Differentiating again 


(11) 











da’ rdw’ e do! 
dr 1dr F” da’ opt oe a : -sing 
oe (£ cos@ , xv'A'—aB" ) 
e a a 
£ Ceos@ (c cos y— Žeosp) 20 sin p—cesiny Å D sin ĝ 
a a N a E a ee E 
Dax a 2 
ms rir, sing 


I 


[- £ C eos o— (cos y— <£ cos o) C+D sin y +n 
; 
_—Cceosy+Dsiny_ A __ da i (15) 


~~ Tife tifs da” 
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Mi, Wilton has considered also the S. F. 
? a Ee <¢08 @-+.c08 o’ 
` : ~ g gin @ 


which TPE over: the bowl, and haa the: P. P. 


-a sin y+o, (1+ cos Ys oa. nna l (17). . 
and invéstigated the fsi interpretation.. Bo also _ i 
z 7 Ce ee Oe Oy “By 
aS. F. witha P. F. | a 7 
or re gin | (1087) +. ein y: af 3 


“Other combinations can be made and interpreted a. R. Wilton, M ey 
of ‘Mathematics, p. 75, August, 1914). 


14... Over the bowl AEP;B, ; 2 EL l 
z T=0, n=2esin$ (y+¢), ‘r= 2esin } (y— $), ahea 7000} aye 


2a > 2csiny . _ cosy _ BK’ 
hth 4a sin $ y cos $$. CORED ce 


` But over BK’ A, the rest of the spherical surface, 


ie n= 2esind (OF), r,=2c sing (@—Y), fot readoooni ysin gg q 3) Fd 
er = , oo. singy AKE ` 


sin Q= 





810 @ 


he i — singo QE; : a oe 
“The P. F. v= = @ + =o must be adjusted. as a single waned es 
although O and. w’ are EN valued. a i 
Starting. from a pout S on the. spherical . surface AK’B, where 


s omae sin™ 


=B4D, eee ee 


aU en 


fee ee ae 


here as the. are angle, and V= Bi let the point- P travel from g f: P; on i te a. 
the interior of the bowl, and for simplicity ‘along. the oeieo] circle, with 2 tee 


limiting points A and B. $ s . 
Then P’ will’ travel from S along this adie’ in e opposite direction, and 
‘will reich a point: P; on the outside of the bowl, coincident with P;. -Iw this : 
. path P’ does not cross the base AB of we bowl, and o never reaches 4 m, and 
` COS @’ remains -positive. l i < 

-~ But P in crossing the base AB makes: o= i %; and 1 beyond AB ad up to 
Pw we must take o >47, and COS @ nognie: : 
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Thus if œ, o; denotes the value of w AEE as it is reached from § by a a 


a path to the outside at P, or inside at P; of the bowl, 


PK’ 
making a the potential on the bowl; and we can put 
y= $ (x—6), o= 4 (n+0), costO= 55 
where 4 0 is a positive acute angle. At 9, the S. F. is 
N(S)=4V[AB°— (SA—SB)*] +¢(1— cos) sin 
and travelling from S to P,, 
= N(Pà =4+ ca — co c08 >= 4 V[4B?— (PA—PB)*] 
-+ 4 (a+ 6)e—} (n—0)ccoso. (9) 
At B, 0=0, A=0, =y, N(B)=42c(1— cos y), (10) 
N(P)—N(B)=4+ 4 (n+0)c— 4 (n—8)c cos p— $ no(1— cosy). (11) 
At K, 0=y, ¢=0, A=a=csiny, l 
N(K)=c¢ sin y+ 4 (a+y)c— +4 (n—y)ce=c¢ pie eaye (12) 
N(K,)—N(B) =e sin y-+cy-+ $2c(1— cosy). (13) 
15. Denoting by c; the electrical density at P;, on the inside of the bowl, 
dV, __ 1 aN(P) l 


sin @) == Bin Q= COS Qg = — COS Qi; Qy+o;=7, (6) 
BK’ 

ae Ro 

4K 

o 8) 





tna + = ig (1) 
and the charge on the interior of the bowl swept out by the revolution of the 
R f?nsycdp= 4N (P)—4N(B), (2) 
and the total charge on the interior of the bowl is 

$N(K,)—4N(B)=3 (csin y+ey)— łne(1— cos y). (3) 


At P, on the exterior of the bowl the sign of. 4 must be changed in the 
S. F., and œ, o; interchanged, making 


N (P,) =—A-+ca,—ca, Cos ġ 
a =—34V[4B’— (PA—PB)'] + 4 (n—6)0— i (n-+0)ccos@, (4) 
N (K,) =—e sin yey. (5) 
The electrical density o, on the outside of the bowl, at P,, is then given by 
dV, _ 1 dN(P,) 





ch ati dr y cd ’ (83 
and the charge on the outside of the part of the bowl swept out by P,B is 


s2noycdp=4N(B)—4N(P,), (7) 
45 . ; 
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and the total charge on the outside is 


-4N(B)—4N (Ky) =4(cy+e sin y) + 4e (1— cos y). (8) 
The total charge on the bowl, outside and inside, is then ; 
4N(K,)—4N(K,) =cy+c sin y (9) 


at potential x, so that the capacity of the bowl is 
cy+csiny arc AKB-+ chord AOB _ meridian girth 
nm — Qn ~ 27 ; 
this is the radius of a sphere of the same girth. 
This verifies for the complete sphere, and a flat circular dise AB. 
The difference of the charge on the part of the bowl swept out by KP, 
outside and inside, is 
f2n0(o—0,) yodp= 4 N (P) —4.N (Ky) + 4N (Ky) —4N (P) 
= 4(a—0)c— 4 (n+8)c cos o—4(x—8)c ceos p++ (z+0)e 
surface of the part 


(10) 














=ne (1— cos b) = 55 ; (11) 
so that the difference o,—o;, is constant = = , 4An(o—o;)= = ; (12) 
16. At P, on the bowl 
A=} Vy (4e sin? y—16c? cos? $y sin? 4o) ' 
= 2 cog? $ y V (cos? $ p— cos? 4 y); : (1) 
a= 4(r+0), a= 4(x—8), (2) 
da; _ diy 4 ab gcosty tang> ; 9 
de dp “dp  V(cot4p— costy)’ AB) 
_ cosy : __ V(cos*4 @— cos? ły) 
cos 0= cost’ nopi cosd (4) 
we Sai a CORE 2, 
tan œ= cot 4 0= Vlos @— oriy)’ (5) 
N (P;) = 2c cost y V (cos’ $ p— cos’ y) + cor co cos >, (6) 
aN(P) __ $cosġysing do LCA 
r a VET 4o— cosh >) iy) 4(1+ cos >) ie +o 8in 
2 cos $ y sin ọ eee DE i 
A] OTEA $o—cos'}y) +o sin ¢=— (tan @—®p) sin 9, (7) 
- 1 aN (P;) _ tan w— o . 
4no,=— c sin } cdo ee c 3 : , (8) 
n eS ato Oo 


snlo—0:) = 7 =— l : © (9) 
anom St BR L atn, (10) 
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If the potential is U, instead ‘of ~, these values of o and the charge in 


- (9), $15, must be multiplied by, making 


U U 
Ano; = = (tan @)—@)), 470)= = (a@;— tan a,) , - (11) 
U AK’ a AR ] 
E [aer — tan AOE J (42) 
tan o = — tan o,;= as (13) 


V(AK*—KP%) | 
Draw the circle, centre K’ and radius K’P,, cutting KA in R, R’; then, 
AR*=K'R°—K' A*= K'Pi—K' A°=K A*—KP}, | 

ARK'’=a,, AK’R=%30, RE'R'=0. (14) 
Anywhere on the axis G on the convex side of the bowl, 





A=0, sino=S4=sin0G4, sino'= SFY — sincas, 
_ o=CGdA, o'=n—CAG, ~=0, (15) 
N(G)=A-+co—ew'=a+c¢(CGA+CAG)a—cy=c(siny—y), (16) 
N(G’) =A+co'—co=a+cy=a(sny+y). (17) 
And anywhere on the axis at H on the concave side of the bowl, beyond C, 
l A=0, o=CHA, o’'=CAH, $=% (18) 
N (H) =a+ca+co'=a+cy=c(siny+y)- (19) 


Thus N is a+cy on the concave side along the axis HK, and changes to 
a—cy along the prolongation KG, in crossing the bowl to the convex side. 
17. For the hydrodynamical application to the axial motion U of the 
circular base AB through an infinite liquid, the velocity function (V. F.) V and 
stream function (S. F.) N are given by 


_7,, tano—o i 2 ©— $ sin 2a 
V=Us e , N=4Uy D e (1) 
at P; and at P’, l - 
i yr tan o’—a’ a „n o'—4F sin 2a’ 
poor Wao (2) 
and the combination 
V+ £ V’, with vit N’, (3) 


will serve for Basset’s expression of the V. Ff. and S. F. in the liquid motion 
due to the axial velocity U of the bowl, in agreement with that given in his 
“Hydrodynamics,” I, pp. 153-156. 
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.. Fixed in the current, in an axial stream U past the circular base AB, 


V=—Us (12e), N=40y (1—2— Esa eh, (4) 
on in 
with o= 42, N=0 over the disc AB; while the V. F. 
` 2N cos ( o— 4 sin 2) 
Se Sy (1 cog ab 5 
7 y ee i (5) 


will give the potential of the electric field, uniform and of potential Uy cos > - 
_ across the axis Ox, when the field is disturbed by the disc AB, earthed to zero 
potential; with similar extensions when the disc is replaced by the bowl. 

If the bow] is to earth in an axial field ue the potential of the field is 
changed to 

y=0(“ cos y patre e) sgt (° o 8% 4g , tano’ =) 
n i m% 
—U(ccosy—a). (6) 
(Basset, I, p. 154; Gallop, Q. J. M., XXI, p. 256), with the S. F. 


_ 7, (Ac cos y py ab en te 
v=u( nm +ey nt 


40 T(E tay nO — en Pea Dy. (7) 





18. Similar extensions can be made with applications of the conical 
angle Q, Q’, instead of plane angles a, a’. 
With the P. F. of the material of the bowl 


V=0+4~O'=04 To, i (1) 
V=040'=20 over the spherical surface AK’B; but over the bowl AKB, 
0,=2n4+Q,, Q=—2a+Q,, O4+0'=0,4.0,=20,, (2) 
so that V is not constant over the bowl AKB, or the rest of the sphere. 
To obtain a constant potential over the surface, take f 
v=0— 4 9, l (3) 


which is zero over AK’B, and 4x over AKB; and this V can serve for the 
electric potential when the part AK’B of the sphere is to earth, and the other 
part AKB is changed to potential 47, the insulation being made perfect along 
the line of separation of the two parts AKB, AK’B. 

The associated S. F. can be written down, ab the difference of those given 
in $ 13, . 
N=—AQ—aP+cQ cos y+cQ' cos ẹ. (4) 
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But along the insulating circle AB, A=a, P+Q—=o; and the charge on 
each bowl is infinite, with an infinite electromotive force across the line of 
perfect insulation, so here is an electrical version of the old dynamical paradox 


of an irresistible force, push, or blow, applied:to an immovable body. 


The question was proposed for the special case of two hemispheres in the 
Mathematical Tripos, IL, 1912, and the answer given in a series, but the series 


is divergent and the result infinite, as it should be. 
19. With the potential of the bowl, 





V=O+4+—Q, 
dV dQ , ¢ dQ’ ¢y4, Coy 
de ar ty ee eee 


wd edw g 
rio ráp r rrdp + 
wy __ a, 
dx dr 


and as this is a P. F. at P, there is another P. F. at P’, 


? 


: ; Q 
os@+ T sing= F cosp sin Q; 


S Q cos o—“sing= 5 (Q cos @—@ sin 4), 
or another P, F. at P, ae 
5 (Q cos o—Q sin >). 
The associated S. F. can be obtained from 
aN _ 


vi. 7 net ) 
Tr = —r sin @ — dy =t amp Tr IEE aa oe, 
=rsin 9 (4 sin 9+ 2 cos 9) 
=< O' sin? +@ sin 9 cos p=M;, 


suppose, and there is another S. F. at P, 


M, = 2 (S asintgte sin @ cos e) =5 (Q ain’ p+Q sin > cos 9). 


ee M,—M,= (5 Q— La) sin? @+ (5 ~1) Q sin } cos ọ 
is a S. F., zero over AK’B, where aa Q=Q, and over the bowl AKB, 


K 


M, —M,=4n sin? b= =4n "F 


(1) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 
(9) 


(10) 
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Thus M,—M, is the S. F. of ‘the liquid motion at the instant when the 
spherical lid AKB is dropped on the spherical bow] AK’B, or lifted again, the 
liquid velocity being great where the windage is small. 

An interpretation can also be given to the motion where the V. F. is 

ag eos y= (4 Q= sa) sin @+ ($ =) Q cos | eos}, (11) 
the lid AKB sliding across the bowl AK’B. 

20. Figures of revolution can also be made in fig. 1 about the axis Oy, ` 


For a uniform rod AB, or a confocal prolate spheroid with an electric charge E, 
298 .., AB a 
aR PALPB’ N=H(PA—PB), (1) 


obtained from the integral for the potential of a uniform rod 


y= 








dy’ aY ta gp YF opa gp 2 
Ser = Ja =sh = —sh : =ch n ch = 
=sh- Orit te) arts) =eh7 nyt a* 
— 94h rhe a — y Ha = 1_2Y, 
PEA Ve? ae aa 2 eas 11, (2) 
Then i : 
Vash tit ch, Wen, (3) 


gives the P. F. and S. F. for a positive semi-infinite rod Ay, and Nega 
rod Ay’. With the break at O, and a=0, 


Vash =sh tan 0=ch™ sec 9=log (sec @+tan 6), N=r, (4) 


so that the stream sheets are spherical and of uniform thickness, the flow 
issuing from a pole, and disappearing as the other pole, with velocity inversely 
as the distance from the axis. 

In the conformal representation on a Mercator chart, there would be a _ 
uniform current, North and South. The S. F. 

N=E(PA+PB) has the P. F. 7 tho = cat th~ i (5) 

as required for confocal hyperboloids of revolution about the focal line AB, 
and excentricity AB--(PA—PB). 


The typical element of a P. F. is =, as of a point source or sphere; and 





then the S. F. is cos 6 or sin 6 according as Ox or Oy is the axis. 
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But the simplest element of a a F. is. f, as in (4), for a line source Oy, 
and a line sink Oy’. 
The single line source ae would have the 


S. F. N=r—y, and V. F. v= 4 2 aT log s= log (r+y), (6) 
and sr of constant N and V are orhogone confocal paraboloids, with 


focus at O. 


21. For a magnetic molecule, or sphere magnetized marormly or moving 
in infinite liquid in direction Oz, 





et eee ee ee dp _ sine _ y ; 
Vea pn age a ee 
aN dV __ 3m dN _ aV _ 2y Bay? l (2) 
da dy? dy ae e r 


For a magnetized oblate spheroid, on a focal circle AB, magnetized axially, 

or for the liquid motion due to axial velocity U, : 

UzA (A) © y BUY B(A) . 
a0 = N= BO)? 8) 

AB 

| PAPE = 4) 

and A(0), B(0) the value of A (2), B(A) over the surface of the spheroid.. 
For a prolate epetoid with a focal line AB, anagnetized or moving 
axially, 


Vo— 





A(A) = tan a—o, Bee ee, sin o= = 























` Uya) > y_ A DYB (2) Ea e 
recap Teepe ge 
oe AB 2a 
A(A)=4$8h26—32%, B(A)=f—thé, ha yy ae ye, (6) 
and then a i l 
i 2a 2a 
Ba)=t" r Hre ntre’ : 
2 2 REA 
A(a) i tt, ` 2a =e rtf, 2a i (7) 
2a trifa 2a : rnr - 


22. The expression for the potential W of the solid homogeneous 
ellipsoid 
¥ 


+4+551 ` (1) 


‘ean be derived from the peer rere the attraction, in the manner of §¢ 8, 10, 


358 Gnesnami: The Potential of a Lens, and Allied Physical Problems. 


A. J. M., p. 387, for the lens, by treating the potential as a homogeneous 
function of the second ae in’ = Y, 2; and a, oe or y, 80 that 

| dw ov i 

ow=a e Ha ty te © (8) 


It is not so difficult-then (Thomson and Tait, $494), to prove, as in 
Dirichlet’s manner that the components of the attraction are given by 


dw dw dw_ aC 4nGpaBy (2, y,2) dẹ 
`À 





e aL Se PERSAPA Mat Og ane ae 3 
dx’ dy’ dz eta, WHE, ty P)’ a 
P (4) =4: 4Ha: pte: dty’, (£). 
and the confocal ellipsoid through the attracted point (2, y, z) is 
i y BO, Au l 
while a aide due to the uniform swelling of the ellipsoid in (1), whereby 


(a, B, y, p) increases slightly by k(a, B, y, p), p denoting the perpendicular 
from the centre on a tangent plane. 

This makes dW the P. F. of a film, or coat of matter like paint, of thick- 
ness kp and superficial density o=kpp, equivalent of an electrical film of super- ` 
ficial electrical density kGpp, and charge 


EH=hkGpfpdS=kGp (three times the volume of the ellipsoid, or mere 


Ep 
and then c= inGaBy (6) 


‘Assuming the expression for the potential of this electrical distribution 
in equilibrium as 





° Hdd 
this makes, with da for ka, 
l _ CAnkGpaBydy dW ¢4nGpaBydy 
e a a i 
Thence the complete expression of W as 

i a" y? 2 apriri 

W= 1— —_,, — ra r ana — 9 
a aer (3) 


in which each term has received a physical interpretation. 
If (x,y,z) is inside the ellipsoid, the lower limit A must be replaced by zero. 
23. In Professor Andrew Gray’s method, “On the Attraction of a 
Spherical and Ellipsoidal Shell” (Proceedings Edinburgh Mathematical 
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Society, 1914), he produces CE in figure 3 to meet the concentric sphere 
through P in F’, and then AE’ is parallel to P'E and equal to EP, 


dF  dScos6 CA dS’cos6 Ë a, 
Go Ep — CP AE? OT r a (4) 

where dQ’ is the conical angle subtended at A by dS’ at F’. 
He extends the method to the ellipsoidal shell through E in figure 4, 
drawing the confocal ellipsoid through P, and taking A, P, and E, E’ corre- 


sponding points on the ellipsoids, so that AE’ =EP. 








Fra. 4. 


.Draw the diameter parallel to AH, cutting the tangent plane at A, E in 
W,, W; and denote the perpendicular from the centre O on the tangent plane 
at A, E by Po, p; and denote the angle which AH makes with the normal at 
A, E by a, 9; then py. secg,=OW,, psec p=0W; and the plane through O 
and the line of intersection of the tangent planes at 4, E bisects AE, so that 

OW,=OW, py secdo=p sec >. (2) 

Similarly with w, w the perpendicular from the centre on the tangent 

planes at P, E’, and 6, 6 the angles which EP, AE’ make with the normal at 


P, E’, Professor Gray finds . 
m Bec O)==m sec 0; (3) 


the equivalent of OV,=OV, if OV,, OV, parallel to EP, AH’ cut the tangent 


planes at P, E’ in Vy, V. f 
46 l 
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For if (a, y, 2), (2, y’, 2’) are the coordinates of P, E, 
PE _ perpendicular from E on the tangent plane at P 
OV, -perpendicular from O on the tangent plane at P 

wa! 














stone. = yy’ = ge’ 
=1 A+ A+B? Atty” (4) 
and this ratio is unaltered in a because the coordinates of the correspond- 
ing points A, E’ are 
tho a FE ea X e VE oe P y’ B 
au =e y zea, y =y. 2+8? 2 =e aty”’ (5). 
“mt a ? A j H t A . 
w= e > y "=y 4 E » @ =e te, (6) 
so that l 
aa!" =w", Y YT ayy’, ; ae!" = 22", x (7) 
AB et yy’ ee’ PB (8) 
OV Ata A+B à+ OV, l 


But from the fundamental property of corresponding points 


an= (e ziar 744) + 


; 2 
=g — — Qua! He —— ate +... 








a 2 
i A e Ga 
=ety+e—A—2aw’—2yy'—2ee'+A+a"%+y%4+2" 
= (a—a!)*-+ (y—y’)*-+ (2—2")*= PE’, (9) 
OV,=OV, m sec%—=wsec 6. l 3 (10) 
Draw a cone of small conical angle dQ from the vertex at P to cut out 
area elements. dS, dS, of the ellipsoid at E, Hy, the axis PEE, at an angle 
, ?, with the normal at E, E, so that 
dS = PE* sec odQ, dS,=PE? sec ia: (11) 


Then with superficial density on the ellipsoid, proportioned to p the per-_ 
pendicular on the tangent plane, the ratio of the attraction of theae elements 
at E, E, on P is 

pas 
PE _ psecọ 
p,dS, pı sec >, 
PEI 





=1. = (12) 





GREENHILL: The Potential of a Lens, and Allied Physical Problems. 361 


Thus, if P was inside the ellipsoid, the attraction of the elements would be 
equal and opposite, and the attraction of the shell is zero. 

But with P external the normal PQ of the confocal through P is the axis 
of the enveloping cone; another elementary cone PF,F can be drawn equally 
inclined to PQ, of the same small conical angle dQ, and contributing ‘an equal 
attraction; also HF, EF, pass through Q, and make equal angles with PQ, 
where Q is the pole of the tangent plane at P with respect to the ellipsoid 
through E. 

The surface of the ellipsoid can be exhausted by such pairs of cones of 
equal attraction, equally inclined to the normal PQ, so that the resultant 
attraction at P of the ellipsoidal shell is along the normal of the confocal 
through P, which confocal is thus a level surface. 

Moreover, if the shell is divided by the plane of contact of the tangent 
cone from P, the two parts of the shell exert equal attraction on P. 


24, With ds’ the element of punrace at E’ on the ellipsoid PE’, corre- 
sponding to dS at E on AE, 
ae = ratio of corresponding conical elements of volume with vertex at O 


. 2 . 4 2 . 
= ratio of whole volume of ellipsoids = 8 ane aa (1) 


and then with superficial density kpp at E, the normal component dF of the 
attraction at P of the element dS at E is given by 




















dF — pcoshdS _ w cos 6,48’ aBy 
kGp- PE® — PP (A+: A+B? + A+y*) 
_ w CO8 6dS’ 2aBy ` zn, 2aBy = 
= ap Bay pay: ©) 
Thus, for the whole ellipsoid, Q’=4z, as A is inside the ellipsoid PH’, and 
F pas 2aBy ae volume of ellipsoid AE (3) 


kGp P(A) volume of ellipsoid PE” 


The potential U of this shell is then the work required to carry P off to infinity, 
and so 





U=fFdm, with wdm=4 dà. (4) 
The electric charge E, or mass of the shell, is given by 
| E= ShGppdS =4nkGpaBy, (5) 
=f" 4nkGpaByda =f" Eda (6) 
à P(A) a P(A) 
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and the level surfaces arè the confocal ellipsoids of the system 
< a 4 y? = ay l (1) 
: A+a3 Tet +y? Te 
And coñversely, U in (6)-is the are of a mass E, if its external 
level surfaces are given by the system in (7). 
This is Professor Gray’s proof; but our desideratum is to refer ’ to 
some internal point P’, analogous in the sphere of figure 3 to the inverse 
` point of P. 
The pole of the tangent plane at P with respect to the ‘ellipsoid AE will 
be at Q on the normal PQ, with coordinates 
ana By yer (8) 
Ata’ a+ B’ aty ’ 
and PQ will be the normal at Q of the ellipsoid through Q, homothetic with 
the ellipsoid through P. 
If EQ makes an.angle 0 with the normal at E, 




















, aT 
cos = OF ey, | (9) 
HQ cos =p (1— 5a a ge) (10) 
EP cos b= »(1— ora = oe -o (11) 
P (12) 
mi = a = ae oon bis = i od (13) 


But this is not a constant multiple of dQ’ on the ellipsoid, but only on the 
sphere, and so the analogy breaks down with P’ at Q, and some other position 
must be found for P’, say on the line of force PA. 


25. Ina reduction to a standard form of the elliptic integral, take 





a? <8 <y", and then s,>5,>5,, (1) 
on putting 
es PHB, WHr =m" (s—s,, 8—82, s— 83), (2) 
dy _ ds` °y — edy (° V(si—s)ds _ 
aes a ee 
eke en Al enteK = ee dn’eK = ae (4) | 


sa ay a eR y 
a ie aed a 





2 29 


Poa? Ep: 
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Then, putting A=0, H=1 in (6), § 24, the reciprocal of the capacity of the 
ellipsoid (1), § 22, is 


a 
en? — 


SF eK a 

Pay = ~ V (pal) V) 
Thus, to determine à for an ellipsoid of double capacity, we take the 

formulas for 4 eK, 








(6) 


l—oneK oy’? y—a 7 
Fane’ “A477 748? sA 
aty=y+a:y+8, a+te=8B+y:B+a, A+a=a+8:a+y, (8) 
(Hargreave’s Messenger of Mathematics, August, 1912). 
For an oblate ellipsoid, 8 =y =a sec 0, x=0, 





sn’ 4 eK = ——__—__ 





f dẹ} 2 f dap . = E E a 
o Pp) 2(4 +E) V(b+a*) V(y— a) y 

a 1 i V(y—a*) 0 0 

~ V(y— aè) p y ~ ysind” atan ð’ (9) 
For a Fa ellipsoid, a=£8, x=1, l 


x =f _ Wy n —I m? 
0 Pi D 2(b+a*) V(t +y) Viy — a’) a 
=p shat tse es vir a am (10) 


giving the capacity of the sphere by the radius, when a= rae 








For an elliptic plate a=0, en“0=K, x' = z, making the capacity y+K; ; 


agreeing with the circular plate when B=y, x=0, K=}x. Or, as in §8, the 
capacity of the elliptic plate is the Gauss A. G. M. of 6 and y, divided by 4. 
To determine 4 for an ellipsoid of n-fold capacity of the’ pies plate 
requires the elliptic functions of K/n. 
Thus, as before in (8), for double capacity, A=Cy with a=0. 
For three-fold capacity, from the formula 
x su4¢K 
dn4 K =1, (11) 
VATI y BVO _4 ER PEA, -MA =1, - (12) 
Y o ¥V(A+B) ° VAH) VAR) °? ` 


leading on rationalisation to 


6 PYRO) a 3ß*y‘=0, (13) 


a Jacobian EE for A. 


sn4K+en3K=1, sn4K+ 
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Or, for a condenser of capacity 50 per cent greater than the plate, 


ong K 








: dn 1 1 1 
K=1, =]; , (14 
angg tie Varet yae tary ve 
BA +4 (B7) +68 2—8 =0, (15) 
the same Jacobian quartia (13) as before, with the substitution (a, EY), 
26. With (9), $22, for the homogeneous ailipaoid of mass M, 
W l 
changing in the interior to 
Wo | 2 An ‘ 
Fair =D) 2 (0) -¥B (0) —#°C (0), (2) 


eK se e a 
D(a) = S 85> Va otek =i tae (8) 


. E 1 dp _—  24D(à) 
a, BA C= f TERT TP PD Te O 
2 








(5) 








A(A)+B(A)+0(A) = Say Play’ 
and then with 
1 1 1 eta, 1 (= sn°u snu) (6) 
PHa PHE yty ya cenu’? drw’ 


1 eK/en?y snêu 
A(A), B(2), a= pay J, (=e, T’ sn )du, (7) 
three Elliptic Integrals of the Second Kind, 


(7 —a) LA (A), B(A), C(à)] 
_ 38 UOL U ees at a dS e(K—E) —zneK 
$ g? xox" ? xe R (8) 





27. An ocean film, covering the surface of a Jacobian rotating ellipsoid, 
would have the depth inversely as the local gravity, or directly as p the per- 
pendicular on the tangent plane, neglecting its self-gravitation; and so it 
would resemble the electrical coating or charge on the insulated ellipsoid. 

But on Maclaurin’s theorem, if the matter of the ellipsoid, § 22, was cut out 
and condensed on the surface, this film would have the same exterior potential 
as the solid ellipsoid if the thickness was inversely as p, as if a thin focoid of 
uniform density. 


vat 
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Maclaurin’s theorem is equivalent then to saying that the external poten- 
` tial of the solid ellipsoid is unaltered if a confocal cavity is excavated, and the 
`- stuff condensed uniformly in the remaining focoidal shell. 
Denoting by l, m, n, the direction cosines of the perpendicular p and Dy on 
parallel pan planes of the confocal ellipsoids defined by à and 2,, 
= (A+a7)P+ (A+B) m+ (A+?) W=At CP+ Bm? +yn’, 
=A ta7P+ Emyn; (1) 
and ee the thickness of mie focoidal shell by the distance between the two 


parallel tangent planes 
Ay—A 





2 —=2,—A, P—-p= p “o 2 
pi— p =A, T (2) 
reducing for a thin shell to a thickness 
: da 
dp= Fa (3) 


In Thomson and Tait’s “Natural Philosophy” (T and T;, veut d,) the 
problem is considered in the reverse way by taking a P. F. 





s 2 7 
V=4 (1 = ae a a inside the ellipsoid; F =Q in exterior space; (4) 
a 


so that V is continuous, but its variation is. discontinuous in crossing the ellip- 
soid; thence the ees ee p is determined by Laplace’s equation, 


inGip=—y'v = 4, 2 + a += inside the ellipsoid, but outside = 0; (5) 


and, in crossing the surface, the superficial density c is given by _ : 
_ aV _ aV px pat eee 
. 4nG ~ “do” dx g ose ot . e: o 1m1 p` (6) 
Thus the focoidal film or shell of superficial density o= Sin will have 


the same exterior potential as the solid ellipsoid of density 


Pe tale tats Z) 


and the same mass; since, eae over the surface S, and volume F, 





as ae ldydz+mdeda+ndady 
anGp 4nG p 
adydz  ydzdæ  zdædy 
= k T aT i: y* 





ty 
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Thence for the focoid shell 








. 2 “/ a y? 2 \ dẹ 
outside, W=4GM f (1 Ta -e-F)) Pap (8) 
a _ afora y 2 \ d} 
inside, W= 40M S (1g a te PO 
By h we ZË l 
AOU apap (leo a) (2) 


So that if the solid ellipsoid (1), § 22, is not homogeneous, but stratified 
in confocals, the exterior potential is unaltered. 
But if the strata are similar homothetic ellipsoids, then — 





WnG a a y gè da} 
=2taby fo i(i- ro- pe py) P (4)? a 
where the density is given by 
a y g 
p TIa. BS 


Thus, if there is a cavity of semi-axes k(a, 8, y) in a thick oen the 
potential in the interior is given by 


W =2nGaBy [f (1—k) —f(0)] o iy (12) 


Consult memoirs on this subject by Ferrers and Dyson, in the Quarterly 
Journal of Mathematics, XIV, p. 1, 1877, and XXV, p. 259, 1890. 


28. We resume here the interpretation of the terms in the potential W 
in (9), § 22, as we think it would strike a Maxwell or Clifford, in an investiga- 
tion of the physical meaning of them, to show reason why these terms depend- 
ing on the matter inside the ellipsoid and on the surface should arise in an 
integration extending through exterior space, beyond the attracted point away 
to infinity. l 

In his “ Biographical Introduction” to Clifford’s “Lectures and Essays,” 
Sir Frederick Pollock cites his reminiscence of a walk. with Clifford at Cam- 
bridge, “ when Clifford explained to him in words the inner meaning of Ivory’s 
theorem, and its geometrical conditions, omitting all the formidable apparatus 
of coordinates and integrals, where the chain of symbolic proof seemed artificial 
and dead, and failed to satisfy the reason where it compelled the understanding.” 

Clifford’s line of argument is probably the same as that incorporated later 
in T and T’, $532, depending on Ivory’s theorem of corresponding points. 


GBREENHIL: The Potential of a Lens, arid Allied Physical Problems, 367 


In an associated problem of hydrodynamics or induced magnetism, we 


can take the function an as a new P. F., and give a physical interpretation. 


According to Maxwell (E. and M. IT, § 437), Oy for any attracting solid 
will give the magnetic potential or velocity function of the body, only however, 


when aw is a linear function of the coordinates z, y, z, within the body, and 


W is then a quadratic function in the interior. 

The only case with which we are acquainted in which W is a quadratic 
function of the coordinates within the body is that in which the body is 
bounded by a complete surface of the second degree. 
= Butin the case of a lens, bounded by portions of a spherical surface, W 


is not a quadratic function, so that - will not give a velocity function for 


_. the movement of the surface, or a magnetic potential for uniform magnetiza- 
tion in that direction. 
29. Begin by considering the hydrodynamical interpretation of the com- 


ae E 
ponen da 


function 
ĝ=xA (2), or more generally, s[ A (2) —4A (2) ] = 


of the attraction of the ellipsoid, by taking an equivalent velocity 


dw 
S treray O 


The up-gradient of @ in the direction of the normal of the confocal A is 
then, writing 4, A, for A (2), A (%2), 
dq “a dA dA 





RE (4—4) +0 E UAA) + B90 
dA 
ea -Artt ata) TE EAV ato) E V Ata) (4—4) (2) 
or with . | 
dA 1 Ts OA 2 __ i p 
opa a eo ee 
Scene Ve! Fey Sg ee u=A,+B+C, s (4) 


dp 
taking the down-gradient of @ as the velocity; and this shows that any con- 
- focal A may be supposed to swim in the liquid for a moment, without distortion, 
with this velocity u parallel to.Oz. 
At infinity, B and C=0, and u=A,, so that A,=0, =% is Peduited to 
. make the velocity there zero. 
47 
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But in (4) the normal velocity is zero over the ellipsoid ~,, where 


B (Aq) +0 (%3) =—A (2), (5) 


requiring à, +a to be negative, and making in (1), 
p=al[A(a)+B(rg) FC (a)l > (6) 


Thus, if there is an infinite stream with velocity —U parallel to Ov, and 
the ellipsoid A, is inserted, the velocity function is changed from Ug to 
A (A) +B (A) +0 (a) ( A . 
=Ur— = Ut (= 1); 7 
? Ba) tOu) Bt," ae 
and with the stream reduced to rest, and the ellipsoid a, advancing with 
velocity U, 





A 
B+," 
And generally, in the space between the ellipsoids 24, As, 
o= yp At Bit Ge) —u(A+Bs+Cs) B (9) 
B;+C:—B,—C, , 
with the ellipsoid a,, A, advancing with velocity us, t; reducing with u=u,=U 
to ¢=—Uxa. 

30. To show how the continuity of the liquid requires that 4(4) should 
have the form given in (1), § 29, consider the flow across the annular section 
K—K, made by x=0 of the ellipsoid A, and an interior ellipsoid ”,, moving 
with velocity u and u, along Oz, 

Then uK—mK, is the rate of increase of volume between the two half _ 
ellipsoids, and this must be made good by filling up of the flow of the liquid 


dp 


o=Usa (8) 





across the annulus, with velocity —A-+A,, since v=0 makes 7 =A—A,. 
The integral equation of continuity is then | 
` 
uK —uK, + f (A—A,) dK =0, , (1) 
Az. i 
and differentiating with respect to à for the differential equation of continuity 
d ` -e dE ae Si 
qa uk + (A—Ai) T =0, fu +A—A,)K— mer 0. (2) 
With the value of u from (2), (£), § 29, l l 
dA 7 
a le esi a) . (3) 


ag dA då 
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Bnd integrating... . as aa (A-+a2) 2 = constant; - f (5) 
that ith a 
aaa TEEN E E L A 2 MG) 
: “ constant p. A (7 
AFARA’ td l l ) 


as in (1), § 29.. 
31. When the ellipsoid of §22 is of revolution, make the circle on AB 
the focal circle for an oblate spheroid by putting B= =y, a8 in (9), § 25, but for 


a prolate spheroid take AB as the focal line, and put 8 =a, as in (oy § 25. 
Then in parallel columns: 

















Spheroid Oblate, on axis Ow Prolate, on axis Oy 
a 2 ` . 2 aot? -p , a — pe. 
-+a a” co Q= rid = 
2 cht 
A+ 8° . k sec? @ a she 
B — a a 
AB : 
PA+PB th 
a chg 
P(A) 2a she? 
~  ¢% adẹ 
aD (2) = f PW) | o dem 
AA) tan o—o i 4sh2{—ł č . 
aB(A) . . $o—ł sin 20 i ; č—th¢ 
aW -© g l 
IGM ner (tan w—®o) 
: 24 of . at . 
— 7E (4o—t8in 20) — 4 (thg) 
\ . 
. _ At infinity ¢=th¢=— 
@A(o)= eB (o) ETE 
- rW (œ) ; 
FGM $ 
aN 





‘Tau zy ($o—}8in 20) +ga tano] a%y (i sh*—42Z) +4 yt sh - 
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The Hypergeometric Function in its Physical Applications. 

32. Many of the functions required in a physical problem can be classed 
in a special case of the Hypergeometric (H. G.) Function, defined in Forsyth’s 
“Differential Equations,” Chapter VI. 

Beginning with Euler’s First and Second Integral, called the E and 
Beta Function, defined by 


mers —I yR] a 1 k -ys č f 
r(n)= f ea" do= f eV" de, (1) 


1 j ar ' 4 l 
B(m,n)= f s™= (1—8)" ds =2 f (sin 0)?" (cos 6)" 46, (2) 
0 0 
with s= sin’?, 1—s= cos?ĝ; they are connected by the relation 


: __ Tmin 

a Bim, n= ny? (3) 

so that the Gamma Function alone requires tabulation, given by Bertrand 

(Integral Calculus) as log Fn, and between 0 and 1 for n, since '(n-+1) nen: 
Proceeding with a generalization, the definite integral 


F(a, Ê, y, 2) =a f s® (1—8) P (1—as)~*ds Ta (4) 


defines the Hypergeometric Function, where A is chosen so as to make the 
function unity when %=0, and the function reduces to a Beta Function; so that 


; 8—1 y—-B-1 1 i 
A f (1-8) de=1, 4 =B(B, y—8). (5) 
Introducing the Elliptic Function, and putting 


s=sn*v, 1—s=en’v, 1l—as=dn’v, 2=2x’, (6) 


F(a, B, y, #) =2d s (50v)? (env)? = (dnu) tidu, (7) 
or with v=ek, 
F(a, b, y, m)=24 f (snek) (en eK) 2- (dn eK)—***K de, (8) 


where 8 and y—@ must be peee and this is in a form analogous to Euler’ 8 
Second Integral in (2). z 

Then F is a solution of thè hypergeometric differential equation (F'orsyth’s 
D. E., Chapter VI), 


s(1— o) a dat at y= (a++ 2 —aBF =0. (9) 
Schwartz has shown that F(a, 8, y, x) is an algebraical function of the 


fourth element v in the special cases identified by Klein in his “Ikosahedron” 
as the polyhedral functions. 
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The XXIV. transformations of the H. G. foi in (8) are then obtained 
from the four arguments: 


v+0, X, K+K: Kä, i ` (10) 
with Abel’s six linear transformations for the modulus: 
1 ~a - @—l 1 : 
S l= ea e (11) 


‘a succession of the complementary and reciprocal modulus. f 
33. .In the special case of a+@=1, y=1, then (9), § 32, besos: the 
D. E. of the zonal harmonic of order n, where ; 
n(n+1)=—aß=—N, suppose, n+4= VGN), © D 
and for any order n, integral, fractional, or a the zonal harmonic of 
æ= sin? 4 0 is 


P F= aa tc e Ba “( = a) (2) 
o ' 








env l+enw 


with w=2v, and a modular angle- 46. 
Should 4—N be negative, a Mehler function arises of order p=\/(N—}), ` 





given by ; 
oa 1—en w 
F=f cos lng Tn Va, (3) 
satisfying the D. E. f ; : l 
í iP áF 2g L l 
z(1—2) Te T (1—2) da +4)F=0. ME . (4) 
l If we put a - Í 
IEN es, cenw=thł} a, sn w=sech $a, dn w=sech $ ay (ch°$ a—2Z), (5). 
l “on won udu =4 sech*4 ada ben i (6) 
i : yV (ch?4a—z)’ 
then with p= -V (4—N), as in (2), 
4da o eda > ehpada _ 7 
— De PE SATIE RI a 
Poa e y (ch? $ a— s) . =a fi ,-»V(ch*sa—a) a Veh ła— er)’ (7) . 
changing in (3), where ea 4), to AE. 
sap en cos pada ~ (8) 
V(ch*ta—2) | 


Hobson’s expression (Phil, Trans., 1896) for the Mehler function of order D, 
solution of A ; and so a H. G. function of imaginary order, with 


n -4+ pi, B= $—Di, i 1, z= sin’ $0. (9) - 
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The Tesseral Harmonie (Hobson, Phil. Trans., 1896), 


ges oe 1—z\! a x . a a. 


can then be expressed by the definite integral 


E uoan yan — . sa 
S EEN ened, o 
or l E ; 
S ee atte w. (12) 
o \l+enw 1+dn w are 


` 





34. Comparing the expansion, in ascending powers of = or = , of the 


typical terms 3 and È of the P. F. and S. F., where 





R = &—2arut+r,- . u yoa (1) 
. 1 a" g o P 
a2 (a or Baw, (2) 
r^t ar +Y l A ; E 3 
R=5 ( g or TLl, . (3) : 


then P,(u) is the zonal harmonic, and..I,(u) the associated function for the. | 
S. F., and then in (2), $4, and (2), §6, with - , 


i æ=} (1—u) =sin*4 6, , x=} (1+u) = cos 4 0, 




















d a dP, d dP, T 
du (1—p*) de +n(n+1)P,=0, F(a os) + n(nt1)P,=0, 4) 
(e) Gitnntiyl =0, orh tn(n41),=0, 6) 
so that 
er | _ _ __l—w dP, 1 |. „dÈ, 
: du =P, i= (P00 n(n-+1) du ae ae (6) 


And when n is an integer, 





1 a(an’y* Qf d\ 
P=; se 1,= CEDI (war')*, | - (7) 
(Qn+1)L= -Pyi—Pyay -` (8) 
=P, t 2uP,—P, a, (9) 


n(n-+1)1,=— (1—4) T =(n+1) (Pru —uP,) =à (uP, —P, 1), (10) 
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and so on, as discussed by Sampson on the “Stokes Current Function,” Phil. 
Trans., 1890, where the expressions given for J, by the H. G. formulas can be 
replaced by definite integrals of the elliptic function. 

The relations between a P. F. V and its S. F. N 


VAN ging T aN 
dr rd@’ rd dr 


are satisfied then by typical terms, such as 


(Ar+Br")P,(u) in V, and [nde (n+1) Br] (u) in N; (12) 
u 


rsin 6 (11) 


and constant V and N represent orthogonal surfaces; and J, may be replaced 
by Pia, in (8). 


35. The Hicks toroidal function (Phil. Trans., 1881-4) is of similar 
nature, defined by l 





7 dé 
P = 
- Palu) i) (ch u+sh ucos 0)” (1) 
solution of the D. E. 
a'r dP 3 _a. 
qa 1 coth us — (a0 —})P=0; (2) 


or writing C and S for ch u and sh u, and putting 
C+1=2 ch’4u=22, C—1=2 sh’?4u=2(e¢—1), (3) 


AP ËP eee 2 
du du? 8S du S du\ du 





D 
oe + coth u 


bc je E dP 
S90 = ae ae ae 





@P “dP 
=—a(1—2) zy —(1—22) z = (m*—4)P, (4) 
the H. G. D. E. with 





a+8=1, y=l, o8=—m'+4, a B=hem, (5) 
Then 
: dn?v. 
C+8 cos 6=C+S—28 sin? 4 0=e"A 40 = -———, 
$6=am v=am eGe"=y’, o=3 (J +y’), S=$ (> =y’) (6) 


Pelt) = S Gin f Er -avr f(g) a 0 
0 Vy’ VY 6 


as the value is unaltered on changing v into G—v. 
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The sequence equation, ; 
(2m+1)P,,.:—4mCP,, + (2m—1)P,,_,=0, (8) 
a difference equation with solution P,, is then obtained by an integration 
between 0 and G of the differentiation 


A Fano a(S) = (2m (S 
Y 








dv Vy’ VY 
dnv any \7— 
| | tmo (2) + (2m— (5) 0) 
Starting with 
P,=2Vy'F (y), p=, and then P=(5 +7) —8 Vy F (y), (10) 


the sequence equation (8) will determine P,, for integral values of m. . 
36. In a quadric transformation of the toroidal function in (7), $35, put 


` 














a _ 1i—y E _ i+ _ 2 
TAS C=chu= ja> PS ar ero (1) 
1+ sin 4} _ sind—x 
Cre ON et ee 
. a  # cos} A ey pick et. Se 
| sin @= teen! tan pen Tray (2) 
—dé d 
V(G45 cos 6) -s j =xdw, p=am(w,x), w=(1—2c)K, (3) 
l - 1—x say) dp (7 (eae) ; . 
P,,(u) af sin Ņ Ap -z lixsnw mae, (4) 
prenen: 12 
| Pp=2tF(x), P= EO), (5) 
naa n i—sn(l—2e)K dweG  1+4+x8n(1—2e)K 
a nT GRY y  1~xsn(1—2e)K° (6) 


This quadric transformation is illustrated geometrically on an ellipse of 
excentricity - x=thł} u, in the connection between 0 the focal angle or true 
anomaly from perihelion, and J the minor excentric angle ór anomaly; and 
then with v=eG, w= (1—2e)K, 0=2 am eG, P=am(1—2e)K. 

It is also shown on figure 5, in the expression of the potential of an anchor 
ring or torus, discussed by Dyson, Phil. Trans., 1893. 


37. In the reduction of the toroidal of the second kind 


2 de’ 
w= (CFO hP? io 
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substitute a a? a a3 ni ag i fe SO 
-` ch4 0 = sec, shë =tanĝ, d6’=2 secde, - © E 
ga -AE ee ee A 
OF 8 0h = o to ee aie l a (3) 
| BP OOO a ee tats? i ant atl. | 
VOFIR Aap SA panlo y’) =am fG’, | (4). 
_ ¢**/ Vy cos $y 2Vy'do 
Qulu = S (e vee 
“=D f “Ten (G—v') Mdv =2y'™H f enod: (5) 
y 0 à ` 9 ` ; 





` ` a z 5 Fra. 5. - 


And with this toroidal in the form (this v not the same as in $35, but 
employed with u, in the stereographic coordinates of A. J. M., $24, p. 411), i. e. 


of the former volume. `` 





- (* cos mvdv = ni l 
5 RES e Ca PO (6) 
dv 2. $d.  xd4v -, dw’ 
V(2-C+c08v) V(eb*gu—sin’ gv) AG”) S, 
. npa aeoli ik. a= tipus Toh, k T 
the complementary quadric transformation, with $4 v =am (w, x’) =am fK’, 
l ~~ Qalu) = f cos (2mamw)dw'. l g (8} 
ķ -> 0 = i g ý - 
The connection between the reduction of (1) and (6) is made through 
l _ V(C+8 hv) a ee ch4usho’ ` 
ca las sh} u+ chł uchy? iai sh4u+chłuchv’ 9)" 
dv ` atte ee EE . ae 
V(2-C+ ceos) V(C+8chv’)’ - l : ; a0) 
a, on fG' dn f@’ ay _ (1-+y') 8n fG ;_. 1—y’ sn? fG 
on f= igyam PIE gya PISI 


u 


(11) . 


_ in the complementary quadric transformation to §36. 
48 - ` 
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Then Basset’s function L, (“ Hydrodynamics” I, p. 107) defined, with 


eee Sey, by 





_ (*cos(m—1)v—cos(m+1)v, - os 
mln = J, V(2-C+cos v) - dv = Qui mins (12) 
i (2m+3)Lny1—4mnOEnt (2m—3) Ln =0. l (13) 


A comparison can be made too with the expressions given in Todhunter’s 
“Functions of Laplace, Lamé, and Bessel,” Chapter IV. 

38. For the potential V of a solid anchor ring of mass M at a point E 
on the axis (Dyson, Phil. Trans., 1893; Routh, “Statics,” II, p. 96), we take 
their expression: 





7 Tsin? 
i re A a ©) 
where on figure 5, EC=A, CQ=a, OC=c, ACQ =4= 20, l 

EQ =r'= 42+ 204 cos PHa = (A +a)? cos? o+ (A—a)* sin? o, (2) 
and with HA=A+a=r,, EB=A—a=nr, 


























sin 2odo 3 
. I yV (7? cos? a+ 73 sin’ o)’ (3) 
With r for variable, and writing R for r?—1°?- r —r}, 
K T r—r goi r —r? do PREA dr 
sinto= ga COP O= a V(icostotrism'o) yR?) ©) 
t4 16 ” at 
Fa S vitae (5) 
Integrating by parts, 
SV RarsryR—SU (itt 2r] Ti 
=rVR—2f Var itri) fe erin fe 
=$rVR+4(G+ Se ce ES Se | . (6) 
Between the limits r, and 1, 
rdr dr F( „f 
VR =0, Soa =r,fAodo=rE (y), Sine, y=, (7) 
V _ 16 err 16 CRETO (8) 


M  3xr, (r—ri)? — Bar -y 
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Of with a quadric transformation, as in Routh, “Statics,” II, p. 96, with 
D, E inverse points in the circle AQB, and putting, as in pendulum motion, 


CEQ=CQD=48, CDQ=CQE=o= 4-4, 








y — 2 2 2 p2ain? _ 4 * 2 
Bf = gar So oV (d'a sinto) de= = J co pA (9, x) de, 
a 1—»’ 
ay (9) 
x!” 2 
Fat fe Gite an enone dn ye 





: 
46158) SE Fate Gee) o 


in the sequence equation (8), §35, making 
i y = 4 2(1+x")E (x) —x®F (x) (11) 
M 3nd x ' 
a quadric transformation of the expression in (8). 

So also for U, the skin potential of the anchor ring, if R is the midpoint 
of QQ’, . 
ad ar p= a [Vid —atsintgydg= =f" apdp= 22) 
39. As shown on figure 1 and in $37, 

PB _EB_1—x OE 
PA = EA 14x’ x= pi =th4 u, 
4v=DEp=DPB=am fK’, DEP=am (1—f)K', 
i EBP=am 2f@’, DBP=am2(1—f)G@’; 
Q=2n(1—f) —4K zn fK’ =20(1—f) —2G m 2fG’—2G4y’ sn 2fG"’. 

The point P may be supposed to circulate round the circle on DE in pen- 
dulum motion, with velocity due to the level of Oz, or proportional to BP or 
AP. . i ‘ 

Starting from E, where f=0, Q=2z, as P moves along the semicircle 
’ ESD, f grows from 0 to 1, and Q diminishes from 2x to 0. As P continues to 
complete the circuit back to E, f grows from 1 to 2, and Q is WEDS decreas- 
ing from 0 to —2a. 

Thus 4x must be added to © in crossing the dise 4B to make a fresh start; 
or P moving the other way round, clockwise, 4n must be subtracted in passing 
through Æ, as twelve hours is subtracted in passing through XII o’clock. 

The angle ¢=am f@ in § 37 is constructed by bisecting the angle EBP in 
fig. 1 by By, crossing Dp in y, and then drawing the coaxial circle touching Dp 





U TEG) 


PB 


ay 
e =y = 
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at y, on diameter de on DE, with limiting points A and B, and yd, ye bisect 
AyB externally and internally. Then, with centre at a, if dr, es are the tan- 
gents at d, e, the line rs passes through B, and crosses the circle on FB in q, 
at the same level as a, because Fq at right angles to Bq bisects rs. 
Then with DBp=am 2f@’, DBr=am psc 
` DB _ EB _DB—EB _ FB 


P 2 , 
VDA EA" DAEA PE’ Fa=FB sin? ĝ= ERU 


and with DEp=4v=am fK', 
Bp py _ Ea _EF—Fa_ 1-7’ sn? fG 


ESD yD aD  DP}Fa 1+y sfa 





Again, by the property of coaxial circles, 





Dy BY AD oe Paa ga « 
DB GB F =sing; Dy=DF(1+y’)sn fa’, 


Pen re ee _ Dy _ ity’) en 7G’ | 
sn fK’= sin 4 v= sin Day= Da 1Fy sf } 

and 
ay’=aB : aA =FB w f@’: FA du’ fG’=FE cn? fG dn? fG’, 


= = ay, _ on 1G! dn fe 
en fK’=cos DAy= da T+ yan f° 

In a transformation with the stereographic coordinates (u, v) of the point 
P, where’ . , 


MER ee yY, t= a(shu, sin») smv) 


chu+cosv ’ 


the circular arc APB, orthogonal to the circle DPE, will cross AB at the 
curvilinear angle ABP =v = 2 am fK'= DF», while the rectilinear angle 
ABP = am 2f@’. 
40. Shown on figure 2 and in $36, 
_ 08 i-r 
= OB A+y' 
AQq=am (l+e)G; and QE=AE dn eG, Hq=AE dn (1—e)G. 


=th}u, }6=0=ABQ=ameG, AQE—ABg= am (1—e)G, 


The point Q may be supposed to circulate round the circle on AB in pen- 
dulum motion, with velocity due to the level of F, or proportional to EQ or DQ. 

When turned about Oy into planes at right angles, the P and Q circles of 
figure 1 and 2 are linked as a magnetic and electric circuit. 
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The quadric transformation of § 36 is shown by drawing the perpendicular 
OR, AX on Qg; and then, with OBR=y=am 2eK, 


OR=OE sin y=O0Q - x sn 2eK, QR=OQ dn 2eK, 
ER=OE cos y=O0Q:xen2eK, RX=OQ cn 2eK; 
and in (6) $36, | 
ineG  _ tan ABQ 








? 2 ak ae in eS 
VE URAD 
_ tan AgQ =% = QR—RX _ dn 2eK—en 2eK 
~ “tan ‘tan AQq. = QRR dn 2eK +cn 2eK’ 
doêeG  dneG 3 QR+RE  dn2eK-+xen2eKk . 
yy — dn(1—e)G Eq QR— RE ~ dn 2eK—x cn 2eK ` 


But if L is-taken in OE such that EL=x' - LO, then DR=LO dn 2eK ; 
and if RL is produced to meet the circle on OE again in R’, 
OER! =ORR’ =am (1—2e)K; 
and | 
en 2eK 


, : , OL 7 _ 3 ne 
. LR sin ORL=OLcosy, sin ORR =7p” 2eK = an Dek SL —2e)K = sing; 


and the angle ẹ} of the results in §36 is shown in figure 2 by the angle ORL. l 
Continuing the quadric transformation, 





1—x’ 1—vV7 
ODR=am4eL, a= eae pane ou 


if C is the centre of the circle on OF; and so on. 
41. Maxwell obtains the expression of U, Q, 0’ for a point Q on the axis, 
in a series of powers of z=CQ; and thence infers the series for a point P off 


the axis by introducing the zonal harmonic Q;() of the appropriate order i, 
as a factor of each term. 


a ie can be nk to the determination in the A. J. M. of W, W’ 
(gy, 2 Z and Y ($ 6), Å = A 15) and v ($16) for a thin lens; and an iden- 
a sie of the e for a point Q on the axis, and thence generally 
for P off the axis. - 

The complicated dissection and integrations can then be avoided, required ` 


in G. W. Hill’s method, although the results of his method must serve as a 
guide to a form, intangible and invisible otherwise. 
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Beginning with Q(Q), the conical angle subtended at Q by the spherical 
segment on its circular base AB, 





aQ) QO ceosy—Z 2\¢ 
eat pga ge (mr Fo 
=1— (cos y— z)h +2Q, E £); (1) 
writing Q, for the zonal harmonic Q;(y), 
= =1— cosy + (Qo.—Q, cos y) = + (Q@:—Q, cos y) 3 


+e + (Qu Qi cosy) Fee, (2) 
and with z=0, Q (C) =2x(1— cos y). 
But at Q’, inverse point of Q, and with the other aspect of the spherical 
surface, 


Q2(Q’) _ Qo = Z'— C COBY z 


on QA QA ; 
í 
=(¢—coos y) (+ +t. oe 








= (Q,—Q, cos y) St T B cos ji geri +. (3) 
and then in Q or Q(P’) at P’, replace on by om ~ 0,(¢) = 5 "Q9, so that 
wr = 
Dek = 2 (Qi — Q; Cos D (9 ). (4) 
This makes . 
Qe+Q'r' N i 
MEAT e(1— cos y) +03 (Q20 008 y+) FA (5) 


which agrees with Maxwell’s result for 7 (E. and M., § 694), because 





f Q du = i P — Lan = Qia — Rer =Q aUu + Aa (6) 





t(i-+1) a 2t-+-1 
and = C08 y. Also 
P(Q) _ ( z) P gi r 
ioe sg 1+29,- a) jy Siny2Qi-q QCA). (7) 


Next for W, the P. F. of the circular plate AB (A. J. M., §3), 


WQ) ° ydy o4 “op OA 
mie =S, VGH OO) 40 Ga 0 


2\1 2 go 
i (1-2 = cosy + Z) Hotot +.... + Qi soe a 
—c cos y +g, (8) 
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WG) 1008 y+ (1-008 y) Ž + (Q— “Pe e004 00 z 
+....4+(Q;.— asosy tao Bos (9) 
W (Q') Q'A 
anaa ee of | 
=2"(1-2-5 cosy + S) S (a+ + n+) 
+c cos y—2’=(Q.—2Q, cosy +Q) Š 
+....+(Q— 2Q 11 C08 yt iue) m (10) 
UAY = $ sin? y+ (Q:—2Q, cos oie os 
+ (Qi—2 Qin cos y+ Que) Si penu (11) 
e Wee =4(1—cosy) (8 +cosy) TEPATE Z l 
+ (Qi — 204 cos y+ 2Q,—2Q;,1 C08 YEO Fuses , (12) 
Wet W'r 


ngog “> (Gi-2 2011 C08 y +2 — 2Q 141008 y+ Qia) <3 Olo: (13) 


So far all these functions are P. F.’s, P, Q, 0’, U, W, W’; but going back 
to A. J. M., $3, for the expression of W in terms of Pa, QA, Qb, here QA is a 
S. F., given we find by 


W 
QA=Pa—Qb— Gs = 62 (Qra— Qi cos y) (Pi cos p—P;) 5 


sin? y sin? PQi-Pi- 1(9) r 
(i—1)t ct 

42, The expression in (4), $6, A. J. M., p. 384, of the axial component 
of the attraction of the plano-convex lens is the equivalent of the potential of 
the base AB, coated with density o, less the potential of the spherical surface, 
coated at E with density cu, u=cos OCE. It will serve too for the magnetic 
potential of the lens, or equivalent current sheet round the portion of the 
spherical surface. 

The thin lens of § 15 may then be considered a spherical segment, coated 
with density ¢(u—cos y). 

The result of (4), §6, shows that the coating cu would have potential 
U (cu), which can be written 

U(cu) W 1 dV We+W'r’ | U(c) cosy 
Go Qo Gp db — Gate 8đo 


=; (£ +Qe cosy) +4 (Z + Qe cos E. = 0) 


E-H 





(14) 
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There is an opportunity for a geometrical interpretation on the lines of 
_ that given for U(c) in §3, but a difficulty is to account for the factor 4. 

To verify this in Maxwell’s manner at a point Q on the axis, we have to 
evaluate : 


U (su, Q) udu L (1430.4) udu 
nGa = fin V (e—2ce cosy +e) zS (1430. c pii 








1 
requiring f” Qudu. (3) 
Mr. J. R. Wilton gives me the general formula 
6 Ody CE) (QiQs— 9.85) l 
du = He i 3 
L EEST 8) 


f But if t= 4, we must make use of Hargreave's recurring formula 
(Whittaker, Analysis, p. 212). Í 


(241) QI (21—10 = FCs 2001. (4) 


We only require here the special-case of j=1, and then make use of the 
ordinary formulas, ~ f 
Qia (24+1) Qut (¢+1)Q.4:=0, (5) 

j i 1—u)Qi ` 
(B41) fOr du=Q1— Qin = FEE, (6) 


(itn f° Qudu=i f Qida + (+1) J Ore l @ 


= and thence we find, after reduction, 


I Qudu=4 (Q:-2—Qj_1 C08 y+2Q; sin’ y— Qi cos y+ Rue), 
with fQoudu=tsin®y, f Quudu=}(1—cos" y). 7 (8) 


But according to the preceding expressions in (5) and (13) 


WQ) +W) , U(Q) cosy 
2nGac Ge 


=4c(1—cos y) (3 +cos y) + $(1—cos y) (2+ cos oo y)e.. 
+ (Qi-2—291-1 COs y +20,— 2Qi41 COS ¥+Qi42) a ree 
+e cos y(1—eos y) +$ z cos y sin? Secs i 


+cos ¥(Q;.—2Q eer eas z= 
: = $c sin? y+ (1—cos* y)e.. 





+ (Qie Qi- CO8 a sin? Au Qiya COS y AP En gann (9). ; 


which adds the audit up, and so the identification is complete. 
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Then for v, the P. F. of the thin curved lens of § 15, treated as a spherical 
segment, coated with density o(u—cos y), 


ae We+W'r'—2Uccosy v - We+W'r'—2Uc cosy 
Go 3Gcc > Gm 3nGac’(1—cosy)? ’ 


1 : 
if of mass m=onac f (u—cos vy) du=xac*(1—cos y)*. 
cos Yy 








(10) 


For a flat lens, with y=0, this expression for v takes an indeterminate 
form, and is best evaluated independently, as in $16, by a dissection of con- 
centric circles and radiating straight lines. 

The P. F. W of the flat dise may be evaluated at the same time in this 
manner, and then 





1 aW _ = 
= S PO _, e+A cosh A cos 6 
1 -1 2 1 pita aaa 
=f oY oh oh? py =sh oF 8h Se (12) 


PQ? =4? fan cos ae PQ =a?+2da cos 0+ A®+B?, 

PZ?=A’ sin’ 0+0, PO’=A?+bd’, — (18) 

dl Sre Aa cos 9A’ +b? ; Asing , PO- A sing 
ag Pe PQ PZ 








(14) 


43. The integral J “1d0 is intractable; it arises in the skin potential of the 


curved wall of a circular cylinder, and is shown graphically by a quadrature 
on the Mercator chart, as explained in the Trans. American Math. Society, 
October, 1907, $$ 53, 66. 


But S IA cos 6d6 is tractable, and integrating by parts 





l S "IA cos 6d0= (IA sinj? — T sin dð 

0 
_ p dacos 0+ APD? = a32, d0 
= PF gSa cos 6+ A?+ b +8") 56 





— +P0f (1— Faye, (15) 


in which the first integral is (2%—)b, as shown in the Trans. American Math, 
Society, §48, by a dissection of the circular area AB into sector elements 
$a’d6, and then 

A+ f dé 











F- = f PQao—2nPO+ (2n—2)b+Q4— 2 po ten PO—2nb 
2 2 2 j B 2 
=At8 + p_2Q4+ (2n—0)6+QA—* ti P—2nb 
= Pa—QA—QD, (16) 


as before. : 
49 er 
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The flat lens may be considered a disc, coated with density 
_. AQ’: QB 
o(1— i =e Oa” 
and its potential is shown in $16 to be expressible by the three elliptic 
integrals, of the I, IL, and IIT kind, P, Q, and Q. 
A formula of integration by parts will show that a similar expression is 





obtained for a density a(1— E) , or otherwise for a density varying as some 
even power of y. 
But for an odd power, the intractable integral J Id@ arises, in addition to 


‘the elliptic integrals. 
A formula of reduction is obtained by the integration of the relation 


d . 1 
dy (PR) =[(n+1)y*+ (2n+1)y*4 cos 0+ ny" (A?-+0") | PỌ (17) 


‘In the definite integral the algebraical part vanishes at both limits. 

Mr. Bromwich has expressed the results in a series in the Proc. London 
Math, Society, September, 1912. 

On the electrified disc, and on a flattened oblate spheroid, the density is 


a\n 4 
o(1— v) , with n= —4, 4; and the result for the potential is non-elliptic and 


given already. A similar formula of reduction will give the result for a 
2\ i$ 
density o(1— 2) , where 7 is an integer; and the evaluation should attract 


ay 


a careful worker, when the need arises in a physical problem. 
So also for the 8. F. of these coatings of superficial density, to be worked 
out as an exercise. 


STAPLE INN, LONDON, October 12, 1915. 


On the Asymptotic Character of Functions Defined by 
Series of the Form Zcag(x+n).* 


© By R. D. OARMICHAEL. 


Introduction. 


In a previous memoir t I have laid the foundations of a general theory of 
series of the forms 





Q(2) = Beg (e-+n), (1) 
Bw) = 32", r 
ve g (2) 7 ee 
where Cg, C1, Cz, .... are constants and g(x) is a function.of 2 having the 
asymptotic character 
g()~h(a(1+ 2 +B 4...) hay aarrerey, (2) 


P(x) and Q(x) being polynomials which we write in the form 


P (a) =pot mete +.... +e, x, 4,0 if k>0; 
Q(@) =a tartar? +....+a,0", AFO if m>0. 
(In case k=0 we assume that m>1.) In I we required that the asymptotic 
relation (2) should be valid only for æ approaching infinity in a positive sense 
along any line whatever parallel to the axis of reals. But for the application 
of series Q(x) and Q(x) to a study of the properties of functions in the 
neighborhood of a singular point, it is convenient to place a stronger condition 
-on g(x) and to require, in fact, that the asymptotic relation (2) shall be valid 
when g is confined in any way to a sector V including the positive axis of 
reals in its interior. Furthermore, we shall suppose that the singularities of 
g(x) in the finite plane are isolated points, and that g(x) is analytic in V at 
every point for which || is not less than a given constant K. 





* Presented to the American Mathematical Society (at Chicago), April 21, 1916. 
+ Transactions of the American Mathematical Society, Vol. XVII (1816), pp. 207-232. This paper 
will be referred to as I. For the most part we employ here the notation of the earlier memoir. 
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We employ c to denote a,, or ty according as m is or is not greater than 

k and write 

jaan 

where a, and c, are real. If A[u] is a constant determined as in Theorem XH 
of I, then the region of convergence [absolute convergence] of Q (x) is bounded 
by the straight line R (cs) =A[R (cx) =u) and lies on that side-of this line for 
which R(cw) <A[R(cxr) <p]. According to Theorem XVI of J, a given func- 
tion f(x) can not have more than one expansion in a series Q(z) for a given 
g(2), provided that R(c) is negative; but such an expansion is not necessarily 
unique when the latter condition is not satisfied. ` Accordingly, we shall now 
further restrict g(x) by requiring that R(c) shall be negative. We shall also 
suppose that non-exceptional points for both Q(z) and Q(x) exist in every 
strip parallel to the line R(cz) =0. 

The general object of this paper is to determine the asymptotic character . 
of a function Q (x) defined by a series of the form (1). In §1 a somewhat 
extended discussion results in the fundamental Theorem I by which the 
asymptotic character of the function Q(x) in relation to g(x) is determined. 
This result is quite satisfying from the point of view of its elegance and sim- 
plicity. For the important case when k=1 and m=0 or 1, Theorem I may be 
stated in the somewhat more convenient form of Theorem II: The character 
of the convergence of the series Q(x) with respect to uniformity is treated in 
§ 2, the result being stated as Theorem III. 

Guided by the result contained in Theorem I, I introduce in $3 an exten- 
sion of the notion of asymptotic representation. In §4 it is shown that a 
special case of this extended notion includes as a special case the notion of 
asymptotic representation in the sense of Poincaré. In §5 a further treat- 
ment is given of this new asymptotic representation in the case when k=1, 
m=0 or 1 and¢=—1, It is shown in this case that the notion is equivalent 
to that of Poincaré, and explicit formulae are obtained exhibiting this equiva- 
lence. Finally, in $6, an illustrative example is given to emphasize the fact 
that an Q-series is capable of representing conveniently the asymptotic char- 
acter of certain functions near infinity, while at the same time it yields also 
the essential properties of these functions in the finite plane. 


§1. Asymptotic Character of the Function Q(x) in Relation to g(a). 


At the close of J we saw incidentally that the function Q(x) defined by 
the series in equation (1) has the properties expressed in the relations 


lim|g(#+s){4O(z)—Zog(a-+n){=0,  8=0,1,%...., (8) 


Funetions Defined by Series of the Form Se,g(a+n). — 387 


provided that the limits are taken for æ approaching infinity in a positive sense 
along the axis of reals. We now make inquiry as to what less stringent 
restrictions may be placed on the approach of x to infinity without destroying 
the general validity of relations (3). Naturally we make the general restric- 
tion that v shall remain in V as it approaches infinity, 

In the first place, if relations (3) are to be valid in the special case when 
¢, is different from zero and all the coefficients Cs, Cg, .-.- im (1) are equal to 
zero, it is necessary that the ratio g(a+1)/g(#) shall approach zero as 2 
approaches infinity in the manner to be specified. Moreover, if the region. 
‘over which z may vary in approaching infinity is such that x+n is in the 
region when œ is in the region, n being a positive integer, then it is easy to 
see that the foregoing condition is also sufficient in all cases in which the series 
in (1) has only a finite number of coefficients different trom zero, since 


glæ+n) _glæ+s+1) gl@tst2) | g(ttn) (4) 
g(@ts) g(@+s)  g(@ts+1) “°° g(a@+n—1) i 
when » is any integer greater than the integer s. Accordingly, we are led to 
ascertain first the conditions under which g(#+1)/g(z) shall approeeh Zero 
as © approaches infinity. 
We may write 





Ge meth (et) —PX2)1 log 290 (#+1)—0(2) pP(e+1) iy ) (1-4 ay, a 
the relation being valid for z approaching infinity in V. From this it follows 
readily that g(a+1)/g(a) will approach zero when and only when 
ePi@ log 3+0) 
approaches zero, x being donned to V and P (x) and Q,(z) being polynomials 
with the values 
P (x) =P(#+1) —P(2), 


Qla) =Q (+1) —Q(2) + = pi (2)— se pale) 


1 i l 
+ gap Pal®) —. ...+(—1)! ‘EP e (2), 


where p;(x) denotes the sum of the terms of degree j or greater in the function 
P(#+1) when arranged as a polynomial in æ. Moreover, if we write 
g nae = eh) log taD (a), (5) 
then o(x) approaches unity as 2 approaches infinity in F. 
The leading term in the polynomial P, (æ) obviously is of degree k—1 and 
has the coefficient ku,. If m>k, the leading term in the polynomial Q,(#) is 
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of degree m—1 and has the coefficient ma,,. Now, if we put a=pe" where p is 
positive and write 


RIP, (12) log + Q,(w) }=m(p) log p-+m(p), 


we see that m (p) and 7,(p) are polynomials in p with coefficients involving 0. 
If k2m, so that u, is denoted by c, then the coefficient of the highest power of 
p in m (p) is &(a, cos t0—o sin 0), where t=k—1. If k<m, so that a, is 
denoted by c, then the coefficient of the highest power of p in m(p) is 
m (a, cos t8@—o, sin #0), where t=m—1. If @ is held fixed and p is allowed to 
approach + oo, then the absolute value of the exponential function in (5) 
approaches zero or infinity according as ocos t@—o, sin t0 is less than zero or 
greater than zero; and when the last quantity is equal to zero, the absolute 
value of the exponential quantity in (5) may approach infinity or may 
approach zero owing to different possible forms of P (s) and Q(z). 

From these considerations we are led to restrict x to the largest sector. V, 
which includes the positive axis of reals, is in V and is such that 


` g, cos (0—c, sin t6 <—e (6) 


for every v in V,, e being a positive quantity as small as -one pleases, and ¢ 
being equal to m—1 or k—1 according as m is or is not greater than k. It is 
clear that g(~+1)/g(#) approaches zero as x approaches infinity in V,. (In 
case k=1 and m=0 or 1, so that t=0, it is obvious that s may be chosen so 
that (6) is satisfied for all values of 6; in this case V, coincides with F.) 

Returning now to a consideration of the series Q(x), let us denote its 
convergence number by à so that the boundary of its region of convergence is 
the straight line R(cv) =A. Let A, be any number less than A, and confine x 
so that R(oxw)<A,. Denote by V the maximum region which is common to V, 
and the half-plane R(cx)<a,. Obviously V contains the positive axis of reals 
in its interior, except possibly for a segment of finite length adjacent to the 
point 0. 

Let 2, be a non-exceptional point for the series Q(z) subject to the con- 
dition that 

A, <B(o%) <A. 

Put 
_ g(& +n) par 


Un=Cng (M+), U, = g (+n)? = 


the integer / being chosen so that g(@m+n) is different from zero for every n 
not less than /. Then, if we write 
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Ui4,=0; U= tumit. -e Hun n2l, 
we have w x 
È c g (otn) = EuN, 
Amel aml 


= $ (U,—U,4)% 
n=l 
= pa U, (Vati Ya) + U mVn . 


From the convergence of Q(x.) it follows that U, approaches a finite limit 
as n increases indefinitely. If æ is held fixed while m increases indefinitely, it 
is clear that V„ approaches zero. (Compare (10) of Z and the discussion im- 
mediately following.) Hence it follows from the last equation that a constant 
M exists (independent of x) such that for every non-exceptional x in the half- 
plane R (ox) <à, we have 


| 2 cg (2+7) | <M Z [Vaut], (7) 
the latter series being certainly convergent as we saw in J. 
In view of (1) relations (3) may be expressed in the form 


g(z+n) 
li Sc 
Ca g g(z+s) s) 
Let s, be a fixed integer ane let s be m integer less than s,. Then we may 
write 


=0, s=0,1,2,..... (8) 








ee gla+n) _ ¥ i glæ+n) , glætsı) $ , gle+n) 
naatt 9(@+8) aep g(a+s) G(@+8) naea gats)" 

Now, suppose that # approaches infinity in V in such wise that (8) is valid for 
the particular value sı of s. Then from the last relation it follows readily 
that (8) is also valid, for such approach of s to infinity, whenever s is less 
than sı. Therefore, to prove all the relations (8), and hence all the relations 
(3), valid for a given approach of v to infinity in V, it is sufficient to prove 
them valid for those values of s which are greater than some given number. 

Employing the result of the preceding paragraph and comparing (7) and 
(8) we see that all the relations (3) will be sulted provided that # approaches 
infinity in V in such a way that 

lim Ea) Z| Pesa—?a| =0 (9) 

for all values of the integer s greater than a conveniently chosen positive 
- integer sı. We choose s so that it is not less than 7. It is obvious that (9) 
may be replaced by the following equivalent relations: 


lim $ gl(%+s) g(a ote ta) gle +n+1) _ g{%+2) 


nanl g Fs) g(Xy+n)\g(mtntl) g(x +n) 





1} =0, s>s. (10) 


i 
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We are now in position to prove the following theorem : 


Turorem I. Let Q(x) be a function defined by a series (1) whose con- 
vergence number 2 is not —œ. Lett denote m—1 or k—1 according as m is 
or is not greater than k. Let V denote the greatest region of the «plane 
‘common to V, the half-plane R(ax) <A, and that sector c, cos t0—oc, sin t0 <—e 
which includes the posite axis of reals, where 4, is any number less than A, 
and e is any positive number however small and 6 is defined by the relation 
a=pe’, p being positive. Then if æ approaches infinity in V we have 

: a 


lim {g (2+8) H Q(2)— Ee gle+n)}=0,  s=0, 1, 2.. 


If in (10) we replace g in part by h it is easy to see from the foregoing 
results that the proof of this theorem will be complete if we show that 


h(xo+s)  hk(æ+s+1) S h(æot+s+1)h(s +n) 
_ h(æa+s +1) h(a+s)}) nasil h(@ +s+1)h(a+n) 
g(at+tn+1)g(a+n) | 
—1);=0, s>s, (11 
a an) 9 (tm+n-41) ray 
the limit being taken for a approaching infinity in V; and hence if we show 
that the sum of the series in (11) is bounded. 
- For this series in (11) we use for the moment the symbol T(a,s). By 
T(a,s) we denote the series i 
+1} 


Teh > h(@+tst1)h(o +m) | | {| g(a+n+1)9(a%+n) 
n=s+1| A(% +S$+1)h(%+) g(a+n)g(%+n+1) 
Then the series 7'(a,s) is term by term less than or equal to the series T(a,s). 
l In case & or m is greater than unity it will now be shown that 7(z, s) is 
. bounded as x approaches infinity in V; and thus the proof of the theorem for 
this case will be completed. 

Let 2, be a non-exceptional point for the series Q(x) such that 2, < R (oz) 
<R(cx,). Then the series T(x, s) converges whatever the value of s (greater . 
than s,). Therefore, in order to complete the proof of the theorem in this 
- case it is sufficient (compare equation (4)) to show that a number X exists 
such that 


























h(atj+1) h(s +9) 3 


is in absolute value less than 1 for every integer j, provided that |x| >X and 
æ is in V. This we shall now prove without the restriction that k or m is 
greater than unity. i 
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If we denote the expression in (12) by E and employ the notation P,(2x) 
. and Q(x) introduced in the earlier part of this section, then we may write: 


(a 7g) Pern (145 1 a 
+g 

1 Pitit) 

(+4) 091 =a) 
i n+ 


E= 





EPH UHH HDHD, 
2 ? 


or 

E= (a+j) Pt? (a pj) tD eham GES, 
where S is a quantity which approaches unity if either x or j approaches 
infinity, or if both s and j approach infinity in an independent manner, œ ` 
remaining in V. We may write. 


_ |e +j [aaah e iP (+9) arg (349) 





ACES 7 eUD R+ 
[a+] 1+) e i FA arg FD , 


We may write P,(x-+4) as a polynomial in 7 in the, form * 


 Py(@+9) =m (2) +m (")I+. -Haa (e) j. 
We introduce the notation l 
Pi (e+i) =|m (s)| + | (a) [jF . -E |7) |e. 
Now, since æ must remain in V it is easy to see that |z+J|/|%,+3| is bounded 
away from zero,t however v and j vary, provided that |z| is sufficiently large. 
Hence a constant M exists such that 


| E || oj |PIP euP Ot) +P rt Dl oR- - (13) 


provided that |x| is sufficiently large. 

It is convenient now to separate into cases owing to the relative magni- 
tude of k and m. 

First, let us suppose that k>m. Then (as we have seen) the leading 
term of P,(x), considered as a polynomial in v, is kow*-*. With this in hand, 
let us consider P,(2+ 7) as a polynomial in 7 whose coefficients are arranged 





*The treatment in the text applies strictly only when &>0; but with the understanding that 
P, (@)=0 and P, (#)==0 when 4=0 the formulae employed are valid. 

+ This is obvious in case o, is zero or j is bounded. When o, is not zero and j is not bounded it may 
be proved as follows: Take j greater than |æ |. Then the ratio in consideration is greater than 7 if 
u>—4j. When u is negative the relation R (ew) <^ (which is satisfied when @ is in V) may be written 
in the form go%— o,0 < M and obviously leads to the relation ' 


&) Jo|+| 
gi 


o To 


—t < 
e 











, 
since c, is negative. If w<—47 we have 
Š | 
ao a Fry 
' 








whence we conclude at once to the desired result when u <— 3 jf. This completes the proof. 
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as polynomials in p, where p is defined as in the theorem. It is clear that the 
highest power of p in the coefficient of each ‘power of j has a + coefficient whose 
real part is negative, since 
o, cos s6—a, sin s9 <—e 

for Sai value of s in the set s=0, 1, 2, .,t. Now, for any given positive 

number K,, however large, it .is sup that a constant X, exists such that 
, |a-+7| >e™ for every j and every æ such that |~|2X,. Hence, if we replace 
|~-+ | in (13) by e^, having properly chosen K; as a quantity a peARN of 
© and 4, and write the resulting relation in the form - 

| BI < er dD, 

it is clear that 2(p, j) is a polynomial in j whose coefficients are all negative 
provided that p is greater than an appr opriately chosen constant X,. Hence 
|B| <1 for every j provided that |£|2 X,. Hence the expression in (12) has 
the desired property of being less than 1 in absolute value for every j greater 
than sı, provided only that |æ| is greater than an appropriately chosen 
constant X. 

In the case in which k<m the same conclusion may pay be obtained in 
a similar manner. In this case the polynomial Q (x+34) plays the leading rôle 
and in a corresponding way, since the leading term in Q,(x), considered as a 
polynomial in 2, is mox™~*. In carrying out the argument it is convenient to 
replace |z+j| by e™%+!+I*) and to observe that the latter quantity is greater 
than the former, however small the constant K, may be, provided only that |x| 
is sufficiently lara: It is easy to supply the detailed argumentation requisite 
` here. ` , 

This EE the proof of the theorem for the case in which k or m is 
greater than unity. 

For the case which remains we have k=1 and m=0 or 1.* Moreover, we 
have seen that it is sufficient to know that the series T (æ, s) is bounded for œ 
approaching infinity in V. But the sum of any finite number of terms of 
T (a,s) approaches a finite value as x thus approaches infinity. Omitting r—1 
terms of T (s, s) we see that it is sufficient to our purpose to know that the 
‘quantity , 

. $ Wett DKE [eetet Dolmat) 4 ` (14) 
nestr | h(a-+s+1)h(a+n) | |g (e-+n)g (%+n+1) 
is bounded as æ approaches infinity in V. The positive integer r which appears 
in this expression may be chosen to suit our convenience. 








* If à, were chosen so as to be less than A+1/R (e) and the definition of V were modified accord- 
ingly, the theorem could be proved in this case just as in the preceding. But for the stronger form of the 
theorem a modified argument is necessary. . 
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; For the ¢ case now.in coneidaralion (ax) has thie special value 
* a h(a) = ght ortha, k . 
Then, from the relation between h(x) and d g(2), it follows that g(x+1)/9(2) 
may be written in the form 
where the function £(x) is bounded as a ee infinity 4 in V. By means 
of this relation we readily have 


gla+n+1)g (a+ n) L- (an)? ae ian . TE EE E 
g(a+n)g(atn+l).. ~~ (atn)? (+n)? 1+9r(a--n) ’ 
where r(x) =£(«)/x. From these relations and the fact that |(a+-n)"/(a-+n)’ | 
is bounded it is easy to see that the quantity in (14) is bounded provided that 

the same is true of each of the quantities 
2 | A(ap+s-+1)h(a+n) | | (o+n)* ~| 
h(a-+s+1)h(%+n) (+n)? 
A(mtstljh(etn)| 1. 
h(m@+s+1l)h(m+n){ n’ 
That the latter.of these two expressions is bounded may be proved by the 
method employed in the preceding case in the derivation of a similar result- 
Hence it remains to be shown that the first expression in (16) is bounded as œ 
approaches infinity in V. ; ; 
Now the first series in (16) may be written in the form 
2 | h(a+str)h(atn) | |hCmtstl)h(e+str) || (etn)? _ 
wus] (PET) AG pn) | (A(+s +i) Ala tstr)] | (etn)? 
Then from the form of h(a) it is easy to see that the sum of this series is 
bounded provided that the same is true of the sum of the series 
& | h(a+s+r)h(2+n) 
h(z+s+r)h(%+n) 
where 9 (2, n) denotes the quantity. 

s g. 
semma E aj eaa B58) 
Now, if |z—a|< Inta] and æ is in V it is easy to see through the 

application of the binomial theorem to the Íast expression for S(s, n) that a 
constant M, exists such that 








n=s+r 








(16) 


i ae 








n=3 4r 

















~ 
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| (a, n) | <a. 
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‘Again, the quantity enclosed in braces in the first expression for S(x, n) is 
bounded, however æ and n may vary provided only that |æ] is sufficiently large, 
_ since under such conditions |a-+n|/|a-+n| is bounded away from zero (as we 
saw above). Hence, if |w—a,|>|a,-+n| and v is in V, it follows readily that 
a constant M, exists such that 


M, 
[S(a,n)|<—, 


provided that the integer r is such that r—12—1/R(c). We choose r'in such 
manner as to satisfy this relation. l 

Combining these two inequalities for |S (z, n) | we see that a constant M, 
exists such that |S (z, n) | <M,/n for every v and n provided only that n and. 
|æ| are sufficiently large and v is in V. Hence the sum of the series in (17) 
is bounded provided that the same is true of the sum of the series 

l S h(zots+r)h(z+n)] 1 
n=str| h(o+s+r)h(a%+n) n` 

That this sum is bounded may be proved by the method employed in the pre- 
ceding case in the.derivation of a similar result. l 

This completes the proof of Theorem I. 

By o(s) and w(x) we denote the series 





o(s) =F eg (2+1), (18) 
-3 gi(a-+n) i 
aai a 


. where g;(x) is that special case of g(s) in which k=1 and m=0 or 1. For 
the special case. © (x) of the series O(a) the foregoing theorem may readily be 
put in the following interesting form: 


Treorum II. Let (x) be a function defined by a series (18') whose con- 
vergence number à is not —w. Let V denote the greatest region of the 
x-plane common to V and the half-plane R(ox)<A,, A, being a constant which 
is less than à. Then, if x approaches infinity in V, we have 


lim 2-15 (a) — 5 H+} 9 =0,1,2, 2.4. 
im 2-“{ (a) — 3 o, a j=0,  s=0,1,2, (19) 
For the proof of the theorem it is sufficient to observe that 

g (2+8) 

zgi (&) 


approaches a finite quantity as x approaches infinity in V, a result which fol- 
lows readily from (15), or directly from the asymptotic form of g,(a). 
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For an important range of cases the region F in Theorem II may be ` 
replaced by the half-plane R(ox)<4,, namely, those cases in which the rays 
bounding the sector V (except for their.common point zero) lie entirely within 
the half-plane R(cv)20. In these cases relations (19) are valid for œ 
approaching infinity in any half-plane lying within the half-plane of conver- 
gence of the series w(x). In particular, this is the case when g,(2) is the 
first principal solution of the difference equation 

f(w@+1) =A (2) f(a), 

in which A(z) is a function which is analytic at infinity and has there a zero 
of the first order. The series w(x), defined by means of such a function g,(a), 
are of prime importance as we shall show in a later paper. For the special 
case when A(x)=1/za the series (a) is the factorial series. Theorem II for 
the special case of factorial series is due to Nérlund.* The demonstration 
employed by Nörlund in the special case does not seem to be applicable for 
deriving the general theorems here obtained. 


-§2. Uniformity of Convergence of the Series Q(x). 


From relation (7) it follows that constants N, and N, exist such that 





























So gtn) lew $ glæ+n) |, | g(@+n+1)9(% +n) —1 | 
nasti” gle na| 9(%)g(%+n) 1 ig(@+n)g(%+n+1) 
3 s | A(@tn)h(atr) |. ioe) bia) (20) 
T ase] A(@+r)h(a+n) h(x)h({a+r) 
_ | g(a+n+1)9(%+n) —1| 
g(a+n) 9 (%+n+1) | 


for every integer s greater than 1, r being a positive integer less than s. When 
k=1 and m=0 or 1, one may show, by the method employed in the latter part 
of the proof of Theorem I in the preceding paragraph, that a constant N; 
exists such that 
$ ¿o Ghat) 
az © gS 


ao 


h(z+n)h(a+r) 
har) b&b) 
provided that r>1/R(c) and s is greater than r. 

Now, let 2, be a non-exceptional point for the series Q(x) such that 
A<R(ox,)<R(cx). Denote by (20,) the relation obtained from (20). by 
replacing the last expression in absolute value signs by the sum of the absolute 
values of its terms. Then the series in (20,) dominates that in (20). But if 
either k or m is greater than unity the series in (20,) converges when 2 is 


1 
aay 
n 


< 


=a 














(21) 


8 
nest] 





* Acta Mathematica, Vol. XXXVII (1914), pp. 327-387. 
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replaced by a, and this resulting series dominates (20,) itself, at least if |æ] is 
sufficiently large and g is in V, as one sees through aid of the fact that the 
quantity in (12) is less than 1 in absolute value when |æ] is sufficiently large. 
If s=1 and m=0 or 1, the series in (21) converges when g is replaced by x, 
and as before, the resulting series dominates that in (21) itself, at least if |x| 
is sufficiently large and a is in V. Hence, in either case, there exists a con- 
vergent series of constant terms 7,+7.+y7,+...., such that we have the term 
by term inequality 


a 


z 


na=8+1 


co Glen) 
* g(2) 
provided that s>1 and s>r-+1, at least if |x| is sufficiently large and x 
is in V. 

Now, in Theorem III of J, we saw that Q(x) converges uniformly in any 
-closed domain D which lies within its region of convergence and contains no 
points which are exceptional for this series, or are limit points of points which 
are exceptional for this series. From this result and relation (22), we conclude 
at once to the following theorem: 





LYH Yet vee. (22) 


Tueorem III. Let 8 be any region which lies in V* and does not contain 
either in its interior or on its boundary a point which is exceptional: for the 
series Q(x) or is a limit point of points which are exceptional for the series 
Q(a).. The series Q(x) converges uniformly in S. 

This theorem for the special case of factorial series is-due to Noérlund 
(l.c.). N6rlund’s method of demonstration in the special case does not seem 
to be applicable for deriving the general theorem here obtained. 


§3. EHatension of the Notion of Asymptotic Representation. 
In the complex x-plane let D be any region which extends to infinity; as 


for instance a sector bounded by two rays from zero to infinity. A function 
f(z) is said to have in D the Poincaré asymptotic power series representation 
l G e a 
ae ma es be ET (23) 
provided that 
; CANE 
imejl) — (a+ 2+... 2) b=0, E R AR 


the limit in each case being taken for x approaching infinity in D. The power 
series in (23) may be either convergent or divergent. ~ 





* For the definition of the region V see Theorem I. 
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In analogy with this definition ana guided by the iest ‘contained in 
Theorem I, it is natural to introduce an extended notion of asymptotic repre- 


sentation. ` Accordingly, we shall say that a function ftw) has i in D the asymp- ` l 


totic Q-representation E i 


jo~ Zealot TE i% (24) 
with respect to g(x) provided that’ 
lim lg (e+) Fife) — È eng (2+1) =0, = $=0,1, 2, 


the limit in each case being taken for 2 apio infinity in D. Similarly f 
` we shall say that a function f(s) has in D the asymptotic -representation 


LOREA se), (28) 
with respect to g(x) provided that l 


g(@) EAO 520,10... 
e aeto) m R 





` the limit being taken as before. For the purpose of these definitions it is not 
necessary. that the series in (24) and (25) shall fcouvoree in D; in fact, they . 
may be divergent for all values of g. - ` 

‘That the foregoing definition of asymptotic Q-representation includes the 
asymptotic power series representation of Poincaré, as a special case may be 
seen by giving to g(x). the value e`”, and in the resulting asymptotic series 
(25) replacing e” by z; for the series ‘in (25) then becomes a descending 
power series in z, and the factor g(a)/g(a+s) is equal to the product of 2* by 
a quantity which is independent of z and different from zero. But this rela- 
tion between the two types -of asymptotic representation is relatively unim- 
portant when compared with that which is brought to light in the next section. . 


It is clear that the asymptotic relations (24) and (25) are most delicate 


when k and m, the degrees of the polynomials P(x) and Q(z), are least. Con- ` 


sequently, it is natural to treat first the special case in which k=1 and m=0 
ori. It will indeed be seen that this case is of leading importance in the 
_ theory. Moreover, it is the case which is associated in the most valtable way 
with the notion of asymptotic representation from the point of view of Poincaré. 
Accordingly, we devote the next three sections to a treatment of this case. 
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$4. On a Spectal Case of Asymptotic Q-Representation in Relation to the 
Asymptotic Representation of Poincaré. 
In what follows we shall assume that the region D defined in $3 lies in V. 
In the special case when g(x) has the value g,(“), where 


g(a) ~ wonverenh(1 4 t Hapus), (26) 
the limits defining the asymptotic relatión 
z g(a +n) , 
ne Èo gı (2) . “X 
_ are equivalent to the limits 
lith a= fila) -30 BEE 9 o iaa 25488) 


the limit in each case being taken for æ approaching infinity in D. This fol- 
lows readily from the fact that g, (£+s)£™™/g(x) approaches a finite non-zero 
quantity as x approaches infinity in V. 

We shall now obtain another set of limits equivalent to those in (28). 
For this purpose we observe that we have a Poincaré asymptotic representa- 
tion of the form 


gi(a+n) ( ae i> 
ee | Op +a 
n) i at 
where aos, @1,,--.- are a set of numbers dependent only on n and the constants 


which enter into the asymptotic formula (26) for g(x). Thence, we see that 
relations (28) are equivalent to the following: 





lim ot f(z) — 5 oa" toy + < aa aut) —0, s=0,1,2,..... (29) 
n=0 T a 4 


Here the quantities n, are integers dependent only on n and s. It is clear that 
a suitable value of n, is any integer not less than (s—n) (lool +[oe.]). In 


particular, if c=--1 we may take 7,=s—n; and this we do. 
For the special case in which o=—1 it is easy to see that relations (29) 
are equivalent to the Poincaré asymptotic formula 
fla) ~Pr+ 24 P prn (30) 
where ` 
By = Cp Qro Cr bya, 1+ Ca hyo,et +e H Cp Moy. 
Hence, relation (27) with c=—1 gives rise to the Poincaré asymptotic repre- 


sentation (30). In the next section we shall show that these two relations are 
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indeed equivalent, and shall exhibit the explicit formulae which put in evidence 
this equivalence. Thus we shall see that relation (27) contains (30) as a 
special case and shall make clear the importance of the former in view of the 
_ fundamental character of the latter. 

Again, if we give to o the rational value —p/g, where p and q are 
relatively prime positive integers, it is clear that relations (29) lead to that 
generalization of (30) in which s is replaced by a g-th root of œ. In general 
there are necessary relations among the resulting quantities 8; but if p=1 it 
is easy to see that they may have any values whatever when the quantities 
Coy Cy) Ca, ---. are arbitrary. 

If we give to o an irrational real value and derive the formula corre- 
sponding to (30), we.shall find that the powers of a which enter into it are’ 
not only not of integral index, but also that these indices are not integral mul- 
tiples of any number whatever. This brings out the fact that (27) affords an 
essential generalization of (30). i 

On account of the leading importance of the case in which c=—1, this 
ease alone will be treated in the remainder of the paper. 


§5. Haplicit Formulae Connecting Relations (27) and (30) when c=—1. 


In the special case when s=—1 we shall denote g,(x) by g(x), so that 
we have 


Hayman (14 apa -ES a (31) 
We have seen that a relation of the form _ 
g g(a@+n) ~am( z 4 Ban ) 9 
g (a) Boat — + x Pesa ; (32) 
exists, where Bon, Gi,,.--- area set of numbers independent of 2 We shall 
now determine the values of these numbers B; in terms of fo, a, Ê, di, Ga, +--+ 
Setting z 
, z h(x) =ae-*e%t Fo 
we have B 
h(x+n) —no (8—1) ( Yin use or 
a ee Po 4 AA 33 
hip) | aN z Ha Ta (33) 
where the constants Yin, Yens -.:. are readily determined consecutively by 


expanding the function in the second member of the relation 


14 Ur 4. Te +.=(1+4) e 2 $22 4x3 


esasi 


51 
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If we multiply (32) through by g(z), replace g(z+n) and g(x) by their 
asymptotic values from (31) and reduce the result by means of (33) we readily 
obtain the following relation: 


aA tae ie Te eet Caen +) 
~ (Bo pii oet.) (34) 





But ; 
(+n) =o (1+ a) 





at k om | k(K+1) # k(kK41) (442) n ) 
— pk ft ; es aie . 
an (1 La oF S 31 oe ed 
whence we have y 
a Ay, i aq | as 
oF oot Ge deere hess (35) 


where ~ 
= G,— (k—1) nar, 
k—1) (k—2 k—1) (k—2) (k—3 
peo Jaan ae 
Replacing the second series in (34) by its value from (35) and equating 
coefficients of like powers of œ we have the following recurrence relations for 
determining Bons Bin)... +: 


Gy st..... (36) 





ea ere, 


OMe mer he ee , Í (87) 


š a; Prin aor ža Aas Y ins 


ix0 ee 
where y=) = th ==. It is evident that these relations uniquely determine the 


quantities Bon, Pi, - 
From this it-follows readily that the asymptotic O-representation 





f(a) ~ Š o EE (38): 

leads to the Poincaré asymptotic representation 
robit 4 By, | (39) 
piere B= Bot br, 1H Cabra - Keni +6, Bor > i (40) 
On the other hand, if (39) is given then from- (40) the constants 
Co, Ci, Co; .-.. may be uniquely determined (since Ba F0); and hence, con- 


versely, relation (39) leads to relation (38). 
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This is sufficient to establish the complete equivalence between the Poin- 
caré asymptotic relation (39) and the asymptotic Q-representation (38). 
Later we shall point out an important advantage which the latter has over the 
former in.that the series in (38) is convergent (in a half-plane) for a large 
class of functions f(z) for which the corresponding series in (89) is every- 
where divergent. 

In an important class of cases the asymptotic character of the function 


a 2) = IEI) 

Pe gle) 
is known directly and has a simple form. (It can of course be computed in 
the general case.) In case this asymptotic series for p(%) is convergent, and 
actually represents p(#), one has readily the descending power series expansion 
of p'(%)/p(w). It is easy to see that it has the form 


a 


pe (Lpp...) 
pla) Ar es ea (41) 
where go, Ugo, +... are constants depending on the constants in g(x). In the 


important special case in which g(#)=1/I'(az) it is easy to see that (41) takes 
the simple form 9’ (#)/p(%) =—1/z. 
The constants Bi may be determined readily in terms of the constants 

Loo) lisos «---3 and the results thus obtained will sometimes be in more con- 
venient form than those obtained by solving equations (37) for Ba. For 
effecting this determination let us write 

n= EEM —9(a)p(e+1)....p(etn—l) 
whence we have 

Ya p'(@) | p (2+1) p (w+n—1) 

Ya p(@)  p(@+1) patas)" 
From (41) it is clear that we have an expansion of the form 


p(@+3) (= Hoy, Us ) 
Aree at tg to} 





+....+ 


ae since 





z l å b(t+1 2  (l+1 142) H 
it is easy to see that u, has the value 


py i—l . i—1)(i—2 
Bym kom Ikio T + iaa =i 


+D uli H. (42) 
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Hence we have ; 








M go l 2B ae a 
La (2 eet dey...) 
where . rai ; 
VE in = Eni n (43 ) 
Therefore, - en 
g(z+n) =Y =g" boae? 8° PEPE: 





g(x) 
By comparison with (32) we have 
Fa (Gut Ee os a y...) arai) 
’ 2 
+5(24+ B+...) Hon 
Thence we see that i l 


Bin 

Bon 

where in each case the summation is to be taken for varying subscripts j such 

that their sum in each case shall be 7. 

Relations (42), (43), (44) serve to express @,, in terms of tiso, Us, -~ 

Thence through (40) we have the relation existing between the constants in 
the asymptotic formulae (38) and (39). 

In case p(x) is a rational function the constants 8,, may be determined in 

a very simple manner. For the sake of simplicity in the formulae we shall 

assume that the poles of p(x) are of the first order, and that no two ‘of its 

polar points differ in affixes by an integer. Denoting the poles of p(x) by 





1 1 
=] -p ent 3] EnEn F 3] EnnEinEpn Fe (44) 


ETE EE Pa we have a partial fraction expansion of the form 
$ T i 
„=p(æ)o(æ£4+1 taaie pt! Om 45 
p(a)p(@tl)....p(atn—1)=% = TH; (45) 


whence we see a that 





ioe tS 1 pı—i (p,—-3)* 
Y= Z Bm (+ + zB + ae a +... 
Therefore, pees , 
Ba= E Zn (P~d ae (46) 

As an example take the case in which p(x) =1/%. Then we have 

Batata nt an acoso oe | 

a(@+1)....(@+n—1) s 1!a+1 l 

1 al 1 1 
neg ee Gi) 1 a—nF 1’ 

and 


S ire , 
Ba= (DE (—a) A, (47) 
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That the two asymptotic formulae (38) and (39) are equivalent in the 
special case in which p(z)=1/a has been shown by Nielsen,” who obtained 
formulae equivalent to (47) and (40) for the expression of this equivalence. 


$6. Illustrative Example. 


Let us consider the function f(x) defined by the series 
— 5 Jtn) 
f(a) = 2 6, Fay (48) 
where the constants c, are subject to the condition 
le, | <M (ah, 
. where M and e are positive constants. This series is term by term less in 
absolute value than the series l 
S M (a1 | Gt”) |, 
a=0 g(a) 
That the latter series converges for every non-exceptional value of æ is readily 
shown by the Cauchy ratio test. Hence the series in (48) converges for every 
non-exceptional value of z. Therefore, it defines a function f(x) which is 
analytic at every point x which is non-exceptional for the series in (48). At 
the exceptional points for this series f(x) will in general have singularities. 
In particular, if p(x) is a rational function such that its poles are of the first 
order and no two of its polar points differ in affix by an integer, then f(z) in 
general will have an infinite number of poles of the first order having infinity 
as their sole limit point. In such.a case as this the power series in (39) - 
diverges for every value of æ. It yields the asymptotic character of f(z), but . 
does not yield anything else directly. On the other hand, the series in (48) 
also yields the asymptotic character of f(x) and—what is much more—it 
affords a convergent representation of f(x) at all points which are non-excep- 
tional for the series in (48); and these latter points are in general points of 
singularity of f(x). Moreover, the series furnishes in general a ready means | 
for investigating the character of the singularities of f(x). 
This example illustrates an important result which I expect to present in 
“full in a subsequent paper. It turns out that important classes of functions 
exist, each function of which has an essential singularity at infinity, but never- 
theless admits a convergent Q-expansion. Moreover, as one sees from the 
present paper, such an Q-expansion exhibits directly those properties of the 
function which in many investigations one desires first of all to derive. 
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Possible Characteristic Operators of a Group. 


By G. A. Maci 


$1. Introduction. l 


A characteristic operator of a group G is an operator which corresponds 
to itself in every possible automorphism of G. Every possible group contains 
at least one characteristic operator, viz., the identity. A necessary and sufficient 
condition that an abelian group involves another characteristic operator is that 
it contains one and only one operator of order 2. Hence we may confine our 
attention to non-abelian groups in the study of possible characteristic operators. 
In what follows we shall therefore assume that G is non-abelian. 

The characteristic operators of G clearly constitute an abelian character- 
istic subgroup of G. The main object of the present article is to prove that it 
is possible to construct a non-abelian group which has for its characteristic 
operators all the operators of an arbitrary abelian group. By means of the 
fact that at least one such non-abelian group can be constructed, it is easy to 
prove that the number of such groups is always infinite. In fact, such an 
infinite system can be obtained directly by forming the direct products of one 
such group and simple groups of composite orders, 


§2. Group Containing a Characteristic Operator Whose Order is an Arbi- 
trary Power of a Prime Number. 


Let p represent any prime number of the form 1+kq’, a being an arbitrary 
positive integer. The transitive substitution group K of degree p and of order 
p(p—1) contains a subgroup of order pg“ which involves no invariant operator 
except identity. To obtain the desired group in the form of a regular substi- 
tution group, we shall first construct an intransitive substitution group H by 
establishing a (1, 1) correspondence between q* regular cyclic groups of order 
pq’, Za. The q* transitive constituents of H are conjugate under the powers 
of a substitution ¢ of order g* which is commutative with every substitution 
of H, q being a prime number. 
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Let s be a substitution of order g* which is commutative with ¢ and with 
the substitutions of order g? contained in H, but transforms the substitutions 
of order p contained in H into a power which belongs to exponent g* mod p. 
That is, the group generated by s and a-substitution of order p contained in H 
` ig simply isomorphic with K, and we may assume that the group generated by 
_s and H involves q* transitive constituents on the letters of H. The product 

of st and a substitution of order qê in one of the transitive constituents of H Í 
is of order g°*®, and the g*-th power of This product is the substitution of order 
qf contained in H. í 
The group Ga generated i H and this product has for its central the 
cyclic group of order qf, and ‘the central quotient group of G is simply iso- 
morphic with K. Since G involves only one subgroup of order p, and since-all 
the operators of G which transform one of the generating operators of this 
‘subgroup into its n-th: power must also transform each of its other operators 
. into the same power, it results that in every possible automorphism of G the 
operators which transform its operators of order p into a particular power 
- must correspond to themselves. In particular, the operators of order q**® in 
G which transform each of its operators of order p into the same power must 
correspond. to themselves in each of these automorphisms. % 4 
The operators of order q*t? in G-whose q*-th power is the same operator 
of order gf in H clearly transform the operators of order p in H into one or ` 
more powers, which are distinct from the powers into which these operators of 
order p are transformed by those operators of order grtt whose q*-th power 
is another operator of order gê in H. From this it results directly that the 
operators of order q? contained in the central of G are characteristic operators 
of G. Since these operators generate the central of G, this central must be 
‘composed of characteristic operators of G. ` 
Since q is an arbitrary prime number, and @ is an arbitrary positive ` 
integer, we have established the lemma that it is possible to construct a non- 
- abelian group which has an operator of any desired prime power order as a 
characteristic operator. In fact, the existence of such a characteristic operator 
of order g% is. independent of p and a provided they satisfy the stated condi- 
tions, and hence it results from the preceding arguments that any one of a 
multiply infinite number of different ee may ne used for G. 


§3. General Case. 


To prove that it is possible to construct a group G which has all the ` 
operators of an arbitrary abelian group @’ as charactéristic operators, it is 


406 | Mime: Possible Characteristic Operators of a Group. 


only necessary to prove that a set of independent generators of G’ are charac- 
teristic operators of a certain group G. We shall first consider the case when 
the order of each of the independent generators of G’ is a power of q, and we . 
shall let gf represent one of the largest of these orders. 

Let S1, 5,,...., S, represent a set of independent generators of G” and 
find r distinct prime numbers p,, p,,...., p, of the form 1+kq®. According 
to the preceding section we can construct r distinct groups Gi, G,,...., G, 
‘such that the characteristic operators of these groups are generated by 
Sy) Sg, .+--, S,, respectively, and that the prime numbers of the form 1+ kg’ 
which divide their orders are pı, p,,...., p,, respectively, The orders of the 
r groups Gi, G,,...., G, may be assumed to be 


Did*, Dog”, - +++) Dg? | 
multiplied by the orders of s,, 5:,...., S,, respectively. 

The direct product of Gi, Ga, ...., G, contains a characteristic cyclic sub- 
group of order pı, p:,--.-, p,. In any automorphism of this direct product G, 
corresponds to a subgroup whose operators are commutative with each of the 
operators in the cyclic subgroup of order p,, P3, ...., p, contained in this 
direct product. To the operators of order g*** in G,, a’ being the order of s, 
there must therefore correspond operators whose gf power is the same as the 
q? power of the corresponding operators of G,. Hence s, is a characteristic 
operator of this direct product. As sı 18.an arbitrary independent generator 
‘of G’, the direct product under consideration has all the operators of @ for 
its characteristic operators. ` 

"When the order of @’ is not a power of a prime number, G’ is the direct 
product of characteristic subgroups whose orders are such powers. By con- 
structing groups whose characteristic operators constitute these characteristic 
subgroups, and then forming the direct product of these groups, we obtain a 
group whose characteristic operators are the operators of G’. This completes 
a proof of the theorem 


It is possible to construct non-abelian groups whose characteristic opera- 
tors constitute an arbitrary abelian group. 


Linear Differential Equations in Infinitely Many Variables." 


By Wuuiium L. Hart. 


$1. Introduction. 


In the study of finite systems of ordinary differential equations, linear 


systems 
: dx, 2 . , 
TEO (G= 2.. n), 9 


lI 


are found to have many interesting properties, a number of which are con- 
nected with the notion of fundamental] sets of solutions of (1). In the present 
paper the infinite system of ordinary differential equations 

ax; 


TE Tus (G=1, 2...) (2) 


is considered and certain analogous properties are discussed where the on 
of fundamental sets of solutions for (2) is defined in an appropriate manner. . 

Throughout the discussion it is assumed that the k(t) in (2) are power 
series in the complex variable ¢ converging for |t|<r. The matrix of elements 
(kult) )4,;01,2,.... 18 Supposed to be of the limited type, in the sense defined by 
Hilbert. The set of complex numbers E= (£, 2,....) is supposed to repre- 
sent a point in Hilbert complex space; i. e., if Z; represents the conjugate to £, 
then Er Za, converges. 

In §2 the system of notation used in the paper is explained. There is 
then given a brief outline of the results from the theory of limited linear and 
bi-linear forms in infinitely many variables which are used in the later work. 
In §3 the homogeneous system (2) is considered. Under certain assumptions 
as to the limited character of the matrix (kalt) ) the existence of an analytic 
solution (a(t), 7,(¢),....) taking on, for t=, a given set of values 
(a, 4, ....), is established and an analytical representation for it obtained 
in terms of an auxiliary matrix. 

In §4 the adjoint system to the equations (2), 

du; 


ae Pete EAE) Es, (3) 


* Presented to the American Mathematical Society, December 27, 1916. 
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is considered. As a. result of the conditions satisfied by system (2), the system 
(3) is of the same type as (2). It is found that, if £, (t) = (£u (t), £a (t),....) 
and č (t) = (a.(t), a(t), ....) are solutions of (2) and (3), respectively, then 
Se q(t) C_(t) is a constant. 

In $5 the notion of fundamental sets of solutions of system (2) is defined 
in a manner suggested by that followed in the finite case if, in the latter, where 
there enters the idea of the non-vanishing of the determinant of the funda- 
mental set, there is put the concept of a ‘limited matrix possessing a unique 
limited reciprocal matrix. The existence of fundamental sets is established 
and certain of their properties are discussed. In this connection the adjoint 
system (3) proves to be useful because the reciprocal matrix of a fundamental 
set of solutions of (2) is a matrix of solutions of the system (8). 

In $6 the non-homogeneous system is considered which results from (2) 
on adding tothe i-th equation the term k(t). The general solution of the 
modified system is obtained as the sum of a particular solution and the general 
solution of the system (2). On using a method analogous to that of variation 
of parameters, a particular solution is obtained by a quadrature with the- aid 
of a fundamental set of solutions of (2). 

l Infinite systems of differential equations have been considered by H. Von 
Koch,” F. R. Moulton,t E. H. Moore,t J. F. Ritt,§ T. H. Hildebrandt,|| and the 
author.) The general systems of Von Koch, Moulton and the author do not 

_ include the system (2) of the present paper. J. F. Ritt considered a single 

differential equation of infinite order which is .a problem of a different type. 

Moore dnd Hildebrandt considered problems in general analysis including as 

special instances a certain infinite system of the type (2), in the field of’ reals. 

The results of Moore were not of the nature of those obtained in the present 

paper. The results of Hildebrandt generalize the theorems on finite systems 

in such a way that the notion of the determinant of the fundamental sets of 
solutions is retained, whereas in the present paper the matrices of the funda- 
mental sets need not possess determinants. 


$2. Limited Bi-Linear Forms. 


` In the work of the present paper it will be convenient to adopt the system 
of notation which is explained in the following paragraphs. The same type of 


* Ofversigt af Kongliga Vetenskaos Akademiens Förhandlingar, Vol. LVI (1899), pp. 395-411. 
+ Proceedings of the National Academy of Sciences, Vol. I (1915), p. 360. 

ttti det IV Congresso Internatztonale det Matomatioi, Vol. ITI (Roma, 1908), p. 98. 

§ Transactions of the American Mathematical Socicty, Vol. XVIII (1917), p. 27. 

|| Ibid., Vol. XVIII (1017), p. 73. 

t Tbid., Vol. XVIII (1917), p. 126. 


Hart: Linear Differential Equations in Infinitely Many Variables. 409 


notation has long been used by E. H. Moore * in his work on Integral Equations. 
In its general form the notation ‘is like that met in vector and matrix algebra. 

An infinite set of values (%,a%,....) will be represented by a single 
Greek letter, for example č. - Then, the pont or vector, £ in the space of 
infinitely many dimensions is considered as a function of the variable i whose 
range is J=(1,2,....); that is, (7) =a,.° Points (%1, 4, ....) will be repre- 
sented either by £, n, y or a, with perhaps an added notation. i 

An infinite matrix (ky), ;j=1,9,.... in which 4 denotes the row, j the column, 
will be represented by a single Greek letter such as.x. Then x is considered as 
a function of the two indices i and j for which. x (i, }) =k. Any Greek letter 
except &, 7, y or a will in the future represent a matrix. 

A.Greek letter with an added notation represents the point or matrix 
obtained by adding the given notation to each element of the pee? or matrix 
given by the unannotated Greek letter. For example, 


7 E= (a, Ts, nee oh : E(t) =f (t), T(t), s.’ f 
x(t) = (kylt) ijesa... Xa = (Kya) i j=, 8, aa 


dE _(de,, dm), de _ (dla) 
dt \ at? dt? 7? dt \ dt ujat 8, at 


In the subsequent work infinite series enter to a great extent. On using 
what is seen to be analogous to vector notation, let there be introduced the — 
abbreviation 


Eay=Sén [E= (n, Wey eee e) A= (V, Yas o> --)1- 
The S isa eee operation giving what may be called the scalar product 
_ of the two points or vectors ë and y. In similar fashion, the point n whose 
coordinates y; are given by y,=2j..k,«,and the point a whose coordinates g, 
are given by 2,=2).,2k,, Will be represented by, respectively, l 
, . y=Sxk, a= éx. ; 
The operation S thus produces. a point from a matrix.and a point. Let’ and 
x” be two matrices; the product matrix à is defined by 


A= (2 kiy Aija „= SKK Ny 





.or, S produces a matrix Hom eR given matrices. The meaning of such ex- . 
a as SESxy, SxSx'x"’, K (SxE)n, is then evident. The expressions eam 
2’x& are defined by, respectively, l 


SExn =, = as =lim = m ’ 
x’ xt = 5 tk; 3 sk perag X 
le a ‘ z, y] n2 fy aZ] -) 


* Proceedings of the Fifth International Congress (Cambridge), Vol. I, p. 230. 
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. In the following discussion, “>;’;.,” will always mean the limit indicated in 
the first of the expressions above. 

It will sometimes be convenient to use the expressions dered in the 
preceeding paragraph when the sums involved run only from 1 to m. Then 
write S,, instead of S: 


Snin = Š Oyi, Sek = ( & ait, È May see), ete. 
A stroke over a letter (e. g., ©, E) will always represent the conjugate complex 


number to the quantity bearing the notation. 


Derinition 1. A point Ẹ belongs to Hilbert complex space in case there 
exists : 


| SHE= E ae, [E= (a1, %%,....)]. 
The number V SEE will be called the modulus of & and will be denoted by ME. 


The proofs of certain of the properties of limited linear and bi-linear 
forms in infinitely many variables. listed below are found in a paper* by ` 
E. Hellinger and O. Toeplitz. In the future the notation. “H. T. page —” 
refers to a page in this article. Hellinger and Toeplitz in most cases give the 
detailed proofs only for the case of real values of the variables, but as they 
remark (H. T. page 305), the extension to complex values is a simple matter. 


Property 1 (H. T. page 295). Suppose there exists a number l such that, 
for all points n= (Y1, Yz, -...) of Hilbert space there holds, for every m, 
; |S nin |< IMn. 
Then it follows that & belongs to Hilbert space and that ME SI. 
Property 2. Let &(u) and 4(w), where u is a complex variable belonging 
to a region R im the u-plane, belong to Hilbert space for every u. Suppose 


wee. SE(u)E(u) St 
for all u, while Sy(u)n(u) converges uniformly for allu. Then 
SE(u)n(u) = Z a (u)y,(u) 
converges absolutely uniformly for all u of R. l 
This property is established with the aid of the Schwarz t inequality. For, 
Š la usy 3 zatu § aa POO 
ae approaches zero oiii for all u as n= œ 


* Mathematische Annalen, Vol. LXIX (1910), p. 289. + H. T. page 293.. 
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Derinttion 2. A matrix x= (hy); ja13,.... is limited l in case for every 
pair of Hilbert points E and n and for every m, 


| SO ben | = | 2 Z ikiyi | < IMEMn. 


If x is an infinite matrix, the conjugate matrix x and the transposed 
matrix x’ are defined by 


x= (coe we OS (ka), j=, Beet 

Property 3 (H. T. page 310). Suppose that x ts limited l. Then x’ and x 
are also limited 1. 

Property 4 (H. T. page 297). Let x be limited 1. Then each row and 
each column of x constitutes a point, belonging to Hilbert space, whose modulus 
is at most l. : ; f 

Property 5 (H. T. page 299). If x is limited l then, for every pair of 
Hilbert points & and n, the following infinite sums are defined and equal: ` 


SESxn, S(Skx)n, S*Exn. 


Property 6 (H. T. page 300). Let x' and x” be limited V and I’, respec- 
tively. Then the product matrix A=Sx'x" is limited VU. 

Derinition 3. Let x and % be two limited matrices. The matris A is a 
right-hand, or a left-hand reciprocal of x according as a 

Sxra=8 or SAx=s, 
where ò is the unit matrix (dy); j21,2,....) Ga=1, dy=0(t# 9). 

Provgerty 7 (H. T. page 311). If the matria x is limited and possesses 
both right and left-hand reciprocals, it follows that there exists uniquely a 
right-hand and a left-hand reciprocal, and moreover, they are equal to each 
other. 

Property 8 (H. T. page 312). Let x be a limited matris and suppose that 
there exists a unique right (left) hand reciprocal à. Then à is also the unique 
left (right) hand reciprocal of x. 


In case x possesses a unique left-hand and right-hand reciprocal 4, this 
matrix will be called simply the reciprocal of x. By direct verification it is 
established that there holds. 


Property 9. Suppose that x is limited and possesses a reciprocal >. 
Then for every two points £ and q of Hilbert space, the two infinite systems of 
linear equations . 
l E=Sxn, n=Sakt 
are equivalent. 
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$83. The Homogeneous System. 


The subject for consideration is the system of equations (2) which in the 
notation of $2 becomes 


48 — su(t)e, Ean (4) 


where x(t) = (k(t) ),j=1,2,.... 18 a matrix each of whose elements is a power 
series in the complex variable ¢ converging for |t|<r. Throughout the dis- 
cussion it will be assumed that x(t) satisfies the hypothesis 


(Hı). The coefficients x,= (Kiya) s,j=1,2,.... n the matrix equation 
a(t) = È x,t", 
x sað 
are such that x, ts limited l,, and moreover, 


a 
> lr" 
aal 


converges. Therefore there exists a number N such that l, < Nr". 


Proposition 1. The matrix x{t) is limited for |t|<r. and its limit may be 
taken as the quantity I(t) defined by 


(i) = 2, lel". 


To establish this result, recall the definition of a limited matrix. Let ¢ 
and n be two points of Hilbert space. Then it follows that 


| [SqSuke(#) | =| Saab (Z tnl =| È Sakon 
SMEMn( È 1,|¢|*) =1(¢) (MEMn). (5) 


It is seen that (5) states the limited character of x(t) and that I(t) may be 
taken as the limit. 


Proposition 2. . For every i the series 
È Tag (t) h(t) (6) - 


converges uniformly for all l¢]<r. Similarly, for every g the same condition 
is satisfied by the series 


È Kol) h(t). = (3) 
From the fact that ki (tY =Zy<0 k,,,t* it is seen that | 


Z S Fg(t)hg(t)= È POCE È Enki) < a hnit, © (8) 
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where the dominance relation is a consequence of Property (4) in view of the 
assumption of (H,) as-to the matrices x,. As a result of (8) it may be stated 
that for every assigned number />0 an intewor n, can be’ determined. so that 
for all m, and m; and for |t|<r, 


| ZPP 2 Rolig a 


A, Amny 
Because of the convergence for all ñ and h of the series Erai Kignybign, an integer 
m, can be chosen so large that, for m, Z m, mZ m, and for |t|<r, 


Lid 


5 e ‘ f 
| 5 PeO 5 > Fonkia) ls (10) 


: n, A=0 
From (9) and (10) it follows that the series in ae is in 1 absolute value at 
most I for |t|<r, which establishes the proposition. 
Proposition 3. Let t, be a point in the region |t|<r. If TEN repre- 
sents the matris obtained from x(t) by expanding each element of x(t) as.a 
. series tn (t—t,), then the coefficient matrices A, in 


2(8)= EAs,  (s=t—th), 
l n= ; 
are limited by numbers ln, and Enaolat? converges, where ro îs any value satis- 
fying ro <r— |t]. : l 
In other words, Proposition (3) states that the analytic continuation of 
x(t) to the point t, satisfies, for |s| < fo, conditions which are precisely similar 


to those satisfied by x(t) for |¢|<r. 
Let the notation for the analytic continuations of the elements of x(t) be 


ky (t)= Z Pins, 


~ go that A(s) = Zao Ans", Where A,= (Ain)i,j-1,2,..... In order to show that the 
4, are limited and that the limits satisfy: the convergence condition of the 
proposition, recall Definition 2.. Let ë and y be two points of Hilbert space. 
Then ` 


SSaku(t)n= EC. (CrS nSk). (11) 
n=0 
From (H,) it follows that 


- {C,|<1,MEMn, 
and, hence, 


SC," < (MEM) È ht’, (12) 
n=0 . Aes! = 


where the right side converges for |t|<r. Consequently, if l, represents the 
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coefficient. of s” in the series formed by continuing the series on the right side 
` of.(12) to the point t= |t,|, the analytic continuation of the series on the left 
to the point t=t, satisfies 


50," = EBs" < < (È ps") MEMn, (s| <r— |t|). (13) 


n=0 


But, B,=S,9,€A,7, and, hence, it has been established that 
js |E nS nbAgn |L ah MEMN. 
From (13) it is seen that Sf_,lir3 converges if ro<r—|to|. 
As a consequence of Proposition (3) the theorems stated below, where the 
hypotheses refer to the initial point t=0, apply >` to the case t=t), if r is 
. changed to ro and 1, to l. 


§4. The Existence Theorem for the System (4). 
The fundamental theorem concerning the solution of (4) involves func- 
tions £(¢) of a type which it will be convenient to represent by the class D. 


Dertnirion (4). A function &(t) belongs to the class It in case there emsts 
a w(0<wKr) so that, for |t|<w, E(t) belongs to Hilbert space, and if the co- 
ordinates x(t) of E(t) are convergent power series, v(t) =Ez=0 Uit", OF 


E(t) = Et", (En= (Pins Tony +++) 1 (14) 

Moreover, it is possible to interchange infinite summations in the following 
expression and to write Ea 

Sx(t)E(t) = =o, A Kat") ( Žin t) = > SIE i (15) 

A function (t) will be said to belong to the ies M at t if it satisfies 


conditions corresponding to those just enumerated with att) replaced by its 
analytic continuation to the point ¢,. 


_ Proposrrioxn 4. Suppose that € (t) is a ER satisfying (14) and that, 
instead of (15), there holds 


ME(t)SK<o, (jiis). ` (16) 
Then it follows that E(t) satisfies the condition (15). ` 


Let the proposition be established with the aid of Property (2). Identify 
the (u) and (u) of that result with (t) and the point (kalt), ke(t),....), 
respectively. In view of Proposition (2) and since MẸ (t) < K, it follows that, 
as a consequence of Property (2), the series 


E hoy (t) a(t) = E (X kant") (È ppt) 
jel jul n=0 mm0 
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converges uniformly. Therefore it may be rearranged as a power sèries in t; 
in other words E(t) satisfies (15). $ 

The existence of a solution of (4) taking on a given set of values for t=0 
is established in l 


Tuxorem I. . Let the system (4) satisfy (H,) and suppose that £, is a 
point in Hilbert space. Then, among all functions of the class Mt there exists 
uniquely for |t|<r, a function E(t) which is a solution of (4) satisfying 
£(0)=&. Furthermore, the coefficients E, in the expansion of &(t), 


E(t) = EB 


are given by £,—S4,£ where the matrices A, are the coefficients in the expan- 
ston of a certain matriz A(t) =Zh-yA,t" satisfying the following conditions for 
|ė] <r: 

The matrices 2, are limited b, and the series 


V(t) = 5b,|e|" (17) 
nad 
converges for |t| <r. 
Moreover, E(t) can be written in the form 


E(t)=SA(t) Eo, 


and the series giving the respective components x,(t) of E(t) converge in t, 
uniformly with respect to the index i. 


The theorem will be established by the method of undetermined coefficients. 
Suppose there exists a solution £(t) of (4) belonging to the class M and satis- 
fying §(0)=&. Then it follows that 

g(t) = Se, EO) -S ngem, 
n=0 at n=l 
Hence there is obtained 


S ngt =x (t) (5 Et) =S ( È xat") ( D Ent”) 
n=l n=O _ nad m=O 


= 5 (Srnka) "= EC, (C,= È Sea) (18) 
n, mal g gm0 n, m=0 


nt+m=9 
where the interchange of S and the infinite summations with respect to m and 
n is seen to be legitimate because E(t) belongs.to the class M. The equation 
(18) serves to determine uniquely the coefficients &,; there results 


Emi mis=Cua, (A=, 2,....), (19) 
53 
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which gives 


~ B= Sxoko=Sabo, | (A,=%) ’ 
i . 8 
2E = Sx Eo + S tAk = 29 Ak, i (a= at Sul) ’ 
AOT P Y aanas en) 
nk, =S8x,_1bo+ (2 = Zait a T oes iea) 
+ Sis a= MSE, is n i 


In order to prove the theorem it will rst ne shown that the series giving 
the components 2,(t) of the function E(t) = S?_)&,¢", resulting from the coeffi- 
cients &, found in (20), converge absolutely for |¢|<r and uniformly with 
respect to the index i. io ee 

. Recall that the matrix x, is limited 1,<N/r*; in the work below it will be 
assumed that the limit is equal to N/r*. Then, because of Definition 2, it 
follows that l i 

I&I SNME =b ME, (b,=). 


From Property (6) of limited matrices it is seen that A, is limited be, 
l N 1 
b= Oo (w+ 1) , 


and hence |£,|<6,Mé,. On proceeding in this manner it can be established | 
that every matrix 4, is limited b,, where 


1 
b, =— (Zaa o m 


n 


1 
bar = n+ ntl e tb a fe +.. + ee +b ran): 


It follows that there is the relation 
ba 
l Š bay = J(+ a 
and that |E | <b, ME. 


` Lemma 1. The series En-ob,t” converges for |t| <r. ; 
To see this consider the absolute value q, of the saio of. the n-th to the 


(n—1)-th term: ay a 
b, _ {n—l N, 
eee ae (>) GS K 1) 


~ Since for lė] <r lim, -0%a<1, the lemma is established. Moreover, since 














2 Sa 
da= Sr 


eo EEf= = (SA, EE Mi: = bat"), (A=1), — (21) 
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it follows that the series for each component a(t) of E (t) converges just as 
fast and in the same region as the series in Lemma 1. ` t 
Now define a matrix A(t) formally by the equation 


ACE) = Eat AC) = Omg) Vesent (22) 


The series in (22) (one for each component of A(¢)) converge, because of 
Lemma (1), since |a,|<b,. The matrix A(t) therefore satisfies conditions 
corresponding to those imposed on x(t) in hypothesis (H,). Hence A(t) is 
limited 1’(¢) where l’ (t) has the definition (17). From the fact. that A(t) is 
limited uniformly for |t|Sr,<r, it follows that 5A (t)Ẹ, converges uniformly. 
and, therefore, 


SA(t) Eo=S ( Z Ant”) E= A (Sanko) "=E (t). 
To complete the proof of the theorem it remains to show that &(¢) satis- 
fies (15). First consider 


Corotuary (1). The modulus of the tinhon E(t) satisfies the equation 


ME (t) = VSE(#)E (t) SU (E) MEd. 

It has been seen that £(¢)=S4(t)£. Hehce, if a is a point in Hilbert 

space, it follows from Definition (2) that, since à (t) is limited V(t), 
{Sak (t) | =|Sa(SA(t)&) |S Ma (l (t) ME). 

Hence, in view of Property (1) it follows that M(t) has the upper bound 
stated in the corollary. 

It is now easily verified that &(t) satisfies the ippies of Proposition 
(4) and therefore belongs to the class ‘M. This completes the proof of the 
. theorem. 
CororLaryY (2). The solution E(t) has the property that the two series 


os dé(t)\ _ 2 dai) dalt) 
ME (1) =2%,(t)2,(2), u(r )=3 ie) et 


converge uniformly for |t|<r, for all <r: 








(23) 


There is obtained 
| 2 a(t) a(t) | = | = E 2 Zyi'tat’) | 
<S |t|] 5 Zal < (ME) E bbt’), 
h,7=0 ten h, f=0 


where the dominance relation is a consequence of the fact that &,=—SA,£. 
Then, to prove the uniform convergence of S£(t)£(t) one would proceed from - 
this point on precisely as in the work leading to (9) and (10) of Proposition (2). 
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The proof of the uniform convergence. of the other series of the corollary is of 
similar nature. . 

The corollary to Theorem I and the Theorem II which follow are of im- 
, portance i in the consideration of fundamental sets of solutions. 


CororrarY (3). Let O(t) be a matrix (a,(t)) in ‘which every column con- 
stitutes a solution of (4). Then, if all these solutions belong to the class WM, 
the matrix satisfies the equation 


6 (4) =S82(#)9(0). | (24) 
The equation (24) is an obvious result of the condition which holds for 
every column of 6(t). 


Trrorem Il. Let 6(t) be a matria in which each column constitutes a 
solution of (4) belonging to the class M. Suppose that 6(0) is limited by the 
quantity L (0). Then O(t) is limited L(t), 

L(t) =L(0)l'(t). (25) 

To establish this result refer to Corollary (3) to Theorem I. It is seen 
from Property (6) of §2 that, as a consequence of equation (24), O(t) is 
limited by the product of the limits of A(t) and @(0), which is the result stated 
in the theorem. 

$4. The Adjoint System. 


In the consideration of a finite system of linear differential equations the 
solutions of the adjoint system are found to have certain interesting properties 
in relation to the solution of the given system. On carrying over to infinite 
systems the classical definition of adjoint systems, there is obtained 


Derinition 5. The system of linear differential equations adjoint to the 


system (4) is the system 


2E =— Sy (1)E, (26) 


where x' (t) is the transposed matris of x(t). 


The hypothesis (H,) was symmetrical in its conditions on the rows and 
columns of x(t) so that, as a consequence, system (26) is of the same type 
as (4). A useful relation between the solutions of (4) and (26) is 


Turorem III. Let (t) and z(t) be two functions belonging to the class 
M for |t| <rı<r which are, respectively, solutions of the equations (4) and 
(26). Then 


d 
5, (SE) E(t) | =0. 
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On formally differentiating S£,£,, there is obtained 
d d d 

5186: (0)6(0) =s (E) ar (E). (27) 


Assume for the present that the term by term differentiation is legitimate. 
Then, on substituting the values of dë,/dt and d&,/dt, it follows that 


© SEEC | =S | 9E E)E) El) 
= 9%, (t) x(t) Ex(t) SE, (t) | SEa(t) (t) } 
= SYE, (t) x(t) E (t) — SE (t) (E)E (t) =0, 


where the changes in the forms of expressions are justified by Property (5) 
of $2, 

To justify the term by term differentiation in (27), recall Property (2) 
and consider proving that the infinite series on the right in (27) converge 
uniformly. For the first term, identify the y(u) and (u) of Property (2) 
with £(¢) and d&,/dt, respectively. The hypothesis concerning y is satisfied 
because of Corollary (2) to Theorem I. Since 


an) = Sx(t) E (t) = Sx (t) {SA(t) Eo}, (&:(0) =£), 


it follows that the modulus of dk, /dt is at most TOU (t) ME, which is stone 
bounded for |¢|<+,. Hence the first term on the right in (27) converges 
uniformly and, similarly, it is established that the second term has the same 
property. Consequently, the term by term differentiation leading to (27) was 
legitimate and the proof of the theorem is complete. ` 





$5. Fundamental Sets of Solutions. 


In considering finite systems of linear differential equations the notion of 
fundamental sets of solutions is of great importance. In the definition of such 
sets, the determinant of the matrix formed by the set plays a primary rôle. 
On replacing the idea of the non-vanishing of this determinant by the notion 
of a limited matrix possessing a unique limited reciprocal matrix there is 
immediately suggested, as an analogue for (4) of the classical definition of 
fundamental sets, 


Dertnition 6. A matrix of solutions O(t) of (4) will be PET a funda- 
mental set of solutions at t=t, im case 3 


O(t) is a limited matrix, and in case ` (28) 


there exists a unique limited reciprocal matrix for 0(t,). (29) 
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In establishing the fact that a set of solutions, fundamental at to, is fun- 
damental for all |¢|<r, there will be needed 
Turorem IV. Let &(t) be the solution of (4) defined by the initial con- 
dition : Ki 
E(t) =£0, (| to| <r). (30) 
Then the analytic continuation of E(t) to the point t=0 can be obtained, and 
the expansion there converges for all |t| <r. 

This result is obtained by recalling Proposition (3). The condition (30) 
defines a solution in the neighborhood of ¢,, and this solution can then be con- 
tinued to the point t=0 by successive applications of Proposition (3) and 
Theorem I. - 

> Tuzonem V.. If 6(t) is a fundamental set at t=0, and if & is a point in 
Hilbert space, then there exists a point n of Hilbert space such that the solution 
E(t) of (4) defined by the initial condition (0) =& is given by E(t) =80(t)n. | 

Let y be determined so that S0(0)y=£,, where, since 6(0) has a unique 
reciprocal @(0), it follows from Property (9) that ,=S (0). Consequently, 
there is obtained 


E(t) =SA(t)o=SA(t) (SO(0) 2) =S (SA(t)9(0) yn =SO(t)n, 
where the interchange of summations is effected by means of Property (5). 
The definition given for fundamental sets of solutions is seen to have 
content because the elements of a matrix of solutions 6(t)=(a,(t)) can be 


defined by the initial conditions 

x4(0) =d,, (dyg=1; d,=0, 1557). (31) 
_ For ¢=0, 6(t) reduces to the unit matrix which is limited and possesses a 
unique limited reciprocal matrix. As a matter of fact, the matrix A(t) of 
Theorem I can easily be shown to be the matrix defined by the conditions (31). 

With the aid of Theorem III consider the proof of the following theorem 
which states an important property of fundamental sets of solutions of (4). 

Turorem IV. Let O(t) be a matris of solutions of (4) which is funda- 
mental at t=t,. Then, the analytic continuation of- O(t) to the point t, is 
fundamental at t, for all |t| <r. 

In the first place, it is easily seen that 0(t,) is limited for all lt] <r, 
because @(¢) can be continued to the point t=0, and remains limited at every 
point reached in the continuation. Theorem II then shows that 0(t)-is limited ` 
L(0)l' (t) where Z(0) is the limit of the matrix 6(0). It remains to prove 
that @(t,) possesses a unique reciprocal matrix. 


"ON 
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Let øz} be the reciprocal matrix of 6(t)). Define a matrix (t) of solu- 
tions of the adjoint system (26) by the initial condition @’(t,) =075, where 9’ 
represents the transposed matrix of @. As a consequence of Theorem III it 
follows that in a sufficiently small neighborhood of t, the @ and 0 satisfy 


d 1 pane 
5; (9P (#)8(t)) =0. 


Hence, in this neighborhood the product matrix Sq’(t)6(¢) must remain con- 
stant and, therefore, is always equal to the unit matrix since this is the value 
it assumes for t=t,. Since $’(t) is limited, 0(t) therefore possesses a limited 
left-hand reciprocal §%j;=9¢’'(t) for all ¢ in the restricted neighborhood of fp. 
By analytic continuation of the matrices ọ and @ this property is seen to hold 
for all |t| <r. It is easily seen that the existence of two distinct left-hand 
reciprocals of 0 (t) for any value of ¢ would imply a similar condition at — 
Hence there exists a unique left-hand reciprocal 6—'(t)=9’(t) for all |t| <r. 
By Property (8) of §2 it follows that 9’ is 5 also the unique right-hand recip-` 
rocal of O(t) for |t| <r. 


§6. The Non-Homogeneous System. 
Cotisider the infinite system 


dE - 
A aiy (32) 


where the function y(t) satisfies the conditions specified in hypothesis 
(H,). The components y,;(t) of y(t) are analytic in t and are regular for 
|t|<r. Furthermore, the coeficients Yo' in the expansion for y(t), 
y(i) = È yet 
are pota in Hilbert space for which My, <b, where ,_.6,1 exists. 


It is easily verified that the solutions of the re (32) and (4) are 
related in the fashion stated in 

THzorem V. Let &(t) and &(t) be two solutions of (32) belonging to 
Hilbert space for a certain range of values |t|Sr<r. Then &=&,—E, is a 
solution of the system (4). 

Proposrrion 5. The function y(t) belongs to Hilbert space for every 
value of |t|<r, and My(t)< Eao bal t|". 

To show this, recall Property (1); it is seen that, if a is a point in Hilbert 
space, then 


| Say (t) | = | S (Saya) tS Mal = b,|#|*). (33) 


422 Harr: Linear Differential Equations in Infinitely Many Variables. 


From (33) it follows that y(t) is a Hilbert point for \¢|Sr and that the 
modulus My (t) satisfies the inequality of the proposition. 


Proposition 6. The series 


My (t) = 29 (t) y(t) (34) 
converges uniformly for \t|<r. 
It is verified that 


k Ca] k å Š 

ZH YES z leit [E Wendin | (35) 
where 7,=(Yiny Yor) --+-)- AS a Consequence of hypothesis (H,) it is seen 
that the series on the right in (35) is dominated by the series 

= r™(b,b,). 
n,m=0 

A discussion similar to that used in the consideration of Proposition 2, § 3, 
then establishes the uniform convergence of (34). 


Proposrrion 7. The series giving the components y;(t) of y(t) converge 
in t uniformly with respect to the index i. 


This result follows from the fact that the series for y,(t), 


yi(t) = = Yint", 
is dominated by 52, b,t”. or 

Proposition 8. Let the notation for the analytic continuation of y(t) to 
the point tp be l 


y(t) =a(s)= È as", (s=t—t; |s|<r—|t|). 


Then it follows that the a, are points in Hilbert space with moduli Ma, S an, 
where Xi -94,|8|" converges for all |s|<r—|t|. | 

The proposition states that the analytic continuation of y(t) satisfies con- 
ditions similar to those imposed on y in (H,). The proof will not be given 
since it would be identical in method with that given for Proposition (3). 

The existence theorem for system (32) will be established by a method 
analogous to the classical method of variation of parameters used for a finite 
system of differential equations. Inthe proof use will be made of the results 
obtained in the preceding articles with reference to fundamental sets of solu- 
tions and concerning the adjoint system. In view of Theorem VY it is neces- 
“sary to exhibit only one particular solution of (32). The existence of a 
solution taking on the initial value (0) =0 is established in 
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Tueorem VI. Let hypotheses (H,) and (H,) be satisfied. Then there 
exists uniquely a function E(t) of the class D, A <T, awe the equa- 
tion (32) and assuming the initial value &(0) = 

Let 6(¢) be a fundamental set of solutions of the homogeneous system (4), 
and let (t) be the reciprocal of 6(¢). Recall the analytic character of the 
matrix @ which follows from the fact that it constitutes a matrix of solutions 
of the adjoint system (26). Consider the infinite system of linear equations 


l E=S0(t)n (36) 
as giving a transformation of the variable ¥ in a from £ toy. Then 
de a) 
g =8 —— O TE’ (37) 


provided that the term by term differentiation was legitimate. On substituting 
(36) and (87) in there is obtained ; 


gO +900" =Se(t) (S0(t)n) +y) =S wO) tyl), (38) 


where the pee on the right is justified by Property (5) of $2. Since 


ZWD <a (4) (8), 
equation (38) reduces to 
“80(t) Z =y (2). (39) 
The equation (39) becomes, in view of Property (9) of $2, 
ot _86(é)y(t). i © (40) 
The equation (40) has the solution 
; n(t) = f So (t)y (Eat, (41) 


where the integration may be taken along the straight line in the ¢-plane 
leading from ¢=0 to t=t. In case it can be established that the n of (41) 
belongs to Hilbert space for |t| <r, and is of such a nature that the term by 
term differentiation in (37) was legitimate, it then follows that £ (t)-=S6(t) 7 (t) 
is a solution of (32). To complete the proof it would remain pte show that 
n(t) is a function of the class Dt. 
Let Property (2) of §2 be applied to So(t)y(t). Every row of $(¢) is 
a solution of the adjoint system (26) and hence, in view of Corollary (1) to 
‘Theorem I as applied to (26), the modulus of each row is uniformly bounded 
for |t|<r,<r. Therefore; since S¥(t)y(t) converges uniformly, it follows 
that Sp(t)y(t) converges uniformly, and hence represents an analytic function. 
54 
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Consequently, every coordinate of 7(t) is an analytic function regular for 
|t| <r. Moreover, if «a is a point in Hilbert space, 


(Snan (t) |S] S SaaS (y(t) [at] S Ma] f My (4) L(t) a, 


where L(t) is the limit of the matrix @(t). Asa result of Property (1) of § 2 
‘it follows that n (t) is a Hilbert point for |¢| <r, and its modulus is uniformly 
bounded for |¢|Sn(ri<r) in view of the similar property which holds for 
My(t) and L(t). l 

To justify the equation (37) for the n (t) of (41) it must be shown that 
the two series on the right in (37) converge uniformly. From (40) it is seen 
that the modulus of dn/dt is at most My (t) L(t) which is uniformly bounded 
for |t{|<n<r.’ As a result of Corollary (2) to Theorem I, the two infinite 


series ae 
s (EP89), ros, 





converge uniformly since every column of @ is a solution of (4). Hence it is 
seen that Property (2) of § 2 may be applied to each of the series in (37) to 
establish their uniform convergence. . 
On substituting (41) in (36) it follows that 

E(t) = S(t) (t) =S0 (t) [fS (t) y (t) dt] (42) 
is a solution of (32) which satisfies #(0)=0. Since My(t) was uniformly 
bounded for |t|<r,<r it follows that M&(t) will also be uniformly bounded. 
It then is seen that, as a consequence of Proposition (4), the function &(t) 
belongs to the class WM. 

The solution given by (42) is the only solution of (32) for which E(O)= 
because, if there were another solution £, &, it would follow that the E 
ence £,=£—£, would be a solution of (4) for which fa(0) ae and therefore 
E(t) =0 for |t| <r. 

The existence of a solution of (32) could also be established directly by 
the method of undetermined coefficients, but the proof of the result i8 much 
more difficult than the corresponding proof for the system (4). 

Various problems are suggested in connection with systems (4) and (32) 
by the many known properties of finite systems of linear differential equations. 
Moreover, systems in which the variables are real and the coefficients are real 
and continuous may be considered under conditions analogous. to those of 

(Hy) and (Fh). 


HARVARD University, February 1, 1917. 


On the Asymptotic Value of Sums of Power Residues." 


By Howarp H. MITCHELL. 


1. In this paper certain limits will be obtained for the sum of all the 
positive integers less than a given prime m, the indices of which, with respect 
to a primitive root of m have the same residue, mod 2v, where 2v is a divisor 
of m—1. If (m—1)/2v is even, ind (m—r)=ind r, mod 2v, and hence .the 
value of a sum of the type mentioned is AEN /4v. We shall therefore 
suppose that (m—1)/2y is odd. 

By means of the limits obtained for these sums it will be found that if 8S, 
denotes any one of them, and if » remains fixed while m ranges over the 
primes that are congruent to 27+1, mod 4y,+ then 


Se 
um m(m—1) | =1. 
4y 


Perhaps the most interesting result that has been. established concerning 
the sums of the type considered is that if m be a prime of the form 4n+3 the 
sum of the quadratic non-residues of m that lie between 0 and m always 
exceeds the sum of the residues. From this it follows that the number of the 
residues between 0 and m/2 exceeds the number of the non-residues. These 
results were established by Dirichlet in connection with his investigation of 
the class number of quadratic forms.t 

Stern has shown that if m is a prime of the form 8n+3, the sum of the 
quadratic non-residues between 0 and m is less than twice the sum of the 
residues, whereas if it has the form 8+-7, the sum of the non-residues is less 
than three times the sum of the residues.§ The latter result, however, is 


* Presented to the American Mathematical Society, December 28, 1916. 

¢ Dirichlet has shown that in any arithmetical progression in which the first term and common 
difference have no common factor there is an infinity of primes (Dirichlet-Dedekind, Zahlentheorie, 4th 
edition, §§ 132-137). 

Ibid., § 104. 

§ Journal für Mathematik, Vol. LXXI (1870), PP- 152, 153; Bachman, Enoyklopädie der Mathema- 
tischen Wissenschaften, Bd. I, p. 589. 
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trivial, since in whatever way the integers from 1 to m—1 be divided into two 
sets containing (m—1)/2 numbers each, the sum of either set is less than 
three times the sum of the other. l 

The distribution of the quadratic residues is a problem that is closely 
related to the values of these sums, and one that has interested a number of 
writers.” 

2. The author’s results concerning the sums of the sort described are - 
obtained by use of a certain type of Dirichlet’s series. These series are - 
special cases of those that were used in his proof of the infinity of primes in 
an arithmetical progression.t They were also employed by Kummer in the 
derivation of the expression for the class number of a cyclotomic realm. a 

Following the notation of Dirichlet-Dedekind, § we write 


ind z 


L° (a) == ~ 





where the sum is to be taken over all the positive integers z that are not 
divisible by a given prime m, a denotes any root of the equation a’=—1, 
where 2v is a divisor of m—1, and ind z denotes the index of z, mod m, with - 
respect to a particular primitive root. 

In case (m—1)/2y is odd, the sum of this series may be expressed in 
finite fore as follows:!|| 


3 mt 
L? (a) Se (a, 0) (a). 
The symbol (a, 0) denotes the Lagrange resolvent function 


(a, 0) ="5 alr, 


r=] 


where 6=e*"", The symbol $(a) is defined by 
$ (a) = — rq ii a 
where r assumes the same values. 


* Lebesgue, Journal de Mathematiques, Vol. VII (1842), p. 187; Gatting, Journal für Mathematik, 
Vol. LXX (1869), p. 363; Stern, loo. cit.; Osborn, Messenger of Mathematics, Vol: XXV (1895), p. 45; 
Glaisher, Quarterly Journal of Mathematics, Vol. XX XIII (1902), pp. 319-328; ibid., Vol. KX XIV (1903), 
Ppp- 1, 178; Karpinski, Journal fiir Mathematik, Vol. OXXVII (1904), p. 1; Holden, Messenger of Mathe- 
matios, Vol. XXXV (1905), pp. 102, 110; ibid., Vol. XXXVI (1008), pp, 75, 126. ` l 

+ Loe. ort.; also Werke, Vol. I, p, 313. : 

{Journal für Mathematik, Vol. XL, p. 98. 
~  §P. 625. 

|| Combining equations (58), (65), loo. ott. 


ra men yo 
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We proceed to obtain an upper limit for the absolute value of L° (a). In 
consequence of our assumption that (m—1)/2v is odd, the series may be 
written in the form * 


Te (a) =Bae"| = — : +o geet |} 


r m—r mẹ+r 2m—r 





where the sum is to be taken over the positive integers r that are less than 
m/2. The absolute value of L°(a) is thus less than 


< jog (™*4) +0, 








1-3 1 
ltgtgt.. +a 
2 
where C denotes Euler’s constant, C= .577+-. 


The absolute value of (a, 6) is equal to Vm. Hence the absolute value of ' 
(a) is less than E 
acp (mt) +]. 


The function @(a) may be written in the form . 
(a) = 3 Bas, 


where S, denotes the sum of the positive integers r less than m for which 
ind r==1, mod 2v. Since we are assuming that a”=—1, this may in turn be 
written . 

Ae = (Sirs Si) a. 
From this we obtain 


v (95,28) =2a'p (a) , 


where the sum is to be taken over all the roots of the equation «”=—1, and 
where i may have any one of the values 0,1, 2,...., v—1. 
We therefore conclude that 


Tee gieti e(74)+c]. 


If a number r appears in the sum S;,, then m—r will appear in the sum 
Siz,, and hence . 





Sip tS. = oS . 


The values of S, and Si» are thus included between the limits, 


F Ne are « Ml og (EH) t0]; 





3 - 





nmana P 
> 


* Of. Glaisher, Quarterly Journal of Mathematics, Vol. XXXII (1902), pp. 306, 307, 317. 
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From this it is clear that these sums obey an asymptotic law in that if v 
is considered to remain fixed, and m to range over the primes that are con- 
gruent to 2v-+1, mod 4y, then ` 


- §, 
lim [ze] = 
mw A 


3. Certain extensions of these results are possible in case m is composite. 
For example, if m is an odd integer of the form 4n+3 not divisible by a 


square’ factor, and (2) denotes the Jacobi symbol for quadratic residues, we 


a(i) eama je 


where the sum on the left is to be taken over all the positive integers 2 that 
are prime to m, and the sum on the right over all the positive integers r that 
are less than m and prime to m. 

From this relation we obtain in the same manner as above 


Aea A e 


from which we conclude that the sum of the positive integers r that are less 


have * 





than and prime to m, and for which (L)=41 is included between the limits 


nee) Voe (MP)ac], MA, 


and the sum of those for which (f)=-1 is included between the limits 








mp(m)  mẹ(m) pee oe m+1 | 
4 ; 4o 8 2 ) ECJ 
where, as usual, (m) denotes the number of ree less than and prime to m. 
If e is any fixed number less than 1, it may be shown that if m be taken 
sufficiently large, @(m) >m*. From this it follows that’ 


me (m) 
4 


is an asymptotic value for either of the two sums. . 
A similar generalization may be given in the case of higher residues. 








* Dirichlet-Dedekind, § 103. 
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4. By means of the above result we may obtain an upper limit for the 
number of classes of quadratic forms of determinant —m, where m is an odd 
integer of the form 4n+3 not divisible by a square factor. This number is 


ee Oncor 


and it therefore satisfies the inequality, 


-OP ee]. 


For large values of m this is a much lower limit than those obtained by 
Holden; t in fact it is evident that if e denotes any fixed number greater 


than 1/2, 
lim [Ż]=0. 
mao | ME 


Similar results may be obtainėd for the number of classes of ideals in the 
quadratic realm k(V—m).ł 

By means of the upper limit found in §2 for the absolute value of the 
function @{a) an upper limit may also be obtained for the so-called first factor 
of the class number of thè cyclotomic realm determined by m-th roots of unity. § 
Kummer has stated, apparently without proof, that this first factor obeys an 
asymptotic law. jj 

An upper limit may also be obtained for the first factor of the class num- 
ber of the realm of degree 2v, determined by the 2y periods formed from m-th 
roots of unity, where (m—1)/2yr is odd.J 


P 
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* Dirichlet-Dedekind, § 104. 

+ Messenger of Mathematics, Vol. XXXV (1905), p. 106. 

t Hilbert, “Die Theorie der algebraischen Zahlkörper,” Jahresberioht der Deutschen Mathema- 
tiker-Vereinigung, Vol. IV (1894), p. 320. 

§ Kummer, Journal für Mathematik, Vol. XL (1850), p. 110; Dirichlet-Dedekind, p. 630. 

|| Journal de Mathématigues, Vol. XVI (1851), p. 473. Cf. also H. J. S. Smith, “Report on the 
Theory of Numbers,” Works, Vol. I, p. 114. 

q Kummer, Journal fir Mathematik, Vol. XL (1850), p. 112. 


On the Structure of Finite Continuous Groups. 
By J. A. BULLARD. 


Introduction. - 


The structure of a finite continuous group is determined in part by the 
“characteristic equation of the group,” that is, the characteristic equation of 
the general infinitesimal transformation of the adjoint group of the given 
group. It is the purpose of this paper to show how certain properties of a 
group of linear homogeneous transformations can be obtained at once from the 
characteristic equation of the general infinitesimal transformation of the groups 
and thus how the type of structure is in part determined immediately from the 
infinitesimal transformations of such a group without the determination of 
the adjoint group. In $1 I show how to find the structural constants, and 
thus the roots of the characteristic equation, of the general infinitesimal] trans- 
formation of the adjoint group of the general linear homogeneous group 
relative to a given subgroup; in § 2 I find similar results for the special linear 
homogeneous group relative to a given subgroup. These results lead to cer- 
tain relations, given in §3, between the characteristic equation of a group of . 
linear homogeneous transformations and the characteristic equation of the 
general infinitesimal transformation of the given group. By the aid of these 
relations I establish theorems I-X by which certain properties of such a group: . 
can be at once determined from the general infinitesimal transformation of the 
group. 

Section 1. 
Let G denote the general linear homogeneous group in n variables. The 
symbols of the infinitesimal transformations of G are the n° differential 
operators -ə TF 
K (i, 7=1, 2, e” A), 


or any n’ linearly independent linear homogeneous functions of these operators 
with constant coefficients. Let G, denote any given subgroup of the generaj 
linear homogeneous group with r parameters, the symbols of whose infinitesi. 
mal transformations are the r given differential operators 


Sh, Sh, ...., L, where = È arses, (h=l, 2,..-., r). 


? 
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Qari, Qag, +--+ +9 Cons aeiy +++ +y oniy Aongy +--+ +5 Bonn +0 
s.. ».ornr»s eeo oe svol’ ‘la ‘oLl 2 Mer girs AADI SE EA 
Qas B12 5 Sree 419 Grin y Brat T Qnis ens teeny Oran 


, and (A, £) Ah Ef — A D h, (i, J=}, 2,...., r). 


We may take as the infinitesimal transformations of G the differential opera- 
tors 24, A, ...., LÆ, together with any n’—r other differential operators 
Kais Aars- Ge defined as follows: - 


nm 
a = 2 
a= 2 Den, 4 4843 (h=1, 2,....,0—r), 


provided these n” differential operators are independent, that is, provided the _ 
n? fs are linearly independent linear homogeneous functions of the es. In 
which case . 


Qars Gng; +++ +3 Gins Gis -> e3 Ginis Bingy +++ +) Ginn +0 
ER 4 
Td, oy eee, N 


I shall employ the following notation. The constituent of any matrix B in the 
p-th row and q-th column will be denoted by (B),, and the determinant of B 
by |B|. Thus, .if T denote the above matrix, |T|#0 and (T): -i+ 
POs ly Dy eens WE ay By aes n). We shall now have, in Cayley’s 
matrical notation, 


(4, = ae Ga) =T (en, Elz; see ey Eins Enty © ee ey Entry Engs oe > oy Ean) (1) 


For 1<i<n* the equations of the infinitesimal transformation of G 
corresponding to 4, namely, 


d =e, tita,  (u=1,2,....,n), 


may be written (xj, %%,...., %)=(1+dtAfa,, m,....,%,) where A; is the 
matrix corresponding to and - 


(Ai) ar ™ Burs (4, v=], 2, e.. n). (2) 


For our present purpose we may substitute the matrices 4,, 4,,...., A,: for 

the respective differential operators Æ, Æ, .. 1., Æa, regarding the former 

as the symbols of the infinitesimal transformations of G. Similarly, if 

ey, (4,7=1, 2,...., n), denote the matrix whose constituents are all zero except 

that in the i-th row and j-th column which is equal to 1, we may substitute 
55 
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eg, (i,7=1,2,....,”), for ey. The general infinitesimal transformation of G, 
is then represented by 


z5 OH = 5 3 Bass or by the matrix A= 2 ands ; 


hl hal í, f 
where (4’),,= S hitin, (u, v=1, 2,.... n). The general infinitesimal trans- 
fez], g . 
formation of the general linear homogeneous group is represented by 


A= 5 LA-A = S Arnijs or by the matrix A= 5 «Ay, 


hel h=l tj fe heel 
where (A) p= tp = Žadu, (u, »=1, 2, eee A). 
We shall have then 
(d;, an= = È omás» (îi, j=1, 2p... r), (3) 


(A;, A;) =F ep4, ($, j=l, 2, ce | n*), 


where Cim, (å, j, k=1, 2, ..:., n’), are the structural constants of G, and cy, 
(i, j, k=1, 2,...., 7), are the structural constants of G,. Since there is no 
linear relation with constant coefficients between £, .,...., .%, the corre- 
sponding matrices A,, A2, ...., A, are linearly independent; similarly, since 
there is no linear relation with constant coefficients between A, 2, ...., Ag,- 
then A,, Ag,...., Án are linearly independent. 
Let T denote the adjoint of the general linear homogeneous group G, and 
T, the adjoint of G,. The symbols of the infinitesimal transformations of the 
adjoint are differential operators which may be replaced for our present pur- 
pose by the matrices representing the square arrays of their coefficients. 
Thus, if 4, A, ...., Æa are chosen as the symbols of the infinitesimal trans- 
formations of G, the or eE symbols of the infinitesimal transformations 


of the adjoint are ĝ,, Ĝz, . e+e) Ĝ a, Where = = Oise Fe , (41, 2,...., nê). 


The equations, fe Gama hes A aa 2,...., n°), defining the 
j=l 
infinitesimal transformation of T may be written in matrical form as follows: 
(ai, Ag, -ecs Apa) = (LH tE, ae, .-.., am), Where Æ; is the matrix defined 
by the equations i 
(Ei) va ™ Ciu: (4, 4, v= 1, 2, ..3? n’); (4) 
and we may substitute for the symbols G,, &,...., Gy», the respectively 
corresponding matrices H,, H,,...., Hy. A similar remark applies to the 


a 
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group T,, whose symbols of infinitesimal transformation are Ĝis Ĝiro., 7, 

where = 5 cant (i=1, 2,...., 7r), and these may be replaced by the 
4 jı k=1 k X 

_ respectively corresponding matrices Hy, Es, ...., Ep, where 


(Ei) sp ™ liur (i, u, v=1, 2, ...., r). (5) 
We have 


(E;, E,) = 2 Copy l (i, t= 1; By easy n’), 
(E, E= eB, (6 j=1, 2.0452). 


When 4,, 4,,...., A are chosen as the symbols of the infinitesimal 
transformations of G, the determination of the structural constants Cys, and 
hence of the matrices E, E,,...., Ena, may be accomplished as follows. The 
matrices A,, Ay, .... Ag, constitute a hypercomplex number system. Let 


- A, A= > Yur rs by a theorem of Lie’s (Transformationsgruppen, Vol. UI, §140) 
k=l 
Cip = Yiyi (6) 
To find ya, we note that e,,, (u, v=1, 2, ...., n), constitute a number system 
equivalent to A,, A,,...-, A,:, with a multiplication table determined by the 
equations Cyslyg= Cpe ANA Eurl =O, (u,v, A, T= 1, 2,....,n; AFv). We may 
put Cpe = S Jumea oprêprs provided ga», aap =0 for all values of the 
Pa t=l 
subscripts except that 


orrom = h (u, v, o=1, 2,...., n). 
From equation (1), or rather the equation 
(Ay, Ais ++ 05 Age) =T (Err, Cray -e.er Cnty Cats eres Cnn) 


we derive i 
(én, C325 saeg Caly Engs ini Cnn) =T (4, As, ore erey dn). (7) 


‘Then (T); uins — liars 





— —1l) +r ti 1 ð 
(T 1) uint i= (—1)* das IT] OGin» IT], 
ie de e ny; uy v=, ern 9 


and equations (1) and (7) are respectively equivalent to the two systems -of 
equations 


A f A 
hea 2 
A,;= > Mine a = > (Th, (u—1)n+rl py > Gi, 2, ...ays n ), 
ho ` B, ym 


Cw E (T) a-oar 4 (m, VA, 2, ... a, 0). 
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z n n 
Therefore, 4,4,= & (T), (Hntrluy Z (Th, Q=1)n+¢-0Fre 
j fy, =l I -Mii 


= : 
= 2 (T), a-i (T), (-1)nto€prP ro 
Bs Wr, Om1 


n 
3 : 
= = (T); (u—1l)a+” (7 Jy, A—1n+ol e,» No, 9, rep, 7 
B Ps A O, 9, TH1 


n ý a? 


= >a (T), (u—1l)s+y (T), O-DatoG z, vA, 0, Py -2 (T5) (-t)n+7,b At , 


As Ps As C, P, T= 1 = 


(i, j=1, 2, ...., 2). 
If the matrix M,, (1<is<n’) of order n? be defined by the equations 


(M,) (p—1)n+7, Dike z (T), (n—1) nto Ia Apr) (A, G, pP, T =1, 2, weeny n), (8) 


we may write 


a 


n? 


n i . : 
A,A,;= z 2 (T); Q-Da+e (M) (p-1) a+r, A—Lnto (T=) (p—1) a+r, rÅ; 
k=1 p,7,4,0=1 
n 


nt w w 
3 2z Cas (p—-1)n}t (M:i) intr, a—daee(L) atte, jAk 
k=1 4, 6, p, T=1 


= 5 (TMT) yA, (i j=1, 2...0); (9) 


k=1 
‘where Ž and Ý— denote respectively the transverse or conjugate of T and T~.* 
Therefore, since the 4’s are linearly independent, ` 
Y= (FOND), (4,9, b=1,2,...., 0). (10) 
Interchanging A, and A, in (9) we obtain. 


nt 


A,A;= È 5 (T); o-are (T )i G@—aynrrIa, e mrpr (T) iar, jhe» 
k=l B, P, À, O, p, Tl ke 
l l i (i, j=1, 2,...., n°). 
and defining the matrix N; by the equations 
(N;) (p—1)a+7, aa ake z (1) i, (uint IA 0, a pTO n 
(à, 0, p T=], 2, ...., n; t=1, 2,...., n°), (11) 


4 A= 5 F (T); a-ne (M2) @-ayase, a-oar (T7) 0-3147, ee - 


k=1 M\ċ g, p, T= 


= X (LOND) Aes (= 1; ect 


and therefore, 5 z ; 
Vie (TNT) ys, (3, j, k=1, 2, sey nê). (12) 








* The transverse of any matrix B is obtained by interchanging rows and columns so that (B),, 
4 Soe” 
p Bye We have (8)—!— (B71); and if O is any second matrix of order n, BX O)—B + Č and . 


(BC) = (OB). 
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By virtue of the equations (6), (11), (12), we now have 
C= (LOND) — (TANT) y= (PAM NOT) yg, (i j, k=1, 2, <., n), 
and therefore, by equation (4) which defines the matrices £,, F,,...., Ey, 
E,=T"(M,—N,)T, © (i=1, 2,...., n?). (13) 
The matrices M, and N, are respectively defined by the equations 


A n 


(M;) (pl) a+7, Q—D nto = > far Iu, ¥, 0,2, 7 >> s (Ad urIu, PAO, P, T? (8) 
A P= Ay P= ‘ 


(Mi) (ann, Qata = È liw, o,a, pT Ti = (Adu, Oy kP, pP, T) (11) 
= (41,2, ....,2°), . 

SoA ey. 7=0 for all values of the subscripts except that 9,504,071). 
(u,v, 7=1,2,...., n). Whence it follows that 

(M) (alate, O—Dato  Gige = (Ai) ar, (u, v, o=1, 2,....,0), 

(Ni) @-2ya+, Onta = Oiar = (Ad) ws (A, u, v=l, 2,....,n), 
and that all other constituents of M; and N; (1<i<n*) are zero. Hence we 
find that the matrix M, which is of order n’, may be represented in the follow- 
ing way: (M)as=Miar, (u,v=1,2,....,), where, for 1<i<n*, the con-, 
stituent Mia» is itself a matrix of order n defined as follows: (Miy) pp=@iurs 
(Miny)og=9, (P, q=1, 2,....,n; pg). If I denotes the identical substitu- . 
tion in n variables we may write . 

(Mi) w= (Aa) pol, (4, v=1, 2,.... n; i=], 2,...., 0°). (14) 
Similarly, we find that N; can be expressed in terms of constituent matrices-as 
follows: ~ 

(Nde=4r, (Midoe=0, (P,9=1,2,... n; RG; i=1,2,.... 0°). (15) 

If B, C, Q and R are any four matrices of order n, for two matrices W, 

and W, such that (W,)»=(B)woQ@ and (W,)w=(C) wR, (u, v=1, 2,...., 2), 
we have 


(WW) w= È (B) a (C) wR = (BC) ,,QR= CW 0) ins (u,v=1,2, . } . on). (16) 


By this formula we obtain 


(MM,) u= (A,A;) wl, l (17) 
(Mi) u= (Ai) url, (M) u= (MMi) w= (AD) pods (18) 

and for any positive integer p 
(M?) a= (AP) ppl, CPS, 2,.... n; i j=1,2,...., 0); (19) 





* The law of multiplication for matrices whose constituents are themselves matrices is the same as 
for matrices whose constituents are scalars. 
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again from (15) we have, 


(NN) w= Z (No) a (N) =0, 


a s: (20) 

(NN) a= 2 (Ni) an (Ni) m= (Ni) wa (NG) u= 44y, 

and for any positive integer p ‘ 
(NP) w= 4?, (NP)o=0, (4, v=1,2,....,05 woe; t,7=1,2,...., 0%). (21) 


Further, by equations (16), (19) and (21) for positive integers p, g, T, 3, t, v 
we obtain 


(MENG) y= È (M) a (NP) r= EE) ao (NF) v= (AB) LA = (NF) (BEE) or 


= 3 (NF) (ME) av = (NPM) wr (22) 
(MENQMINS) wy = ( (MANE) (MINS) ) p= (AP AS) w ADAG, (23) 

` (INIM; NMNG) py = ((MENGMGNG) (MENE) ) up = (APATAE) wÀ dide, 
(u, v=], 2; ...., 2; 4, j, k=l, 2, ceea R). (24) 


I shall employ the symbol S prefixed to a matrix M whose constituents 
are scalars, designating SM as the scalar of M, to denote the sum of the 
constituents in the principal diagonal of M. Then, if A and B are any two 
matrices, ; 

S(A£B)=SA+SB, SAB=SBA, SA=SA. (25) 


Further, if p is any scalar 
SpA=pS'4; 5 (26) 
and if I is the identical substitution in n variables, 


Sl=n. | (27) 


Moreover, SM is the sum of the roots of the characteristic equation of 
M, |»a—M | =0, and SM? is the sum of the p-th powers of the roots. In the 
case of a matrix (M) o=M,,, (u, v=1, 2,....), whose constituents, the M’s 
with double subscripts, are themselves matrices, those in the principal diagona} 
being square matrices, I shall define SM as follows: 


SM=S8M,,+SMy+ e.er 


It may be readily seen that the properties of the scalar function given in 
equations (25), (26) and (27) hold in this case also. 
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We then have from equation (13), SE,=ST—(M,—N,)T, and since the 
scalar product of two or more matrices is unchanged by an interchange of the 
factors leaving the cyclic order unaltered, 


z SE; =S (M; —N;) =SM,—SN,, (t=1, 2, ..rsy n’). 
By equation (14), we have SM; = 5 (Aj) ST=SA,: ST=nSA;, and by equa- . 
Bol t 


tion (15), SN,=nSA,=nSA,. Substituting these results in the above we 
obtain 


SE,=0, (i=1,2,...., n) > (28) 
Also ` ` 
SEE; =89Ý (M,—N,) Ý - Ž(M;—N,) T=8 (U,—N,) (M;—N,;) 
=SM,M,—SM,N,—SN,M,+SN.N,,  (i,j=1,2,...., °). (29) 
From equation (17) we obtain SM,M,= S (4,4;),,S1=S4,4,SI=n8.4,4,; 
aal tel 
from equation (20), SN,N,=nSA,A,=nSA,A,; from equation (22), SM,N, 
=8N,M,= È (A,).84)=SA,S4,=S4,94,, and substituting these values in 
B=1 
equation (29) we find 
SE,E;=2(nSA,A;—SA,SA,), (i, 7=1, 2, ...., 2). (30) 
For any positive integer h we have 
w a A 
SE} = (ST (MN) Š) =9 (M_—N)'= 3 (1) (A) SMN, 
- ped 
(i=1, 2... n’). 


Since for any odd integer, h=2p +1, the number of terms in the expansion is 
even and the even terms have a negative sign, and the binomial coefficients 


h h ; 
; and pes are equal, we may write 


seen S (1 PT sup rm 


=O 
= $ (1 ("1 ) (sup ws), 
pal ` 
(i=1, 2,...., n°). (81) 
From equations (19), (21) and (22), respectively, we obtain 
SM4= 3 (4f) SI=SAISI=nS 4], 
B=1 ` - 


SNi=nSAi=nS Ai, SMINi= > (4}) „3 i= SAIS A1=S M:N], 
fel 
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N 


and substituting in equation (31). . 
SEPMS0.: eba apuri 1? ge 
For any even integer, h=2p, we have 


SEP= 3 (=1)(7?\sap-rsar, Gla - 83 
#=0 


where SA? is assigned the value n. For any positive integers p and g 
SEE] =9 (Ž-{M—N;) Ť)? (> (Mj—N,)T)*=S (M;—N,)? (M,N) 
5 (—1ye(2) (2) SMN N, (i, j=1,2,....,n4). (84) 


h=0 p=a0 
From (23) we obtain SM?“N4Mj-"N7=SAP“Al-"S A*AT—SAP-* APS AGA? 
_and substituting in (34), l ys 
'SEE=5 $ (1 2) (I) 34A 8AA, E E E E 
B20 p= 
where Af=Aj=J. Again, for positive integers p, q and r 
SEELE = ne —WN,)?(M,—N,)*(,—N,)" 
=3 X 3(— —1ynere( le \( SUNM *N MING, 2 
20 p=0 x0 u 
n (ify k=1, 2... në). (36) 
From equation (24) SM3- "NMJ ON My Ng = SARA Ay S AtA; A z, and 
. substituting in (36) we have aat 
SEEE; = 5 S 5 (—ayere(2\(2)("\sareap raps dead, 
. pad y=0 g=0 A w 
l (i j, k=1, 2,...., 7°), (87) 
~ where 4{/=4Aj=4}=I. In particular 
SE,E,E,=n(SA;4,A,—S4,4,4,) =nS(A,, A es 
(i, J, K=1, 2,...., n”). (38) 


The Gai (32) and (33) enable us tò establish certain relations 
between the roots of the characteristic equation, 


\a—E,| =o¥—Byo" 1+ Bo"? —.... £ By OFP,=0, (B.=0),* 
of E, and the roots of the characteristic equation, 
|p—A,| =p*—P.p* "+ Pop? *—.... F Paap =P=, 
of A;. Let on, @,2,....,,, denote the roots of the equation (o£, | =0, and 


Z the sum of the q-th powers of the roots; let pı, p2,...-, Pa denote the roots | 





_ *Kflling has shown that the characteristic equation of the general infinitesimal transformation of 
the adjoint has at least one zero root (Afath. Ann., Vol. XXXI, p. 260). 
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of |p—A,|=0, and s, the sum of their g-th powers. By equation (32) Apn 
=SE?“=0, (p=0,1,2,....), wherefore %,,,,=0, (p=0,1,2,....), and 
the non-zero roots of |w—E,|=0 occur in pairs of equal value but opposite 
sign ;* from equation (33) ` 


2p 2p 
K= = (—1)"( Jesss (p=0, 1, 2,....), 
A=0 u , 


from which relation it then follows that the non-zero roots of Jo—E,|=0 not 
exceeding n*—mn in number, shall be related to the roots of |p—A,| =0 by the | 
equation a,=p;—p;, (GEJ; i, j=1, 2, ...., ).4 


n? 


For any linear function of the E’s with constant coefficients, uB, We 
_ t=1 
` have 
E= X aq; B; =Í (M—N)Ť, (39) 


i=l 


where M= 5 a,M, and N= $ a,N,. If A= 5 qÁ; we see from equation (14) 
i=l i=1 


t=1 à 

that (M),,=(A)wl, (u, v=1, 2,....,.), and by the aid of equation (16) we 
can show that for any positive integer p, (M?),,=(A") gl, (u, v=1,2,...., n). 
It is evident from equation (15) that (N) = A and (N?) a= 4? for any posi- 
tive integer p (u=1, 2, ...., n) and that all other constituent matrices of 
these matrices are zero. .Also corresponding to equation (22) “we have 
- (MPN?) = (A?) a A%= (NIM?) ,,, (u,v==1,2,....,%) for any positive integers 
pand g. Hence 


SMe— 5 (4?),,SI=nSA*, SN?e= S (N°) —nSA?, 
B= bal 
(40) 
SUPNI= F (A®),,SAI=S APS AT=SMIN?, 


=l 








* Substituting these values of Spn in Newton’s formula, 


fa Rat Via. AD At (Die =0, 
and considering only k-=1, 3, 5, ...., we obtain Yep == 0 for p=0, 1, 2,..... ` 
t Let S, be the sum of the h-th powers of the #(n—1) non-zero roots p;—p;, ($, j=l, 2,...., 9; if). 
Each root is paired with its negative and hence Apu=0, (p=, 2,. ...). Let : 


n n 2p > 2p i 
p= È (p—p) P=? È (— Da (7?) psr-apin = 53 (— Da (FP parsu, (p==1, 2...) 
F i=] _ i=] wed # „B= H 
n i n 2p c 2p 
Then Ap=Eo=z = (1a (2?) parnu = È (— Da (PP) sorusu, PEL 2 ee 
fel j=l p=0 # n=O g i 


56 
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From equation (39) we obtain 
SE?” =S (T(M—N)T)”4}=8 (M—N) #44 
ee 
u 7 


oT any. (er *) (SMe MeN =), a eee 


h=0 
and SE®=8(M—N)”®= È (—1)+(7?)sureans, (p=1, 2, ....), and substi- 
> p=0 
tuting from equations (40) we have i 
SE*H=0, SE”= $ (—1) E Pig SA—gAr, (p=1,2,....). (41) 
p=0 


The characteristic equation of E, where E= 5 a,H,; for an arbitrary choice - 
i=l 


of the a’s, is termed by Killing the “characteristic equation” of the group G. 
The characteristic equation of = a,H;,for an arbitrary choice of the a’s, is 
_ termed by Cartan the “character ieit equation” of G relative to the Siero G, 


It follows from equations (41) tiat; for lereén’, the roots of lo— = af; = 


are the n? differences of the vocis of the equation ag = a,A,|=0, and hence 
we have the following theorem: 


The roots of the characteristic equation of the general linear homogeneous 
group relative to any given subgroup can be obtained by taking all possible 
differences of the roots of the characteristic equatton.of the general infinitesi- 
mal transformation of this subgroup of the general linear homogeneous group. 
The non-zero roots do not exceed n?—n in number and occur in pairs of equal 
absolute value but opposite sign. 


Section 2. 


The special linear homogeneous group in n variables, denoted in what 
follows by G’, is constituted by the aggregate of transformations with deter- 
minant +1 of the general linear homogeneous group, G, in ù variables. I shah 
now assume that G, is also a subgroup of the special linear homogeneous 
group, G. For 1St<r let pi, p:,.-.-.,p, be the roots of the characteristic 
equation, |p—A,|=0, of 4;. The finite transformations of G@’ are given by 
e'4: for all possible values of ¢t. The roots of the characteristic equation of 
ei are e'h, e, ...., efh; and since ef@+™t---teo — | 4+! —J for all values of t, 
ptet.. ..+p,=0. Therefore, SA;=—0, (¢=1, 2,...., 7). Therefore, 


SSa d= E494, =0, 


f=1 
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We may take as the symbols of the infinitesimal transformations of G’, 
any n"—1 linearly independent linear homogeneous functions of the differential 
operators eg, (t,j=1, 2,....; n; TEJ), and ey—e,,, (t=1, 2,...., n—1), or 
of the aggregate of respectively corresponding matrices. Thus we may take 
as the symbols of the infinitesimal transformations of G’, 41, A;,...., 4, 
together with any n’—1—1 other matrices linear in those above mentioned, 
the n’—1 A’s defined by equation (1), being linearly independent and subject 


to the condition > G,.=S4,—0, (i=1, 2, ...., 27—11). For the symbols of 
=l 


the infinitesimal transformations of G we may take the n?—1 linearly inde- 
pendent linear homogeneous functions of ey, (t,7=1, 2,....,; 1564), and 
&j— Ena, (t= 1, 2, ...., 2—1), which constitute the symbols of the infinitesimal 


transformations of G’ together with the operator X «¢,,, or the aggregate of 
Bol 


matrices corresponding to these; and therefore, we may choose as the aggre- 
gate of matrices representing the infinitesimal transformations of G the 


“matrices A1, Áe, ....) Ap and Ap= Se,,—I. 
A=l 
Since G’ is an invariant subgroup of G, we have 
nt-1 
(A, Ay) = = Cus, (i, j=1, Baal); 
moreover, (Ai, 4a) =0, (i=1, 2,...., 0), and therefore, 
Cu =0, (i, j or k=n°). (42) 


Let I” denote the adjoint group of the special linear homogeneous group 
and let the symbols of the infinitesimal transformations be the differential 
operators X%,, ,,...., %,:_, where 


n 


n?—l 
= Z Cardy = = (i=1, 2,...., n?—1), 
or the respectively corresponding matrices H,, H,,....,H,2_, where 
(Hi) ra ™ Cars (u, V, i=1, 2, e.. n—1). (43) 


With the infinitesimal transformations of G chosen as above, we see from (4), 
(42) and (43) that the aggregate of matrices representing the infinitesimal 
transformations of T have the following form: ` 
E; = | H, 0 i Ey= | 00), (i=1, 2, 50551). (44) 
0 0 0 0 


442 `. Bomar: On the Structure of Finite Continuous Groups. 


Then since T and I” have the same structure as @ and G’, respectively, 
ni—1 5 n=l a 
(H,, H) = 2 eant, (Es, E) = È CPs, (i, j=1, 2,....,”'—1), 


(E,, E,s) =0, (i=1, 2,...., 0). 
- By the aid of equation (44) we obtain the relations: _ . 
SE;=SH,, SH,E,=SH,H,, (i, j=1, 2, ...., 2—1), (45) 
and for any natural number p 
SE?=SH?, (i=1, 2, ...., n?—1). = (46) 
It now ias from equations (28) and (48) t that 
SH;=0,  (i=1, 2 ...., n*—1); 
and since S4; =0, (i=1, 2, ...., n?—1), we obtain from equations (30) and 


(45) . 
SH,H,=2nSA,A,, ti, j=1, 2, ...., n?—1). (47) 


Further, we obtain for p=0, 1, 2,.... from equations (32), (33) and (46), 
5 ~ 2 s i $ 
SH?“ =0, SH¥=> (—1*(7P ears, Dy E (8) 
a=0 


We can thereby show that the non-zero roots of the characteristic equation of 
H,,-|o—H,|=0, occur in pairs of equal value but opposite sign which can 
be obtained by taking all possible differences of the roots of the equation 
|p—4,|=0 for 1<i<n?—1. 

From equation (44) it follows that for any linear ean of the H’s with 


at—1 
constant coefficients, H= 2 aH, 


É ni] 
6 e H, 0 V Hence (zanpa | H”, 0 | and S( X a,H;)?=SH?* 
t=1 i=] tol 
0, 0. 0, 0 

for any positive integer p. From this result and equations (41) we see that 
: ` 2 nt—1 
SH+! =0, SH? = 3 s(t ears (p=1,2,....), where A= S ay. 
Therefore, the roots of Jo—2 S aH, =0 are related to the roots of 


i „ī—l 
lee z a,A,|==0 in the way Pere above. For an arbitrary choice of the 


a’s og = a,H,| = 0 is the characteristic equation of the special linear homo- 
geneous ane relative to the subgrotp G,—when r=n°—1, it is the charac- ` 


teristic equation of the special linear homogeneous group—and Sal: is the 
A j ini r 
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An Aportando of finite continuous groups due to Lie consists 
in the division’ into integrable and non-integrable groups. An integrable 
l group is a group some one of whose derived groups cọntains only the identical 
transformation (“ Continuierliche Gruppen,” p.58). Finite continuous groups 
are also classified as “simple” and “non-simple” groups. A“ simple ” group 
is a group that contains no invariant subgroup. A group is “semi-simple” if 
‘no invariant subgroup is integrable (Cartan, Thèses, p.51). 
We have the following theorems due to Lie, Engel, Killing and Cartan: 
. (i). Groups of rank zero are integrable and the derived groups of an 
integrable group are of rank zero (Umlanf, These, Leipzig). . ' 
(ü). If thè. first derived of a group is integrable, then the group itself is 
integrablė (Lie, “ Continuierliche Gruppen,” p. 547). 
(iii). The necessary and sufficient condition that a group of order r be 
integrable is that the transformations of its first derived annul identically the 
coefficient P, (a) in its characteristic equation (Cartan, Thèses, p. 47). 


(iv). . If an infinitesimal. transformation annuls %_,(a) without annulling 
all the first minors of = a,H,;, it annuls all the invariants of the adjoint which 
i= 


are homogeneous and of degree non-zero: (Cartan, Thèses, p. 31). 


(v). The characteristic equation of a simple or semi-simple group with 
r parameters and of rank k has r—k non-zero unequal roots which occur in 
pairs of equal value but opposite sign, and the transformations belonging to 
such a pair of roots are not commutable (Killing, Math. Ann., Vol. XXXIV, 
p. 102). 


Let pi, pz)... +, Pa be the root of the characteristic equation \p—= a,A,;|=0 
of the general infinitesimal transformation of G,. It was shown in $1 and $2 
that the roots of the shignacienisne equation la ales of @’ (or G) 
relative to G, are given by Pi— P; for i, 7=1, 2, a h. Whence it follows by 
(49) that the roots of the characteristic equation Jo— 3 E| =0. of G, are 
numbers contained in the aggregate of differences of ie: root of the charac- 


teristic equation lp. = aA; |=0 of the- general infinitesimal transformation 
of G,. 
_I shall denote by lin what bellows tie maximum number of distinct roots 


of the equation |p— S a, A, | =0 for any infinitesimal transformation of G,. 
a i=l è 


x 


: : . te \ 
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Let Prs Pay eee Pa ba the distinct iow of -the equation lp— 2 ud; |=0 

l relative | to the general infinitesimal transformation of G,. The Jistin non- 
`- zeřo roots of: jo— 2 = a,H,| =0 corresponding to the general infinitesimal rane: 
. formation of @ (oe @) relative to the. ahisi G, and, therefore, the distinct’ 
non-zero roots of Jo; z ok | =0 relative to. the general infinitesimal trans- 


formation of G, are e contained i in the aggregate of P—l functions. pes p; of: the 
a’s for 1, j=l, 2, ,t and 71. But these ’—I functions of the a’s are . 
themselves TERA of the 1—1 differences p,—p,, (i=1, 2, ., b-1). 


Therefore, the non-zero roots of’ |o— ¥ a,E%|=0 ‘relative to the general 
š X a ` {=1 > 


. infinitesimal transformation of G, are functions of at most J—1 functions of 


the. a’s, and thus.at most 1—1 of the roots of the equation [o— = aE, | =0 are 


indepandanit functions of the a’s, We have, therefore, the following theorems: 


I. If the maximum number of distinct roots of the characteristic equation 
of the general infinitesimal transformation of G, is l, the rank of G, can not 
exceed 1—1. i > l + 

“IL. Ifthe roots of the characteristic equation of the general infinitesimal 
‘transformation of G, are all egual the. rank of G, is zero; PETATE S; G, ts 
- integrable. 

. ILI. If the roots of the PE A equation of the Jeneral. nena 
transformation of the first or any subsequent derived group of G, are all equal, 
the rank of the derived group is zero; therefore, G, is integrable, 


- The roots of the characteristic equation of any infinitesimal transforma- «r 
of tion of the following group 4 ar f 
f f] ð ð a) 3 ə 
T A= = a’ TNA Ata a a 


-are all equal; this group illustrates theorems II and IH, for the characteristic 
equation of the general infinitesimal transformation i is - 


lp. 2 aA; = (p—a,)’=0 


The first derived of this group is. A, = fg = . The group contains two excep- 


l tional infinitesimal transformations, viz., 


oy a. Boa. 0) 
Aas 5 Acna Hor om, toy a Ba," 
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From what was stated above it is clear that if V <? is the number of inde- 

pendent roots of the equation |p— = a;A;|=0, or the number of coefficients of 
7 i=i s t 

this equation which are andependent functions of the a’s, the number of inde- 


pendent roots of the equation [o= 5 aE] =0 can not exceed V. Whence it 
follows that: 


IV. Ifl is the number of independent coefficients of the characteristic 


equation 2 
[p — È Ai] =p'—Pip +... FP, ap P,=0, 


of the general infinitesimal transformation G,, the rank of G, can not exceed I’. 


_ The maximum number of distinct roots of the equation |p— 5 a;A;| =0 for any 
: i=l 


group G, in n variables is n.` Therefore, from I follows the theorem: 


V. The rank of no subgroup of the general linear homogeneous group in 
n variables can exceed n—i1. 


By the preceding theorem the rank of the special linear homogeneous 
group, G’, can not exceed n—1. Suppose the rank of G’ to bek<n—l. @ is 
a simple ‘group (Transformationsgruppen, Vol. I, p. 560); and hence by 
` theorem (v) the number of non-zero roots of the characteristic equation of @’ 
is W—k—1. If k<n—1 then n?—k—1>n*’—n or. the number of non-zero 
roots exceeds n*—-n. But in §2 it was shown that the number of non-zero 
roots does not exceed n?—n, hence k<{n—1, and we must have k=n—1. 

Killing has shown that the number of independent invariants of the trans- 
- formations of the adjoint of any group can not be less than the rank of the 
group (Math. Ann., Vol. XXXI, p. 266). Thus the number of independent 
invariants of the adjoint of G’ can not be less than n—i. Moreover, the 
number of invariants of the adjoint of any group G, is the same as the nullity 


of the matrix S aE, which can not exceed the number of zero roots of the 
- del ots i 


characteristic equation |o— S a,H;|=0. Since the rank of G’ is »—1 it fol- 
i=l = 


lows that the characteristic equation of @ has exactly n—1 roots zero and 
therefore the number of invariants can not exceed n—1 and must, therefore, 
be exactly n—1. Hence: í 


VI. The rank of the special linear homogeneous group in n variables is 
—1l, and is the same as the number of independent invariants of the transfor- 
ne of its adjoint group. 
57 
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“From equations (44) it follows that the characteristic equation, 


ni fg—1 
jo— È aq; E| =o|o— E aH, =0, 
i=1 , i=1 


Pa 


-of the general linear homogeneous group, G, has the same number of inde-- 
$ ‘ ni—] 

pendent coefficients as the characteristic equation |a— £ a,H,|=0 of Œ. Thus 
a i=l 

the rank of G is equal to the rank of G’ and is n—1. Also since the nullity 


ni-l . 
of > aH, ,8 matrix of order n*?—1, is n—1 it is evident that ‘the nay of 
{=l 


E aE = |= T a,H,, 0 r , a matrix of order n?, is exactly n. We have then: 
iwel 
"0,0 ' 


VLIL. The rank of the general linear homogeneous group in n variables is 
n—1 and the number of independent invariants of the transformations of its 
adjoint group is n. - 


‘Let the 1 distinct roots of |p— 5 a,A,;|=0 be respectively of multiplicity 
4=1 g 


Us llos $08 2p Uge The equation Jo— È aE =0 has then at least wi+yi+....+43 


zero roots. If this equation has.as many as n 2__»r12 zero roots it cy ale 
from (49) that B,4(«)=0. Therefore, P (a) = 0 if itut... Hn 
—r+2. But Cartan has shown that, when the coeficient P, (a) of the 
. characteristic equation of G, vanishes identically, every iransformation of G 
is. commutative with at least one other transformation of G, (Thèses, p. 32). 
Whence we have the following theorem: ' 

VII. Let G, be a subgroup with r parameters of the general linear 
` homogeneous group in n variables; and let the l distinct roots of the charac- 
teristic equation of the general infinitesimal transformation of G, be of multi 
plicity ui, Has +>- Hi- If t+... . Hen —r+ 2, then every infinitesima] 
transformation of G, is commutative with at least one other infinitesimal trans- 
formation of this group. à 


The group 
a. BE, dete, OIA. eng sO ce eek Os 
A= By.) At, or Wa AiG, fate 


fa] a ; f2] > ð 
A,=% On,’ Bites 9 A= Ty Oar + Ts Oa, Hr On, , 





illustrates the above theorem. The characteristic equation of the general 
infinitesimal transformation is (p—d,)(p—a,)*=0. Thus jitu =10 =r —r+2. 
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This group contains no exceptional transformation but (4, ds) = (A, Az) 
= (Az, 44) = (As, 4g) =0. The group given on page 446 also illustrates this 
theorem. In this case we have ni=9>7=n’—r-+2, and the group contains 
two exceptional transformations. 

By theorem (v) the characteristic equation of a simple or semi-simple 
group with r parameters and of rank k has r—k distinct non-zero roots. Ihave 
shown that the number of distinct non-zero roots of the characteristic equation 
of G, can not exceed ?—l, and that the rank of G, can not exceed /—1 or 
exceed l’. Suppose G is a simple group of rank k, then from Killing’s theorem 
and what has just been stated k</J—1,k<U and r—k<l—l. Therefore, 
r<P—1 and rg P—i+l’. We have then the following theorem: 

- IX. Let G, be a subgroup with r parameters of the general linear homo- 
geneous group; let lbe the maximum number of distinct roots of the charac- 
teristic equation of the general infinitesimal transformation of G, and let V be 
the number of these roots which are independent. If either P—1 or P—I+1' 
is less than then the group can be neither simple nor semi-simple. 

The example given on page 448 illustrates this theorem for 2?—1=3<8=r 
and the group contains the invariant subgroup Áz, Ag, A,, As, and by IIT is 
integrable. 


Since ¥,(a) =|, = a,E'| is identically zero, the nullity of the matrix 2 a8 


is at least 1. Por a given infinitesimal transformation 5 a,A; of G,, let the 


fol 


nullity of = a,H, be unity, and let the equation jo—. 3 aE, | =0 have two roots 


zero. Then, for the given infinitesimal transformation 5 a,A,; of G,, Y,a (a) is 


i=l 
annulled, but not all the first minors of 5 aE; and hence by theorem (iv) all 
t=1 ; 


the invariants of the adjoint, homogeneous and of degree non-zero, are annulled 
by the given, infinitesimal transformation. Let t, Me, -<--> m be the multi- 


plicities of the distinct roots of the characteristic equation of = a,A;. From 


(49) it follows that B_,(a)=0 if Jo— ž a,H;|=0 has at least n’—r-+2 zero 
a 
l f 
roots, which will be the case if 2 as ua (cf. p. 448) ; and the nullity of 


5 0; 8; will not exceed ae if the many of 2 Oi E, does not exceed n*—r+ 1. 


ixl 
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From (18) it follows that the nullity of 3 aE; is equal to the nullity of 
: ey _i=Y ry 

5 a,(M,—N,). We have then the following theorem: 

Cc ` 


X. Let G, be a subgroup with r parameters of the general linear homo- 
geneous group in n variables. Let the l<n distinct roots of the characteristic 


` equation of any given infinitesimal transformation 2 a; A: of G, be respectively y 


of multiplicity Uy, Ua, «<» li. T Man —r42 and the nullity of z (M, —N,) f 


(see p. 437) does not exceed n PLT, the invariants of the Gane homo- 
geneous. and of degree non-zero, are then all anvulled yer this infinitesimal | 
transformation. j : 


